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Motivation

Let A be artin algebra.
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Motivation

Let A be artin algebra.
mod A: finitely generated right A-modules.

Problem

Find easy invariants to determine whether gdim A is
finite or infinite.
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e vertices the non-isomorphic simple A-modules,
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Introduction

Extension quiver

The extension quiver E(\) of A has

e vertices the non-isomorphic simple A-modules,

o single arrows S — T with Ext!(S, T) # 0.
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No Loop Conjectures

Proposition

If E(N) has no oriented cycle, then gdim(A) < oo.
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No Loop Conjectures

Proposition

If E(N) has no oriented cycle, then gdim(A) < oo.

The converse of the above result is not true.

No Loop Conjecture (Zacharia, 1985)

If gdim(A) < oo, then E(A) has no loop.

Since gdim(A) = sup{pdim(S) | S simple A-modules }, we have
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Introduction

No Loop Conjectures

Proposition

If E(N) has no oriented cycle, then gdim(A) < oo.

The converse of the above result is not true.

No Loop Conjecture (Zacharia, 1985)

If gdim(A) < oo, then E(A) has no loop.

Since gdim(A) = sup{pdim(S) | S simple A-modules }, we have

Strong No Loop Conjecture (Zacharia, 1990)

If S simple with pdim(S) < oo, then E(A) has no
loop at S.
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Cartan determinant

Pi, ..., P, the non-iso indec projectives in mod A.
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Cartan determinant

Pi, ..., P, the non-iso indec projectives in mod A.
S; = P;/rad P;, i =1,..., n, the non-iso simples.

mj; : multiplicity of S; as composition factor of P;.
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Cartan determinant

Pi, ..., P, the non-iso indec projectives in mod A.
S; = P;/rad P;, i =1,..., n, the non-iso simples.
mj; : multiplicity of S; as composition factor of P;.

1) The Cartan matrix of A is
C(A) = (mjj)nxn
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Introduction

Cartan determinant

Pi, ..., P, the non-iso indec projectives in mod A.
S; = P;/rad P;, i =1,..., n, the non-iso simples.
mj; : multiplicity of S; as composition factor of P;.
1) The Cartan matrix of A is
C(A) = (myj)nxn
2) The Cartan determinant of A is
cd(A) = det C(A)
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Cartan determinant conjecture

Proposition (Eilenberg, 1954)

If gdim A < oo, then C(A) is invertible over Z,
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Cartan determinant conjecture

Proposition (Eilenberg, 1954)
If gdim A < oo, then C(A) is invertible over Z,

and consequently, cd(A) = £1.
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Introduction

Cartan determinant conjecture

Proposition (Eilenberg, 1954)

If gdim A < oo, then C(A) is invertible over Z,

and consequently, cd(A) = £1.

Cartan Determiant Conjecture (Auslander)

If gdim A < oo, then cd(A) = 1.
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Status quo for artin algebras

© No Loop Conjecture and Cartan Determinant
Conjecture are Morita invariant and hold in case
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1) (GGZ,Z) gdim A = 2;
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Status quo for artin algebras

© No Loop Conjecture and Cartan Determinant
Conjecture are Morita invariant and hold in case

1) (GGZ,Z) gdim A = 2;
2) (BFVZ) N left serial.
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Status quo for artin algebras

© No Loop Conjecture and Cartan Determinant
Conjecture are Morita invariant and hold in case

1) (GGZ,Z) gdim A = 2;
2) (BFVZ) N left serial.
2) (BF, Wick) N standardly stratified.

@ Cartan Determinant Conjecture holds if \ graded.
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Introduction

Status quo for artin algebras

© No Loop Conjecture and Cartan Determinant
Conjecture are Morita invariant and hold in case

1) (GGZ,Z) gdim A = 2;
2) (BFVZ) N left serial.
2) (BF, Wick) N standardly stratified.

@ Cartan Determinant Conjecture holds if \ graded.

None of the two conjectures is established for
general artin algebras.
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Brief history of NLC in algebracially closed case

Let A finite dimensional algebra over k = k.
o (Lenzing, 1969; Igusa, 1990) NLC holds.
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Brief history of NLC in algebracially closed case

Let A finite dimensional algebra over k = k.

o (Lenzing, 1969; Igusa, 1990) NLC holds.

@ (Skorodumov,2010) SNLC holds if A is
representation-finite.

o Other partial solutions of SNLC obtained by
Burgess-Saorin, Diracca-Koenig,
Green-Sglberg-Zacharia, Mamaridis-Papista,
Paquette, Liu-Morin, Igusa, Zacharia.
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Objective of this talk

0 Establish Strong No Loop Conjecture for finite
dimensional algebras over an algebraically closed
field (Liu, Igusa, Paquette, 2011).
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Introduction

Objective of this talk

0 Establish Strong No Loop Conjecture for finite
dimensional algebras over an algebraically closed
field (Liu, Igusa, Paquette, 2011).

