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Introduction

Brief History

© In 2002, Fomin and Zelevinsky introduced cluster algebras
of finite rank in connection with dual canonical bases and
total positivity for semi-simple Lie groups.
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Introduction

Brief History

© In 2002, Fomin and Zelevinsky introduced cluster algebras
of finite rank in connection with dual canonical bases and
total positivity for semi-simple Lie groups.

@ In 2006, Buan, Marsh, Reineke, Reiten and Todorov
introduced cluster categories of finite rank as a
categorification of cluster algebras of finite rank.
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Brief History

© In 2002, Fomin and Zelevinsky introduced cluster algebras
of finite rank in connection with dual canonical bases and
total positivity for semi-simple Lie groups.

@ In 2006, Buan, Marsh, Reineke, Reiten and Todorov
introduced cluster categories of finite rank as a
categorification of cluster algebras of finite rank.

© In 2006, Caldero, Chapoton and Schiffler described cluster
category of type A, in terms of triangulations of an
(n+ 3)-gon.
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Introduction

Brief History

© In 2002, Fomin and Zelevinsky introduced cluster algebras
of finite rank in connection with dual canonical bases and
total positivity for semi-simple Lie groups.

@ In 2006, Buan, Marsh, Reineke, Reiten and Todorov

introduced cluster categories of finite rank as a
categorification of cluster algebras of finite rank.

© In 2006, Caldero, Chapoton and Schiffler described cluster
category of type A, in terms of triangulations of an
(n+ 3)-gon.

© In 2012, Holm-Jgrgensen constructed cluster category of
type A, as finite derived category of dg-modules over the
polynomial ring, and described cluster structure in terms
of triangulations of the infinity-gon.
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Introduction

Objective of this talk

@ To construct cluster categories of type A% using the
canonical orbit category of D?(repQ), where Q is a quiver
with no infinite path of type A%.
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Introduction

Objective of this talk

@ To construct cluster categories of type A% using the
canonical orbit category of D?(repQ), where Q is a quiver
with no infinite path of type A%.

@ To given a geometrical realization of the cluster structure
of this cluster category in terms of triangulations of the
infinite strip with marked points.
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Introduction

Setting

© Let k be an algebraically closed field.
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Introduction

Setting

© Let k be an algebraically closed field.

@ Let A be a Hom-finite, Krull-Schmidt triangulated
k-category with shift functor [1].
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Introduction

Setting

© Let k be an algebraically closed field.

@ Let A be a Hom-finite, Krull-Schmidt triangulated
k-category with shift functor [1].

© A subcategory of A is called strictly additive if it is full,
closed under isomorphisms, finite direct sums, and direct
summands.
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Introduction

Cluster-tilting subcategories

A strictly additive subcategory 7 of A is called
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Introduction

Cluster-tilting subcategories

A strictly additive subcategory 7 of A is called
o rigid if Hom 4(T, T'[1]) =0, for T, T" € T.
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Cluster-tilting subcategories

A strictly additive subcategory 7 of A is called
o rigid if Hom 4(T, T'[1]) =0, for T, T" € T.
@ weakly cluster-tilting if it is rigid, and given any X & T,
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Cluster-tilting subcategories

A strictly additive subcategory 7 of A is called
o rigid if Hom 4(T, T'[1]) =0, for T, T" € T.
@ weakly cluster-tilting if it is rigid, and given any X & T,
o Hom 4(X, T[1]) # 0, for some T € T;
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Introduction

Cluster-tilting subcategories

A strictly additive subcategory 7 of A is called
o rigid if Hom 4(T, T'[1]) =0, for T, T" € T.
@ weakly cluster-tilting if it is rigid, and given any X & T,

o Hom 4(X, T[1]) # 0, for some T € T;
o Hom 4(T', X[1]) # 0, for some T € T.
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Introduction

Cluster-tilting subcategories

A strictly additive subcategory 7 of A is called
o rigid if Hom 4(T, T'[1]) =0, for T, T" € T.
@ weakly cluster-tilting if it is rigid, and given any X & T,

o Hom 4(X, T[1]) # 0, for some T € T;
o Hom 4(T', X[1]) # 0, for some T € T.

© cluster-tilting if it is weakly cluster-tilting and functorially
finite in A.

oo

Shiping Liu * (Université de Sherbrooke) Charles Paquette (Ui Cluster category of type ASS and triangulations of the infinite



Introduction

Cluster-tilting subcategories

A strictly additive subcategory 7 of A is called
o rigid if Hom 4(T, T'[1]) =0, for T, T" € T.
@ weakly cluster-tilting if it is rigid, and given any X & T,
o Hom 4(X, T[1]) # 0, for some T € T;
o Hom 4(T', X[1]) # 0, for some T € T.

© cluster-tilting if it is weakly cluster-tilting and functorially
finite in A.

Theorem (Koenig, Zhu)

If T is a cluster-tilting subcategory of A, then
mod7 = A/TT1].
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Introduction

Notation

Let 7 be a strictly additive subcategory of A.
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Introduction

Notation

Let 7 be a strictly additive subcategory of A.

0 Q7 denotes the quiver of T;
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Introduction

Notation

Let 7 be a strictly additive subcategory of A.