@ Establish Cartan Determinant Conjecture for

quasi-stratified artin algebras (Liu, Paquette,
2006).
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Hochschild homology

Zeroth Hochschild homology group

Fix artin algebra A with radical J.
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Zeroth Hochschild homology group

Fix artin algebra A with radical J.

1) [/\,/\] = {Z, (a,-b,- = b,-a,-) | aj, b; € /\}
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Hochschild homology

Zeroth Hochschild homology group

Fix artin algebra A with radical J.

1) [/\,/\] = {Z, (a,-b,- — b,-a,-) | aj, b € /\}
2) HHy(A) = A/[A, Al
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Hochschild homology

Zeroth Hochschild homology group

Fix artin algebra A with radical J.

1) NN = {32, (aibi — biai) | ai, bi € A}.
2) HHo(A) = A/[A A
3) Say HHo(A) is radical-trivial if J C [A,A].
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Hochschild homology

Trace of matrices

Definition

For A= (aj) € M,(N), one defines

tl"(A) = (311 + -+ a,,,,) =F [/\, /\] € HHo(/\)
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Hochschild homology

Trace of matrices

Definition

For A= (aj) € M,(N), one defines

tl"(A) = (311 + -+ a,,,,) =F [/\, /\] € HHo(/\)

Proposition

If A€ Myn(N) and B € Mpym(N), then

tr(AB) = tr(BA).
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Hochschild homology

Trace of endomorphisms of projective modules

Definition (Hattori, Stallings)

O let P=eAND---Pe,\, with e idempotents.
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Hochschild homology

Trace of endomorphisms of projective modules

Definition (Hattori, Stallings)
O let P=eAND---Pe,\, with e idempotents.
@ Given ¢ € End,(P).
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Hochschild homology

Trace of endomorphisms of projective modules

Definition (Hattori, Stallings)
O let P=eAND---Pe,\, with e idempotents.
@ Given ¢ € End,(P).
© Write ¢ = (©jj)nxn, Where ;i € ejl\e;.

0 Define
tr(p) = tr ((¢j)nxn) € HHo(A).
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Hochschild homology

Trace of endomorphisms of modules of fin proj dimension

e Given ¢ € Enda(M) with finite projective resolution

0‘>Pn‘>P,,,1‘>-~*>P0‘>M*>O.
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Hochschild homology

Trace of endomorphisms of modules of fin proj dimension

e Given ¢ € Enda(M) with finite projective resolution
0*>P,,*>P,,,1*>-~~>P0*>M*>O.

@ Construct commutative diagram

OHPn‘)Pn—l Po M 0
%‘L \L‘Pnfl (’DO‘L \LSO
0—> Pp—> Py —> - —= Po -2 pf —> 0,
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Hochschild homology

Trace of endomorphisms of modules of fin proj dimension

e Given ¢ € Enda(M) with finite projective resolution
0*>P,,*>P,,,1*>-~~>P0*>M*>O.

@ Construct commutative diagram

0— Pp,—Pp_1 Po M 0
%‘L \L‘Pnfl (’DO‘L \LSO
0—> Py —> Ppy —> - —> Py~ M —>0.
@ Define

tr(p) = Yo7 o(—1)" tr(p;) € HHo(A).
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Hochschild homology

Trace of endomorphisms of modules of fin proj dimension

e Given ¢ € Enda(M) with finite projective resolution
0*>P,,*>P,,,1*>-~~>P0*>M*>O.

@ Construct commutative diagram

0— Pp,—Pp_1 Po M 0
%‘L \L‘Pnfl (’DO‘L \LSO
0—> Py —> Ppy —> - —> Py~ M —>0.
@ Define

tr(p) = Yo7 o(—1)" tr(p;) € HHo(A).

Theorem (Lenzing)
If gdim(A) < oo, then HHg(A) is radical-trivial.
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Hochschild homology

e-trace of endomorphisms of projective modules

o Fix primitive idempotent € = e, and set A, = A/A(1 — e)A.
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Hochschild homology

e-trace of endomorphisms of projective modules

Fix primitive idempotent e = e, and set A, = A/A(1 — e)A.
3 algebra morphism pe. : A — Ae - x — x + A(1 — e)A.
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Hochschild homology

e-trace of endomorphisms of projective modules

Fix primitive idempotent e = e, and set A, = A/A(1 — e)A.
3 algebra morphism pe. : A — Ae - x — x + A(1 — e)A.
This induces group morphism

He : HHo(A) — HHo(Ae) @ x 4+ [A,A] = pe(x) + [Ae, Ae].
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Hochschild homology

e-trace of endomorphisms of projective modules

Fix primitive idempotent e = e, and set A, = A/A(1 — e)A.
3 algebra morphism pe. : A — Ae - x — x + A(1 — e)A.
This induces group morphism
He : HHo(A) — HHo(Ae) @ x 4+ [A,A] = pe(x) + [Ae, Ae].
For ¢ € Enda(P) with P projective, define e-trace by
tre(¢) = He(tr(v)) € HHo(Ae).
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Hochschild homology

e-trace of endomorphisms of projective modules

Fix primitive idempotent e = e, and set A, = A/A(1 — e)A.
3 algebra morphism pe. : A — Ae - x — x + A(1 — e)A.
This induces group morphism
He : HHo(A) — HHo(Ae) @ x 4+ [A,A] = pe(x) + [Ae, Ae].
For ¢ € Enda(P) with P projective, define e-trace by
tre(¢) = He(tr(v)) € HHo(Ae).

Let ¢ € Enda(P) with P projective. If e\ is not summand of
P, then tr.(¢) = 0.
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Hochschild homology

e-bounded modules

e S. = el/erad A, simple supported by e.
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Hochschild homology

e-bounded modules

e S. = el/erad A, simple supported by e.
o Say My is e-bounded if Ext'(M, S,) = 0, for i >> 0,
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Hochschild homology

e-bounded modules

e S. = el/erad A, simple supported by e.
o Say My is e-bounded if Ext'(M, S,) = 0, for i >> 0,
e that is, M has e-bounded projective resolution

"‘>Pi‘>Pi—1 PO M 0’

where e/ not summand of P;, for i >> 0.
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Hochschild homology

e-bounded modules

e S. = el/erad A, simple supported by e.
o Say My is e-bounded if Ext'(M, S,) = 0, for i >> 0,
e that is, M has e-bounded projective resolution

"‘>Pi‘>Pi—1 PO M 0’

where e/ not summand of P;, for i >> 0.
e A filtration
0O=M, sCMC---CMCCM=M
is e-bounded if M;/M;; is e-bounded, for i =0,1,... r.
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Hochschild homology

e-bounded modules

e S. = el/erad A, simple supported by e.
o Say My is e-bounded if Ext'(M, S,) = 0, for i >> 0,
e that is, M has e-bounded projective resolution

"‘>Pi‘>Pi—1 PO M 0’

where e/ not summand of P;, for i >> 0.
e A filtration
0O=M, sCMC---CMCCM=M
is e-bounded if M;/M;; is e-bounded, for i =0,1,... r.

e If idim S, < oo, then every M, is e-bounded.
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Hochschild homology

e-trace of endomorphisms of e-bounded modules

e Given ¢ € Enda(M) with e-bounded projective resolution
Pi Pi—1 Po M 0.
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Hochschild homology

e-trace of endomorphisms of e-bounded modules

e Given ¢ € Enda(M) with e-bounded projective resolution

Pi Pi-1 E Po M 0.
@ Construct commutative diagram
P; Pi_1 e Po M 0
so,-i WH sooj/ J/s@
d; do
P; Pi-1 . Po M 0.
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Hochschild homology

e-trace of endomorphisms of e-bounded modules

e Given ¢ € Enda(M) with e-bounded projective resolution

Pi Pi-1 Po M 0.
@ Construct commutative diagram
P; Pi_1 Po M 0
so,-i WH sooj/ ©
d; do
P; Pi-1 Po M 0.
@ Define 0

tre(p) = 2o20(—1) tre(ipi) € HHo(Ae).
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Hochschild homology

e-trace of endomorphisms of e-bounded modules

e Given ¢ € Enda(M) with e-bounded projective resolution

Pi Pi-1 E Po M 0.
@ Construct commutative diagram
P; Pi_1 e Po M 0
e
M

If idim S, < o0, then tr.(¢) defined for any endomorphism
@ € modA.
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Hochschild homology

Additivity of the e-trace

Lemma

e Let modA have commutative diagram with exact rows

0 L M N 0
% ls@ lw
0 L——M—"—=N 0
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Hochschild homology

Additivity of the e-trace

Lemma

Let modA have commutative diagram with exact rows

0 L M N 0
% ls@ lw
0 L——M—"—=N 0

If any two of L, M, N are e-bounded, then

tre(p) = tre(d) + tre(v).
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Hochschild homology

Given ¢ € Enda(M) with e-bounded filtration
OZMr+1CMrC"'CM1CM0:M.
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Hochschild homology

Given ¢ € Enda(M) with e-bounded filtration

OZMr+1CMrC"'CM1CM0:M.
If o(M;) C Miy1,i=0,...,r, then tre(p) = 0.
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Hochschild homology

Given ¢ € Enda(M) with e-bounded filtration

OZMr+1CMrC"'CM1CM0:M.
If o(M;) C Miy1,i=0,...,r, then tre(p) = 0.