0 Q7 denotes the quiver of T;
@ For M € indT, define
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Introduction

Notation

Let 7 be a strictly additive subcategory of A.

0 Q7 denotes the quiver of T;
@ For M € indT, define

Tm :=add{N € indT | N % M}.

oo
oo

Shiping Liu * (Université de Sherbrooke) Charles Paquette (Ul Cluster category of type A

and triangulations of the infinite



Introduction

Cluster categories

A is called cluster-category if it admits cluster-tilting
subcategories; and for any cluster-titlting subcategory T,
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Introduction

Cluster categories

A is called cluster-category if it admits cluster-tilting
subcategories; and for any cluster-titlting subcategory T,

@ (@7 has no oriented cycle of length one or two;
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Introduction

Cluster categories

A is called cluster-category if it admits cluster-tilting
subcategories; and for any cluster-titlting subcategory T,

@ (@7 has no oriented cycle of length one or two;

Q for any M € ind7T, 3! M* € ind A (¥ M) such that
add(Ty, M*) := u,,(T) is cluster-tilting;
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Cluster categories

A is called cluster-category if it admits cluster-tilting
subcategories; and for any cluster-titlting subcategory T,

@ (@7 has no oriented cycle of length one or two;

Q for any M € ind7T, 3! M* € ind A (¥ M) such that
add(Ty, M*) := u,,(T) is cluster-tilting;

o QNM(T) is obtained from Q7 by FZ-mutation at M,
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Introduction

Cluster categories

A is called cluster-category if it admits cluster-tilting
subcategories; and for any cluster-titlting subcategory T,

@ (@7 has no oriented cycle of length one or two;

Q for any M € ind7T, 3! M* € ind A (¥ M) such that
add(Ty, M*) := u,,(T) is cluster-tilting;

o QNM(T) is obtained from Q7 by FZ-mutation at M,

Q A has two exact triangles:

ML= N & M — M[1]; M* = L% M — M*[1],
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Introduction

Cluster categories

A is called cluster-category if it admits cluster-tilting
subcategories; and for any cluster-titlting subcategory T,

@ (@7 has no oriented cycle of length one or two;

Q for any M € ind7T, 3! M* € ind A (¥ M) such that
add(Ty, M*) := u,,(T) is cluster-tilting;

@ Qy, (1) is obtained from Qr by FZ-mutation at M;
Q A has two exact triangles:
ML= N & M — M[1]; M* = L% M — M*[1],
where f, u minimal left 7s-approximations;

g, v minimal right Tys-approximations.

A and triangulations of the infinite
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2-Calabi-Yau categories

Definition
A is called 2-Calabi-Yau if, for X, Y € A, 3 isomorphism
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Introduction

2-Calabi-Yau categories

Definition
A is called 2-Calabi-Yau if, for X, Y € A, 3 isomorphism
by + Hom (X, Y[1]) —~ DHom.(Y, X1])
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Introduction

2-Calabi-Yau categories

Definition
A is called 2-Calabi-Yau if, for X, Y € A, 3 isomorphism
by + Hom (X, Y[1]) —~ DHom.(Y, X1])

which is natural in X, Y.
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Introduction

2-Calabi-Yau categories

Definition
A is called 2-Calabi-Yau if, for X, Y € A, 3 isomorphism
by + Hom (X, Y[1]) —~ DHom.(Y, X1])

which is natural in X, Y.

Theorem (Buan, lyama, Reiten, Scott)

If Ais 2-CY, then it has AR-triangles with 7, = [1];
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2-Calabi-Yau categories

Definition
A is called 2-Calabi-Yau if, for X, Y € A, 3 isomorphism
by + Hom (X, Y[1]) —~ DHom.(Y, X1])

which is natural in X, Y.

Theorem (Buan, lyama, Reiten, Scott)

If Ais 2-CY, then it has AR-triangles with 7, = [1];

moreover, A is a cluster category <
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Introduction

2-Calabi-Yau categories

Definition
A is called 2-Calabi-Yau if, for X, Y € A, 3 isomorphism
by + Hom (X, Y[1]) —~ DHom.(Y, X1])

which is natural in X, Y.

Theorem (Buan, lyama, Reiten, Scott)

If Ais 2-CY, then it has AR-triangles with 7, = [1];
moreover, A is a cluster category <
0 it has some cluster-tilting subcategories;
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Introduction

2-Calabi-Yau categories

Definition
A is called 2-Calabi-Yau if, for X, Y € A, 3 isomorphism
by + Hom (X, Y[1]) —~ DHom.(Y, X1])

which is natural in X, Y.

Theorem (Buan, lyama, Reiten, Scott)

If Ais 2-CY, then it has AR-triangles with 7, = [1];
moreover, A is a cluster category <
0 it has some cluster-tilting subcategories;

@ the quiver of each cluster-tilting subcategory has no oriented
cycle of length one or two.

oo
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Cluster categories of type A3C

@ Let Q be a quiver with no infinite path of type A% :

e — Q0 —— 0 —— + - -

O—— O — + +

Shiping Liu * (Université de Sherbrooke) Charles Paquette (Ul Cluster category of type ASS iangulations of the infini



Cluster categories of type A3C

@ Let Q be a quiver with no infinite path of type A% :

fe— Q00— 0 —— e —— O —— QO —— - .