Proof. Let p;: M; — M; be restriction of .
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Hochschild homology

Given ¢ € Enda(M) with e-bounded filtration

OZMr+1CMrC"'CM1CM0:M.
If o(M;) C Miy1,i=0,...,r, then tre(p) = 0.

Proof. Let p;: M; — M; be restriction of .

d commutative diagram with exact rows

0 Mit1 Mi; M;/Mit1 —0
@i+li/ J/%‘ io
0 M1 Mi; M;/Mit1 — 0.
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Hochschild homology

Given ¢ € Enda(M) with e-bounded filtration

OZMr+1CMrC"'CM1CM0:M.
If o(M;) C Miy1,i=0,...,r, then tre(p) = 0.

Proof. Let p;: M; — M; be restriction of .

d commutative diagram with exact rows

0 Mit1 Mi; M;/Mit1 —0
@i+li/ J/%‘ io
0 M1 Mi; M;/Mit1 — 0.

Hence, tre(¢;) = tre(wit1)-
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Hochschild homology

Given ¢ € Enda(M) with e-bounded filtration

OZMr+1CMrC"'CM1CM0:M.
If o(M;) C Miy1,i=0,...,r, then tre(p) = 0.

Proof. Let p;: M; — M; be restriction of .

d commutative diagram with exact rows

0 Mit1 Mi; M;/Mit1 —0
@i+li/ J/%‘ io
0 M1 Mi; M;/Mit1 — 0.

Hence, tre(¢;) = tre(wit1)-
In particular, tre(¢) = tre(ywr+1) = tre(0) = 0.
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Hochschild homology

Main result on HHj

If idimS, < oo, then HHo(A.) is radical-trivial.
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Hochschild homology

Main result on HHj

If idimS, < oo, then HHo(A.) is radical-trivial.

Proof. Let x = x + A(1 — e)A € rad(Ac), where x € A.
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Hochschild homology

Main result on HHj

If idimS, < oo, then HHo(A.) is radical-trivial.

Proof. Let x = x + A(1 — e)A € rad(Ac), where x € A.
Then x = 3, where a"t1 = 0 for some n > 0.
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Hochschild homology

Main result on HHj

If idimS, < oo, then HHo(A.) is radical-trivial.

Proof. Let x = x + A(1 — e)A € rad(Ac), where x € A.
Then x = 3, where a"t1 = 0 for some n > 0.
Since idimS, < 0o, we have e-bounded filtration

0=a"""ACa"AC ... Ca\ CA.
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Hochschild homology

Main result on HHj

If idimS, < oo, then HHo(A.) is radical-trivial.

Proof. Let x = x + A(1 — e)A € rad(Ac), where x € A.
Then x = 3, where a"t1 = 0 for some n > 0.
Since idimS, < 0o, we have e-bounded filtration

0=a"""ACa"AC ... Ca\ CA.

Consider ¢ : A — A :y — ay. Then p(a’A) C a't1A.
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Hochschild homology

Main result on HHj

If idimS, < oo, then HHo(A.) is radical-trivial.

Proof. Let x = x + A(1 — e)A € rad(Ac), where x € A.
Then x = 3, where a"t1 = 0 for some n > 0.
Since idimS, < 0o, we have e-bounded filtration

0=a"""ACa"AC ... Ca\ CA.
Consider ¢ : A — A :y — ay. Then p(a’A) C a't1A.
Hence
3+ [Ne; Ae] = tre((a)) = tre() = 0+ [Ae, Ae]-
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Hochschild homology

Main result on HHj

If idimS, < oo, then HHo(A.) is radical-trivial.

Proof. Let x = x + A(1 — e)A € rad(Ac), where x € A.
Then x = 3, where a"t1 = 0 for some n > 0.
Since idimS, < 0o, we have e-bounded filtration

0=a"""ACa"AC ... Ca\ CA.

Consider ¢ : A — A :y — ay. Then p(a’A) C a't1A.
Hence
3+ s Ad] = tre((2)) = tre(p) = 0+ [Ae, Al

That is, X € [Ae; ).
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SNLC for algebras over algebraically closed filed

Basic idempotents

Say e is basic if e\ has multiplicity 1 in A.
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SNLC for algebras over algebraically closed filed

Basic idempotents

Say e is basic if e\ has multiplicity 1 in A.

Let e be basic with e\e/eJ*e commutative.
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SNLC for algebras over algebraically closed filed

Basic idempotents

Say e is basic if e\ has multiplicity 1 in A.

Let e be basic with e\e/eJ*e commutative.
If Ext!(Se, Se) # 0, then pdim(S,) = idim(S,) = oo.
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SNLC for algebras over algebraically closed filed

Basic idempotents

Say e is basic if e\ has multiplicity 1 in A.