@ rep(Q) : category of fin. dim. k-representations of Q,
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Cluster categories of type A3C

@ Let Q be a quiver with no infinite path of type A% :

fe— Q00— 0 —— e —— O —— QO —— - .

@ rep(Q) : category of fin. dim. k-representations of Q,

which is hereditary abelian and has AR-sequences.
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Cluster categories of type A3C

@ Let Q be a quiver with no infinite path of type A% :

fe— Q00— 0 —— e —— O —— QO —— - .

@ rep(Q) : category of fin. dim. k-representations of Q,
which is hereditary abelian and has AR-sequences.

© Given an AR-component I of rep(Q),
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Cluster categories of type A3C

@ Let Q be a quiver with no infinite path of type A% :

fe— Q00— 0 —— e —— O —— QO —— - .

@ rep(Q) : category of fin. dim. k-representations of Q,
which is hereditary abelian and has AR-sequences.
© Given an AR-component I of rep(Q),
o add(l) = add{X | X € I'};
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Cluster categories of type A3C

@ Let Q be a quiver with no infinite path of type A% :

fe— Q00— 0 —— e —— O —— QO —— - .

@ rep(Q) : category of fin. dim. k-representations of Q,
which is hereditary abelian and has AR-sequences.
© Given an AR-component I of rep(Q),
o add(l) = add{X | X € I'};

o k(I') : quotient of path category kI modulo the
mesh relations.
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Cluster categories of type A3C

@ Let Q be a quiver with no infinite path of type A% :

e —— 00— O —— e —— O —— QO —— - -

@ rep(Q) : category of fin. dim. k-representations of Q,
which is hereditary abelian and has AR-sequences.
© Given an AR-component I of rep(Q),
o add(l) = add{X | X € I'};

o k(I') : quotient of path category kI modulo the
mesh relations.

Q [ is called standard if add(l") = k(I).
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Cluster categories of type A3C

AR-theory in rep(Q)

Theorem (Liu, Paquette)

The AR-components of rep(Q) are all standard and consist of
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Cluster categories of type A3C

AR-theory in rep(Q)

Theorem (Liu, Paquette)

The AR-components of rep(Q) are all standard and consist of

@ a preprojective component Pq (= NAY) 5 P,,a € Qo;
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Cluster categories of type A3C

AR-theory in rep(Q)

Theorem (Liu, Paquette)

The AR-components of rep(Q) are all standard and consist of
@ a preprojective component Pq (= NAY) 5 P,,a € Qo;
@ a preinjective component Zo (X NTAX) 3 [,,a € Qp;
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Cluster categories of type A3C

AR-theory in rep(Q)

Theorem (Liu, Paquette)

The AR-components of rep(Q) are all standard and consist of
@ a preprojective component Pq (= NAY) 5 P,,a € Qo;
@ a preinjective component Zo (X NTAX) 3 [,,a € Qp;

© two orthogonal regular components Rg, R, ( = ZA ).

oo
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Cluster categories of type A3C

AR-components of D’(rep(Q))

Theorem (Liu, Paquette)

O The bounded derived category D?(rep(Q)) of rep(Q) has
AR-triangles.
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AR-components of D’(rep(Q))

Theorem (Liu, Paquette)

O The bounded derived category D?(rep(Q)) of rep(Q) has
AR-triangles.

@ The AR-components of D?(rep(Q)) are all standard and
consist of
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Cluster categories of type A3C

AR-components of D’(rep(Q))

Theorem (Liu, Paquette)

O The bounded derived category D?(rep(Q)) of rep(Q) has
AR-triangles.

@ The AR-components of D?(rep(Q)) are all standard and
consist of

o pairwise orthogonal regular components Rg[n|, R[n]
(2 ZAL), where n € Z,;

oo
oo
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Cluster categories of type A3C

AR-components of D’(rep(Q))

Theorem (Liu, Paquette)

O The bounded derived category D?(rep(Q)) of rep(Q) has
AR-triangles.

@ The AR-components of D?(rep(Q)) are all standard and
consist of

o pairwise orthogonal regular components Rg[n|, R[n]
(2 ZAL), where n € Z,;

o connecting components Cq[n](= ZAZ), obtained by
gluing Zg[n — 1] with Pg[n], where n € Z.

oo
oo
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Cluster categories of type A3C

@ The AR-translation 7, of D?(rep(Q)) is auto-equivalence,
considered as an automorphism.
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Cluster categories of type A3C

@ The AR-translation 7, of D?(rep(Q)) is auto-equivalence,
considered as an automorphism.

@ Then F = TD_l o [1] is automorphism of D?(rep(Q)).
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Cluster categories of type A3C

@ The AR-translation 7, of D?(rep(Q)) is auto-equivalence,
considered as an automorphism.

@ Then F = 7.1 o [1] is automorphism of Db(rep(Q)).
@ Given X, Y € Db(rep(Q)), for all but finitely many i € Z,
Hom pb(rep(@)) (X, F'Y)=0.

\ O°
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Cluster categories of type A3C

@ The AR-translation 7, of D?(rep(Q)) is auto-equivalence,
considered as an automorphism.