Let e be basic with e\e/eJ*e commutative.
If Ext!(Se, Se) # 0, then pdim(S,) = idim(S,) = oo.

Proof. e basic = eA(1 — e)Ae C eJ?e.
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SNLC for algebras over algebraically closed filed

Basic idempotents

Say e is basic if e\ has multiplicity 1 in A.

Let e be basic with e\e/eJ*e commutative.
If Ext!(Se, Se) # 0, then pdim(S,) = idim(S,) = oo.

Proof. e basic = eA(1 — e)Ae C eJ?e.
= 7 algebra morphism f : A, — ele/eS?e : X — exe + eJ?e.
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SNLC for algebras over algebraically closed filed

Basic idempotents

Say e is basic if e\ has multiplicity 1 in A.

Let e be basic with e\e/eJ*e commutative.
If Ext!(Se, Se) # 0, then pdim(S,) = idim(S,) = oo.

Proof. e basic = eA(1 — e)Ae C eJ?e.
= 7 algebra morphism f : A, — ele/eS?e : X — exe + eJ?e.
Since eAe/eJ?e commutative, [Ae, Ae] C Ker(f).
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SNLC for algebras over algebraically closed filed

Basic idempotents

Say e is basic if e\ has multiplicity 1 in A.

Let e be basic with e\e/eJ*e commutative.
If Ext!(Se, Se) # 0, then pdim(S,) = idim(S,) = oo.

Proof. e basic = eA(1 — e)Ae C eJ?e.

= 7 algebra morphism f : A, — ele/eS?e : X — exe + eJ?e.
Since eAe/eJ?e commutative, [Ae, Ae] C Ker(f).

Let idim(S) < oo = HHp(A.) radical-trivial.
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SNLC for algebras over algebraically closed filed

Basic idempotents

Say e is basic if e\ has multiplicity 1 in A.

Let e be basic with e\e/eJ*e commutative.
If Ext!(Se, Se) # 0, then pdim(S,) = idim(S,) = oo.

Proof. e basic = eA(1 — e)Ae C eJ?e.

= 7 algebra morphism f : A, — ele/eS?e : X — exe + eJ?e.
Since eAe/eJ?e commutative, [Ae, Ae] C Ker(f).

Let idim(S) < oo = HHp(A.) radical-trivial.

Let aceJe=3a€ J(Ae) = 3 € [Ae,Ae].
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SNLC for algebras over algebraically closed filed

Basic idempotents

Say e is basic if e\ has multiplicity 1 in A.

Let e be basic with e\e/eJ*e commutative.
If Ext!(Se, Se) # 0, then pdim(S,) = idim(S,) = oo.

Proof. e basic = eA(1 — e)Ae C eJ?e.

= 7 algebra morphism f : A, — ele/eS?e : X — exe + eJ?e.
Since eAe/eJ?e commutative, [Ae, Ae] C Ker(f).

Let idim(S) < oo = HHp(A.) radical-trivial.

Let aceJe=3a€ J(Ae) = 3 € [Ae,Ae].
=0=f(3)=a+elfe=acele.
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SNLC for algebras over algebraically closed filed

Basic idempotents

Say e is basic if e\ has multiplicity 1 in A.

Let e be basic with e\e/eJ*e commutative.
If Ext!(Se, Se) # 0, then pdim(S,) = idim(S,) = oo.

Proof. e basic = eA(1 — e)Ae C eJ?e.

= 7 algebra morphism f : A, — ele/eS?e : X — exe + eJ?e.
Since eAe/eJ?e commutative, [Ae, Ae] C Ker(f).

Let idim(S) < oo = HHp(A.) radical-trivial.

Let aceJe=3a€ J(Ae) = 3 € [Ae,Ae].
=0="f(3)=a+ele=acele.

Thus eJe/e)?e = 0 = Ext!(S., S.) = 0.
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SNLC for algebras over algebraically closed filed

Basic idempotents

Say e is basic if e\ has multiplicity 1 in A.

Let e be basic with e\e/eJ*e commutative.
If Ext!(Se, Se) # 0, then pdim(S,) = idim(S,) = oo.

Proof. e basic = eA(1 — e)Ae C eJ?e.

= 7 algebra morphism f : A, — ele/eS?e : X — exe + eJ?e.
Since eAe/eJ?e commutative, [Ae, Ae] C Ker(f).

Let idim(S) < oo = HHp(A.) radical-trivial.

Let aceJe=3a€ J(Ae) = 3 € [Ae,Ae].
=0=f(3)=a+elfe=acele.

Thus eJe/e)?e = 0 = Ext!(S., S.) = 0.

If pdim(Se) < oo, then consider A°-simple S°.
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SNLC for algebras over algebraically closed filed

Main result

Let A fin dim alg over field k with S simple of dimension one.
If E(A) has a loop at S, then pdim(S) = idim(S) = co.
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SNLC for algebras over algebraically closed filed

Main result

Let A fin dim alg over field k with S simple of dimension one.
If E(A) has a loop at S, then pdim(S) = idim(S) = co.

Proof. Let § = S, with e primitive idempotent.
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SNLC for algebras over algebraically closed filed

Main result

Let A fin dim alg over field k with S simple of dimension one.
If E(A) has a loop at S, then pdim(S) = idim(S) = co.

Proof. Let § = S, with e primitive idempotent.
dim S, =1 = e basic, and eA = ke + eJ
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SNLC for algebras over algebraically closed filed

Main result

Let A fin dim alg over field k with S simple of dimension one.
If E(A) has a loop at S, then pdim(S) = idim(S) = co.

Proof. Let § = S, with e primitive idempotent.
dim S, =1 = e basic, and eA = ke + eJ

= eAe/eJ?e commutative.
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SNLC for algebras over algebraically closed filed

Main result

Let A fin dim alg over field k with S simple of dimension one.
If E(A) has a loop at S, then pdim(S) = idim(S) = co.

Proof. Let § = S, with e primitive idempotent.

dim S = 1 = e basic, and eA = ke + eJ

= eAe/eJ?e commutative.

If idim(S) < oo or pdim(S) < oo, then Ext!(S,S) = 0.
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SNLC for algebras over algebraically closed filed

Main result

Let A fin dim alg over field k with S simple of dimension one.
If E(A) has a loop at S, then pdim(S) = idim(S) = co.

Proof. Let § = S, with e primitive idempotent.

dim S, =1 = e basic, and eA = ke + eJ

= eAe/eJ?e commutative.

If idim(S) < oo or pdim(S) < oo, then Ext!(S,S) = 0.
That is, E(A) no loop at S.
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SNLC for algebras over algebraically closed filed

Main consequences

Let A be finite dimensional algebra over a field k.
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SNLC for algebras over algebraically closed filed

Main consequences

Let A be finite dimensional algebra over a field k.
Call A elementary if every simple is of dimension one.
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SNLC for algebras over algebraically closed filed

Main consequences

Let A be finite dimensional algebra over a field k.
Call A elementary if every simple is of dimension one.
or equivalently, A = kQ/I with Q finite quiver.
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SNLC for algebras over algebraically closed filed

Main consequences

Let A be finite dimensional algebra over a field k.
Call A elementary if every simple is of dimension one.
or equivalently, A = kQ/I with Q finite quiver.

If A elementary, then Strong No loop Conjecture
holds.
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SNLC for algebras over algebraically closed filed

Main consequences

Let A be finite dimensional algebra over a field k.
Call A elementary if every simple is of dimension one.
or equivalently, A = kQ/I with Q finite quiver.

If A elementary, then Strong No loop Conjecture
holds.

Theorem (lgusa, Liu, Paquette, 2011)

If Ais a finite dimensional algebra over field k = k,
then Strong No Loop Conjecture holds.
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SNLC for algebras over algebraically closed filed

Main consequences

Let A be finite dimensional algebra over a field k.
Call A elementary if every simple is of dimension one.
or equivalently, A = kQ/I with Q finite quiver.

If A elementary, then Strong No loop Conjecture
holds.

Theorem (lgusa, Liu, Paquette, 2011)

If Ais a finite dimensional algebra over field k = k,
then Strong No Loop Conjecture holds.

Proof. Since k = k, we have A ~ kQ/I.
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CDC for quasi-stratified algebras

Terminology

Let A artin algebra.
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CDC for quasi-stratified algebras

Terminology

Let A artin algebra.
If A=0, set gdim(A) = —1 and cd(A) = 1.
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CDC for quasi-stratified algebras

Terminology

Let A artin algebra.
If A=0, set gdim(A) = —1 and cd(A) = 1.

Definition

Let / be two-sided ideal in A.
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CDC for quasi-stratified algebras

Terminology

Let A artin algebra.
If A=0, set gdim(A) = —1 and cd(A) = 1.

Definition
Let / be two-sided ideal in A.
1) Let t > 0 minimal with /* = [*T1 idempotent part of .
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CDC for quasi-stratified algebras

Terminology

Let A artin algebra.
If A=0, set gdim(A) = —1 and cd(A) = 1.

Definition

Let / be two-sided ideal in A.
1) Let t > 0 minimal with /* = [*T1 idempotent part of .
2) I = AeA with e? = e, called maximal idempotent in /.
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CDC for quasi-stratified algebras

Terminology

Let A artin algebra.
If A=0, set gdim(A) = —1 and cd(A) = 1.
Let / be two-sided ideal in A.

1) Let t > 0 minimal with /* = [*T1 idempotent part of .
2) I = AeA with e? = e, called maximal idempotent in /.