@ Then F = 7.1 o [1] is automorphism of Db(rep(Q)).

@ Given X, Y € Db(rep(Q)), for all but finitely many i € Z,
Hom psrep(ayy (X, F'Y) = 0.

@ Define the canonical orbit category € (Q) of DP(rep(Q)):

\ O°
oo
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Cluster categories of type A3C

@ The AR-translation 7, of D?(rep(Q)) is auto-equivalence,
considered as an automorphism.

@ Then F = 7.1 o [1] is automorphism of Db(rep(Q)).
@ Given X, Y € Db(rep(Q)), for all but finitely many i € Z,
Hom psrep(ayy (X, F'Y) = 0.
@ Define the canonical orbit category € (Q) of DP(rep(Q)):
o The objects are those of D?(rep(Q));

\ O°
oo
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Cluster categories of type A3C

@ The AR-translation 7, of D?(rep(Q)) is auto-equivalence,
considered as an automorphism.

@ Then F = 7.1 o [1] is automorphism of Db(rep(Q)).

@ Given X, Y € Db(rep(Q)), for all but finitely many i € Z,
Hom psrep(ayy (X, F'Y) = 0.

@ Define the canonical orbit category € (Q) of DP(rep(Q)):

o The objects are those of D?(rep(Q));
o Homg(q)(X, Y) = ®iez Homps(rep(q)) (X, F'Y).

\ O°
oo
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Cluster categories of type A3C

@ The AR-translation 7, of D?(rep(Q)) is auto-equivalence,
considered as an automorphism.

@ Then F = 7.1 o [1] is automorphism of Db(rep(Q)).
@ Given X, Y € Db(rep(Q)), for all but finitely many i € Z,
Hotm pé(rep(a) (X, F'Y) = 0.
@ Define the canonical orbit category € (Q) of DP(rep(Q)):
o The objects are those of D?(rep(Q));
o Homey(q)(X, Y) = @iez Homps(rep(ay) (X, F'Y).

9 %(Q) is 2-CY with triangle-exact projection functor
p:DP(rep(Q)) = € (Q) : X = X; f > f.
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Cluster categories of type A3C

Cluster category of type A

@ %(Q) is cluster category with three AR-components:
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Cluster categories of type A3C

Cluster category of type A

@ %(Q) is cluster category with three AR-components:
o one connecting component Cq[0](= ZAZY).

oo
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Cluster categories of type A3C

Cluster category of type A

@ %(Q) is cluster category with three AR-components:
o one connecting component Cq[0](= ZAZY).

o two orthogonal regular components R ([0], Rr[0]
(2 ZAL).

oo
oo
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Cluster categories of type A3C

Cluster category of type A

@ %(Q) is cluster category with three AR-components:
o one connecting component Cq[0](= ZAY).
o two orthogonal regular components R ([0], Rr[0]
(2 ZA).

@ A subcategory of €(Q) is weakly cluster-tilting < it is
maximal rigid.

oo
oo
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Geometric realization

Marked points in the infinite strip

O Let B, = {(x,y) € R? | 0 < y < 1} with marked points:
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Geometric realization

Marked points in the infinite strip

O Let B, = {(x,y) € R? | 0 < y < 1} with marked points:

o upper marked points: |; = (i, 1), i € Z;

oo
oo
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Geometric realization

Marked points in the infinite strip

O Let B, = {(x,y) € R? | 0 < y < 1} with marked points:
o upper marked points: |; = (i, 1), i € Z;

o lower marked points: v; = (—i,0), i € Z.

oo
oo
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Geometric realization

Marked points in the infinite strip

O Let B, = {(x,y) € R? | 0 < y < 1} with marked points:
o upper marked points: |; = (i, 1), i € Z;

o lower marked points: v; = (—i,0), i € Z.

[76 [,5 [,4 [,3 [,2 [,1 [0 [1 [2 [3 [4 [5
——0—0— 00— 00— 00— 00— 0 —0— 90— 06— 0 —

——0—0— 00— 90— 00— 00— —0 0 — 00—
t¢ ¥s T4 T3 To» T3 g ¥_1 ¥T_o ¥_3 ¥T_4 U_gp

oo
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Shiping Liu * (Université de Sherbrooke) Charles Paquette (Ul Cluster category of type A

and triangulations of the infinite



Geometric realization

Simple curves and segments

@ A simple curve in By, is a curve which does not cross
itself and joins two marked points called endpoints.
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Geometric realization

Simple curves and segments

@ A simple curve in By, is a curve which does not cross
itself and joins two marked points called endpoints.

@ A simple curve is called internal if it intersects the
boundary of B, only at the endpoints.
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Geometric realization

Simple curves and segments

@ A simple curve in By, is a curve which does not cross
itself and joins two marked points called endpoints.

@ A simple curve is called internal if it intersects the
boundary of B, only at the endpoints.

@ Given distinct marked points p, q, 3! isotopy class o of
internal simple curves in B, joining p, q; which is
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Geometric realization

Simple curves and segments

@ A simple curve in By, is a curve which does not cross
itself and joins two marked points called endpoints.

@ A simple curve is called internal if it intersects the
boundary of B, only at the endpoints.