1) [ nilpotent < its maximal idempotent is zero.

N
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CDC for quasi-stratified algebras

Terminology

Let A artin algebra.
If A=0, set gdim(A) = —1 and cd(A) = 1.
Let / be two-sided ideal in A.

1) Let t > 0 minimal with /* = [*T1 idempotent part of .
2) I = AeA with e? = e, called maximal idempotent in /.

1) [ nilpotent < its maximal idempotent is zero.

2) | idempotent < /| coincides with its idempotent part.

4
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CDC for quasi-stratified algebras

Reduction algorithm

Definition
Let / be two-sided ideal in A.
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CDC for quasi-stratified algebras

Reduction algorithm

Definition
Let / be two-sided ideal in A.
1) [Iis left projective if Al projective.
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CDC for quasi-stratified algebras

Reduction algorithm

Definition
Let / be two-sided ideal in A.
1) [Iis left projective if Al projective.

2) | is right projective if I projective.
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CDC for quasi-stratified algebras

Reduction algorithm

Definition

Let / be two-sided ideal in A.
1) [Iis left projective if Al projective.
2) | is right projective if I projective.

Let | <N left or right projective with maximal idempotent e.
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CDC for quasi-stratified algebras

Reduction algorithm

Definition

Let / be two-sided ideal in A.
1) [Iis left projective if Al projective.
2) | is right projective if I projective.

Let | <N left or right projective with maximal idempotent e.
1) gdim(A) < oo < gdim(eAe), gdim(A/]) < oo.
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CDC for quasi-stratified algebras

Reduction algorithm

Definition

Let / be two-sided ideal in A.
1) [Iis left projective if Al projective.
2) | is right projective if I projective.

Let | <N left or right projective with maximal idempotent e.
1) gdim(A) < oo < gdim(eAe), gdim(A/]) < oo.
2) cd(A) = cd(eNe) cd(A/1).
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CDC for quasi-stratified algebras

Standard stratification (CPS)

Definition
Let / = Ae/ with e primitive idempotent. Say / right stratifying if
Ia is projective.
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CDC for quasi-stratified algebras

Standard stratification (CPS)

Definition

Let / = Ae/ with e primitive idempotent. Say / right stratifying if
Ia is projective.

Definition

N\ is right standardly stratified if it admits chain of ideals

O=hC---Cl Cliy=A,

liy1/1; is right stratifying in A/l;, i =0,...,r.
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CDC for quasi-stratified algebras

Quasi-stratification

Definition
Let / <A with maximal idempotent e being zero or primitive.
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CDC for quasi-stratified algebras

Quasi-stratification

Definition

Let / <A with maximal idempotent e being zero or primitive.

Call I quasi-stratifying if In or Al is projective.
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CDC for quasi-stratified algebras

Quasi-stratification

Definition

Let / <A with maximal idempotent e being zero or primitive.

Call I quasi-stratifying if In or Al is projective.

Definition

N is quasi-stratified if it admits a chain of ideals
O=hCchc---Cl,Clyi=AN,
liv1/1; is quasi-stratifying in A/, i =0,...,r.

Shiping Liu On the global dimension of an algebra



CDC for quasi-stratified algebras

Theorem (Liu, Paquette, 2006)

Let A be quasi-stratified. Then gdim(A) < oo < cd(A) = 1.
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CDC for quasi-stratified algebras

Theorem (Liu, Paquette, 2006)

Let A be quasi-stratified. Then gdim(A) < oo < cd(A) = 1.

Proof. Consider quasi-stratification chain

O=hCchc---CclCliy1=A
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CDC for quasi-stratified algebras

Theorem (Liu, Paquette, 2006)

Let A be quasi-stratified. Then gdim(A) < oo < cd(A) = 1.

Proof. Consider quasi-stratification chain
O=hCchc---CclCliy1=A

Let e be maximal idempotent in /.
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CDC for quasi-stratified algebras

Theorem (Liu, Paquette, 2006)

Let A be quasi-stratified. Then gdim(A) < oo < cd(A) = 1.

Proof. Consider quasi-stratification chain
O=hCchc---CclCliy1=A

Let e be maximal idempotent in /.
1) r =1 = A = AeA with e primitive =A ~ ele.
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CDC for quasi-stratified algebras

Theorem (Liu, Paquette, 2006)

Let A be quasi-stratified. Then gdim(A) < oo < cd(A) = 1.

Proof. Consider quasi-stratification chain
O=hCchc---CclCliy1=A

Let e be maximal idempotent in /.
1) r =1 = A = AeA with e primitive =A ~ ele.
Hence, gdim(A) < 0o & eJe =0 < cd(A) = 1.
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CDC for quasi-stratified algebras

Theorem (Liu, Paquette, 2006)

Let A be quasi-stratified. Then gdim(A) < oo < cd(A) = 1.