@ Given distinct marked points p, q, 3! isotopy class o of
internal simple curves in B, joining p, q; which is

o called segment of endpoints p, q;
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Geometric realization

Simple curves and segments

@ A simple curve in By, is a curve which does not cross
itself and joins two marked points called endpoints.

@ A simple curve is called internal if it intersects the
boundary of B, only at the endpoints.

@ Given distinct marked points p, q, 3! isotopy class o of
internal simple curves in B, joining p, q; which is

o called segment of endpoints p, q;
o written as o = [p, q] = [q, p].
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Geometric realization

The arcs

A segment o is edge if o = {l;, l;y1} or o = {v;, ti11}, 1 € Z;

oo
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Geometric realization

The arcs

A segment o is edge if o = {l;, l;y1} or o = {v;, ti11}, 1 € Z;
o upper arc if o = [l;, ;] with |i — j| > 1;

oo

iu * (Université de Sherbrooke) Charles Paquette (Ui  Cluster category of type ASS

and triangulations of the infini



Geometric realization

The arcs

A segment o is edge if o = {l;, l;y1} or o = {v;, ti11}, 1 € Z;
o upper arc if o = [l;, ;] with |i — j| > 1;
o lower arcif o = [v;, t;] with |[i — j| > 1;

oo
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Geometric realization

The arcs

A segment o is edge if o = {l;, l;y1} or o = {v;, ti11}, 1 € Z;
o upper arc if o = [l;, ;] with |i — j| > 1;
o lower arcif o = [v;, t;] with |[i — j| > 1;
o connecting arc if o = [l;, v;] with i,j € Z.

oo
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Geometric realization

The arcs

A segment o is edge if o = {l;, l;y1} or o = {v;, ti11}, 1 € Z;
o upper arc if o = [l;, ;] with |i — j| > 1;
o lower arcif o = [v;, t;] with |[i — j| > 1;
o connecting arc if o = [l;, v;] with i,j € Z.
e arc if o is an upper, lower, or connecting arc.
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Geometric realization

The arcs

A segment o is edge if o = {l;, l;y1} or o = {v;, ti11}, 1 € Z;
o upper arc if o = [l;, ;] with |i — j| > 1;
o lower arcif o = [v;, t;] with |[i — j| > 1;
o connecting arc if o = [l;, v;] with i,j € Z.
e arc if o is an upper, lower, or connecting arc.

[76 [,5 [,4 [,3 [,2 [,1 [0 [1 [2 [3 [4 [5

Te TUp tgy T3 T ;7 Tty ¥_1 ¥V_o ¥_3 ¥_4 U_gp

oo
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Geometric realization

Crossing pairs

© Two simple curves are crossing if they have common point
which is not endpoint of any of the curves.

oo
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Geometric realization

Crossing pairs

© Two simple curves are crossing if they have common point
which is not endpoint of any of the curves.

@ Two arcs u, v are said to cross if every curve in u crosses
each of the curves in v.

oo
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Geometric realization

Crossing pairs

© Two simple curves are crossing if they have common point
which is not endpoint of any of the curves.

@ Two arcs u, v are said to cross if every curve in u crosses
each of the curves in v.

© An arc does not cross itself; and an upper arc does not
cross a lower arc.

oo
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Geometric realization

Crossing pairs

© Two simple curves are crossing if they have common point
which is not endpoint of any of the curves.

@ Two arcs u, v are said to cross if every curve in u crosses
each of the curves in v.

© An arc does not cross itself; and an upper arc does not
cross a lower arc.

(6 [Ls (L4 3 15 (4 [p 1 L I3 [ I

t¢ ¥s5 T4 T3 T ;7 Tg T_1 ¥T_o ¥_3 ¥T_4 U_gp

oo
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Geometric realization

[llustrations

T¢6 ¥s T4 T3 Top T3 Ty ¥_1 T_o ¥_3 ¥T_4 U_gjp

oo
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Geometric realization

[llustrations

T¢6 ¥s T4 T3 Top T3 Ty ¥_1 T_o ¥_3 ¥T_4 U_gjp

oo
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Geometric realization

Triangulations of B,

Definition
A triangulation T of B, is a maximal set of pairwise
non-crossing arcs in B.

oo
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Geometric realization

Triangulations of B,

Definition

A triangulation T of B, is a maximal set of pairwise
non-crossing arcs in B.

[—6 [_5 [_4 [_3 [_2 [_1 [0 [1 [2 [3 [4 [5 [5

T¢ s T4 T3 Top T3 g T3 T T _3 ¥T_4 ¥_5 UT_g

oo
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Geometric realization

Parametrization of indecomposable objects by arcs

Q Identify X € rep(Q) with X[0] € C(Q).

oo
oo
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Geometric realization

Parametrization of indecomposable objects by arcs

Q Identify X € rep(Q) with X[0] € C(Q).

@ A complete set of non-isomorphic indecomposable objects
of €(Q) is given by

ind%'(Q) =Cqo U R URR.

oo
oo
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Geometric realization

Parametrization of indecomposable objects by arcs

Q Identify X € rep(Q) with X[0] € C(Q).
@ A complete set of non-isomorphic indecomposable objects
of €(Q) is given by

ind%(Q) =Cqo URL U Rk.
© We shall construct a bijection
¢ 1 ind%(Q) — arc(By),

where arc(By) is the set of arcs in By.

oo
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Geometric realization

Parametrization of objects in Cq = ZAY

N N 7N 7N
O [©] o O O
AN . VRN o RN o VRN . 7
VA NI A N AN RN
(] o @) (] @)
N 7N 7N T N T

oo
oo
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Geometric realization

Parametrization of objects in Cg

@ Fix arbitrarily a mesh in Cq as follows:

/ AN
7 Xo
\

e
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Geometric realization

Parametrization of objects in Cg

@ Fix arbitrarily a mesh in Cq as follows:

/\

TXO

\/

@ Ry : double infinite sectional path 5 Xy — Zp;

\ O2
oo
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Geometric realization

Parametrization of objects in Cg

@ Fix arbitrarily a mesh in Cq as follows:

/\

TXO

\/

@ Ry : double infinite sectional path 5 Xy — Zp;
© L, : double infinite sectional path 2 Xy — Yj;

\ O2
oo
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Geometric realization

Parametrization of objects in Cg

@ Fix arbitrarily a mesh in Cq as follows:

/\

TXO

\/

@ Ry : double infinite sectional path 5 Xy — Zp;
© L, : double infinite sectional path 2 Xy — Yj;
Q Write R, =7 Ry and L; = 7'Lg, for i € Z.

\ O2
oo
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Geometric realization

Parametrization of objects in Cg

@ Fix arbitrarily a mesh in Cq as follows:

/\

TXO

\/

@ Ry : double infinite sectional path 5 Xy — Zp;
© L, : double infinite sectional path 2 Xy — Yj;
Q Write R, =7 Ry and L; = 7'Lg, for i € Z.

@ For X € Cq, 3!(i,j) such that X = L; N R;.

\ O2
oo

and triangulations of the infinite
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Geometric realization

Parametrization of objects in Cg

@ Fix arbitrarily a mesh in Cq as follows:

/\

TXO

\/

@ Ry : double infinite sectional path 5 Xy — Zp;
© L, : double infinite sectional path 2 Xy — Yj;
Q Write R, =7 Ry and L; = 7'Lg, for i € Z.

@ For X € Cq, 3!(i,j) such that X = L; N R;.
O Set p(X) =[l;, tj] € arc(B).

\ O2
oo

and triangulations of the infinite

Shiping Liu * (Université de Sherbrooke) Charles Paquette (Ul Cluster category of type A



Geometric realization

Parametrization of objects in regular components
(= Z4..)

) O o O O
\o/ \O/ \O/ \O/
N N 7N N

O o O O )
\o/ \O/ \o/ \o/
N N 7N 7N

O O @) O ©)
N 7N 7N N T

oo
oo
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Geometric realization

Parametrization of objects in R;

@ J! quasi-simple S; € R with Home(q)(Xo, S1) # 0.

oo
oo
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Geometric realization

Parametrization of objects in R;

@ J! quasi-simple S; € R with Home(q)(Xo, S1) # 0.

@ L : the infinite sectional starting in 7'S;;

oo

oo
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Geometric realization

Parametrization of objects in R;

@ J! quasi-simple S; € R with Home(q)(Xo, S1) # 0.
@ L : the infinite sectional starting in 7'S;;

@ L : the infinite sectional ending in 7/S;;

oo
oo
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Geometric realization

Parametrization of objects in R;

@ J! quasi-simple S; € R with Home(q)(Xo, S1) # 0.
@ L : the infinite sectional starting in 7'S;;

© L. : the infinite sectional ending in TS,

© For X € Ry, 3I(i,j), i < j, with X = L} N L;;
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Geometric realization

Parametrization of objects in R;

@ J! quasi-simple S; € R with Home(q)(Xo, S1) # 0.
@ L : the infinite sectional starting in 7'S;;

© L. : the infinite sectional ending in TS,

© For X € Ry, 3I(i,j), i < j, with X = L} N L;;

© Set o(X) = [li1, lj41].

oo
oo
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Geometric realization

Parametrization of objects in Rg

@ J! quasi-simple Sg € Rr with Homg(g)(Xo, Sr) # 0.

oo
oo
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Geometric realization

Parametrization of objects in Rg

@ J! quasi-simple Sg € Rr with Homg(g)(Xo, Sr) # 0.

@ R : the infinite sectional starting in 7/ Sg;

oo

oo
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Geometric realization

Parametrization of objects in Rg

@ J! quasi-simple Sg € Rr with Homg(g)(Xo, Sr) # 0.
@ R : the infinite sectional starting in 7/ Sg;

@ R : the infinite sectional ending in 7/Sg;

oo
oo
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Geometric realization

Parametrization of objects in Rg

@ J! quasi-simple Sg € Rr with Homg(g)(Xo, Sr) # 0.
@ R : the infinite sectional starting in 7/ Sg;

© R : the infinite sectional ending in 7'Sk:

© For X € Rg, 3(i,j), i > j, with X = R* N R
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Geometric realization

Parametrization of objects in Rg

@ J! quasi-simple Sg € Rr with Homg(g)(Xo, Sr) # 0.
@ R : the infinite sectional starting in 7/ Sg;

© R : the infinite sectional ending in 7'Sk:

© For X € Rg, 3(i,j), i > j, with X = R* N R

© Set o(X) = [tiy1, vj].

oo
oo
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Geometric realization

@ This yields a bijection ¢ : ind%'(Q) — arc(By) :
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Geometric realization

@ This yields a bijection ¢ : ind%'(Q) — arc(By) :

@ The quasi-simples in R, correspond to arcs [l;_1, [;11].

oo
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Geometric realization

@ This yields a bijection ¢ : ind%'(Q) — arc(B) :
@ The quasi-simples in R, correspond to arcs [l;_1, [;11].