Proof. Consider quasi-stratification chain
O=hCchc---CclCliy1=A

Let e be maximal idempotent in /.

1) r =1 = A = Ae/ with e primitive =A ~ el\e.

Hence, gdim(A) < 0o & eJe =0 < cd(A) = 1.

2) r > 1= A/l has quasi-stratification chain

02/1//1 Cc---C /,//1 C Ir+1//1:/\/ll-
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CDC for quasi-stratified algebras

Theorem (Liu, Paquette, 2006)

Let A be quasi-stratified. Then gdim(A) < oo < cd(A) = 1.

Proof. Consider quasi-stratification chain

O=hCchc---CclCliy1=A
Let e be maximal idempotent in /.
1) r =1 = A = AeA with e primitive =A ~ ele.
Hence, gdim(A) < 0o & eJe =0 < cd(A) = 1.
2) r > 1= A/l has quasi-stratification chain

0= /1//1 Cc---C /,//1 C Ir+1//1 = /\//1.

Since cd(A) = cd(eAe) cd(A/h), and
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CDC for quasi-stratified algebras

Theorem (Liu, Paquette, 2006)

Let A be quasi-stratified. Then gdim(A) < oo < cd(A) = 1.

Proof. Consider quasi-stratification chain

OZI()CHC"'CIrC/rJrl:/\.
Let e be maximal idempotent in /.
1) r =1 = A = AeA with e primitive =A ~ ele.
Hence, gdim(A) < 0o & eJe =0 < cd(A) = 1.
2) r > 1= A/l has quasi-stratification chain

0= /1//1 Cc---C /,//1 C Ir+1//1 = /\//1.

Since cd(A) = cd(eAe) cd(A/h), and
gdim(A) < oo & gdim(eAe), gdim(A/h) < oo,
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CDC for quasi-stratified algebras

Theorem (Liu, Paquette, 2006)

Let A be quasi-stratified. Then gdim(A) < oo < cd(A) = 1.

Proof. Consider quasi-stratification chain

O=hCchc---CclCliy1=A
Let e be maximal idempotent in /.
1) r =1 = A = Ae/ with e primitive =A ~ el\e.
Hence, gdim(A) < 0o & eJe =0 < cd(A) = 1.
2) r > 1= A/l has quasi-stratification chain

0= /1//1 C---C /,//1 C Ir+1//1 = /\//1.

Since cd(A) = cd(eAe) cd(A/h), and
gdim(A) < oo & gdim(eAe), gdim(A/h) < oo,
The statement follows from inductive hypothesis.
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CDC for quasi-stratified algebras

Example

Let A be given by

O
//4\\

2:Uﬁ:ﬂ’y:'yézeazeozeﬂ:5a—5aa20.
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CDC for quasi-stratified algebras

Example

Let A be given by

ﬂ

7N\
1<—3

2=0B=pBy=S=ca=co=¢f =d0a—doa=0.

A neither left nor right standardly stratified.
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CDC for quasi-stratified algebras

Example

Let A be given by o

5
7N

1 ~ 3,
2=gfB=py=v0=ca=co=¢cff=da—doa =0.
A neither left nor right standardly stratified.

A quasi-stratified with quasi-stratification chain

0 C <e>C<ga>C<ega,d>C<egaqb e >
C <ega,b,e,e3>CA,
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CDC for quasi-stratified algebras

Example

Let A be given by o

5
7N

l<—7— 3,
2=gfB=py=v0=ca=co=¢cff=da—doa =0.
A neither left nor right standardly stratified.
A quasi-stratified with quasi-stratification chain
0 C <e>C<ga>C<ega,d>C<egaqb e >
C <ega,b,e,e3>CA,

where first ideal left projective, others right projective over the
quotient by the preceding one.
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CDC for quasi-stratified algebras

How to find quasi-stratification chain

0C<e>C<ega>C<egaq,d>.

2 0> =0f=py=70 =da—doa=0

1-%37
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CDC for quasi-stratified algebras

How to find quasi-stratification chain

0C<e>C<ega>C<egaq,d>.

2 0> =0f=py=70 =da—doa=0

1-%37

0’ =08=0y=~6=0.

AR

1<—3
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CDC for quasi-stratified algebras

How to find quasi-stratification chain

<eg,q,0>C<egade>C<eaqd e, e >CA

2 o’ =08 =py=0.
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CDC for quasi-stratified algebras

How to find quasi-stratification chain

<eg,q,0>C<egade>C<eaqd e, e >CA

2 o’ =08 =py=0.
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CDC for quasi-stratified algebras

How to find quasi-stratification chain

<eg,q,0>C<egade>C<eaqd e, e >CA

2 o’ =08 =py=0.
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