© The quasi-simples in R correspond to arcs [t;_ 1, tii1].

oo
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Geometric realization

@ This yields a bijection ¢ : ind%'(Q) — arc(By) :

@ The quasi-simples in R, correspond to arcs [l;_1, [;11].
© The quasi-simples in R correspond to arcs [t;_ 1, tii1].
Q For M € ind%(Q), set ay = (M) € arc(By).

oo
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Geometric realization

@ This yields a bijection ¢ : ind%'(Q) — arc(By) :

@ The quasi-simples in R, correspond to arcs [l;_1, [;11].
© The quasi-simples in R correspond to arcs [t;_ 1, tii1].
Q For M € ind%(Q), set ay = (M) € arc(By).

Q For u € arc(Bw), set M, = ¢~ (u) € ind%(Q).
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Geometric realization

Interpretation of arrows

Lemma

Let u,v € arc(By) with M,, M, € ind€'(Q).
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Geometric realization

Interpretation of arrows

Lemma

Let u,v € arc(By) with M,, M, € ind€'(Q).

Q Ifu=1[l;,vj], then3aIM, — M, in (¥ (Q)) &
vV = [[,‘,'Cj_l] or v = [[,'_1,'Cj].

oo
oo
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Geometric realization

Interpretation of arrows

Lemma

Let u,v € arc(By) with M,, M, € ind€'(Q).
Q Ifu=1[l;,vj], then3aIM, — M, in (¥ (Q)) &
vV = [[,‘,'Cj_l] orv = [[,'_1,'Cj].

Q Ifu=[l;,l],i<j—2 then3 M, — M, in(¢(Q)) &
v = [[,'_1, [J] orv — [[,‘, [j—l] with | < j — 2.

oo
oo
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Geometric realization

Interpretation of arrows

Let u,v € arc(By) with M,, M, € ind€'(Q).
Q Ifu=1[l;,vj], then3aIM, — M, in (¥ (Q)) &
vV = [[,‘,'Cj_l] or v = [[,'_1,'Cj].
Q Ifu=[l;,l],i<j—2 then3 M, — M, in(¢(Q)) &
v = [[,'_1, [J] orv — [[,‘, [j—l] with | < j — 2.

Q Ifu=1[v,,v], i>j+2 thenIM, — M, in [(¢(Q))
v=|[v;,vj_1] orv=_[ti_y,t;] withi>j+2.
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Geometric realization

[llustration of arrows

o Py Py o ry Py ry ry o ry Py ry
@ @ @ @ @ @ @ @ @ @ @ @
Py 'y rY 'y rY o ry rY o rY Py r'y
@ @ @ @ @ @ @ @ @ @ @ @
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Geometric realization

Interpretation of AR-translation

Lemma

Let u € arc(B,) with M, € ind%(Q).

oo
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Geometric realization

Interpretation of AR-translation

Lemma

Let u € arc(B,) with M, € ind%(Q).
Q Ifu= [[,‘, tj], then TMU = M[[

i+1,fj+1] .

oo
oo
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Geometric realization

Interpretation of AR-translation

Lemma

Let u € arc(B,) with M, € ind%(Q).
Q /fu=[l;¢j], then TM, = M., «;..1-
Q Ifu= [[,‘, [J] with i SJ—2, then TMU = M[[

faritolae] o

oo
oo
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Geometric realization

Interpretation of AR-translation

Lemma

Let u € arc(B,) with M, € ind%(Q).

Q /fu=[l;¢j], then TM, = M., «;..1-
Q Ifu= [[,‘, [J] with i SJ — 2, then TMU = M[[i+1,[j+1]'
Q Ifu=1[vjvj] withi>j+2, then TM, = M,,,,

]
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Geometric realization

Interpretation of weakly cluster-tilting subcategories

Let 7 be a subcategory of € (Q).

oo
oo
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Geometric realization

Interpretation of weakly cluster-tilting subcategories

Let 7 be a subcategory of € (Q).
Write arc(7T) = {ay | M € ind€(Q) N T }.

oo
oo
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Geometric realization

Interpretation of weakly cluster-tilting subcategories

Let 7 be a subcategory of € (Q).
Write arc(7T) = {ay | M € ind€(Q) N T }.

If M,N € ind€(Q), then Homgq)(M, N[1]) = 0 < (am, an)
is non-crossing in arc(B).

oo
oo
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Geometric realization

Interpretation of weakly cluster-tilting subcategories

Let 7 be a subcategory of € (Q).
Write arc(7T) = {ay | M € ind€(Q) N T }.

If M,N € ind€(Q), then Homgq)(M, N[1]) = 0 < (am, an)
is non-crossing in arc(B).

T is a weakly cluster-tilting subcategory < arc(T) is a
triangulation of B,.

oo
oo
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Geometric realization

Let T be a triangulation of B.
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Geometric realization

Let T be a triangulation of B.

@ An upper marked point [, is called
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Geometric realization
Let T be a triangulation of B.
@ An upper marked point [, is called

o left T-bounded if [I;, [,],[lp, t;] € T for only finitely
many /i < p and only finitely many j > —p;

oo
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Geometric realization

Let T be a triangulation of B.

@ An upper marked point [, is called
o left T-bounded if [I;, [,],[lp, t;] € T for only finitely
many /i < p and only finitely many j > —p;
o left T-unbounded if [I;, ], [lp, tj] € T for infinitely
many / < p and infinitely many j > —p.

oo
oo
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Geometric realization

Let T be a triangulation of B.

@ An upper marked point [, is called
o left T-bounded if [I;, 1], [lp, tj] € T for only finitely
many /i < p and only finitely many j > —p;
o left T-unbounded if [I;, ], [lp, tj] € T for infinitely
many / < p and infinitely many j > —p.
o right T-bounded if [l,, l;],[lp, tj] € T for only finitely
many i > p and only finitely many j < —p;

oo
oo
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Geometric realization

Let T be a triangulation of B.

@ An upper marked point [, is called

o left T-bounded if [I;, 1], [lp, tj] € T for only finitely
many i < p and only finitely many j > —p;

o left T-unbounded if [I;, ], [lp, tj] € T for infinitely
many / < p and infinitely many j > —p.

o right T-bounded if [l,, l;],[lp, tj] € T for only finitely
many / > p and only finitely many j < —p;

o right T-unbounded if [l,, l;],[lp, t;] € T for infinitely
many / > p and infinitely many j < —p.

oo
oo
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Geometric realization

Let T be a triangulation of B.

@ An upper marked point [, is called

o left T-bounded if [I;, 1], [lp, tj] € T for only finitely
many i < p and only finitely many j > —p;

o left T-unbounded if [I;, ], [lp, tj] € T for infinitely
many / < p and infinitely many j > —p.

o right T-bounded if [l,, l;],[lp, tj] € T for only finitely
many i > p and only finitely many j < —p;

o right T-unbounded if [l,, l;],[lp, t;] € T for infinitely
many / > p and infinitely many j < —p.

@ In a similarly, one defines a lower marked point to be /eft

T-bounded, left T-unbounded, right T-bounded, and right
T-unbounded.

oo
oo

Shiping Liu * (Université de Sherbrooke) Charles Paquette (Ul Cluster category of type A

and triangulations of the infinite



Geometric realization

Fountains

Let T be a triangulation of B,,. A marked point p is called

oo

Shiping Liu * (Université de Sherbrooke) Charles Paquette (Ui Cluster category of type AZS

and triangulations of the infini



Geometric realization

Fountains

Let T be a triangulation of B,,. A marked point p is called

@ left T-fountain base if p is left T-unbounded but right
T-bounded.

oo
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Geometric realization

Fountains

Let T be a triangulation of B,,. A marked point p is called

@ left T-fountain base if p is left T-unbounded but right
T-bounded.

@ right T-fountain base if p is right T-unbounded but left
T-bounded.

\ O°
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Geometric realization

Fountains

Let T be a triangulation of B,,. A marked point p is called
@ left T-fountain base if p is left T-unbounded but right
T-bounded.
@ right T-fountain base if p is right T-unbounded but left
T-bounded.
@ full T-fountain base if p is left and right T-unbounded.
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Geometric realization

Main Result

A subcategory T of €(Q) is cluster-tilting < arc(T) is a
triangulation of B, containing some connecting arcs, and

every marked point in B, is either an arc(T)-fountain base
or an endpoint of at most finitely many of arcs in arc(T).

Shiping Liu * (Université de Sherbrooke) Charles Paquette (U Cluster category of type ASS and triangulations of the infinite



Geometric realization

Main Result

A subcategory T of €(Q) is cluster-tilting < arc(T) is a
triangulation of B, containing some connecting arcs, and

every marked point in B, is either an arc(T)-fountain base
or an endpoint of at most finitely many of arcs in arc(T).

In this case, By, has at most two arc(T )-fountain bases, and
if it has two, then one is a left fountain base and the other
one is a right fountain base.
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Geometric realization

A cluster-tilting subcategory with two fountains
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Geometric realization

Interpretation of mutation

Q Let T be a cluster-tilting subcategory of A.
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Geometric realization

Interpretation of mutation

Q Let T be a cluster-tilting subcategory of A.

@ Each u € arc(T) is a diagonal of a unique quadrilateral X
in By, formed by some arcs of arc(T) or segments in Be.
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Geometric realization

Interpretation of mutation

Q Let T be a cluster-tilting subcategory of A.

@ Each u € arc(T) is a diagonal of a unique quadrilateral X
in By, formed by some arcs of arc(T) or segments in Be.

© If v is the other diagonal of X, then M = M,.

oo
oo
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