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Introduction

Motivation

A : an artinian ring.
mod A : finitely generated right A-modules.

Find invariants for determining wether gdim A is
finite or infinite.

Theorem (Happel)

If \ is artin algebra with gdim(A\) < oo, then
D®(mod A) has almost split triangles.
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Introduction

Reduction to simple modules

gdim(A) = sup{pdim(S) | S simple A-module}
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Introduction

Reduction to simple modules

gdim(A) = sup{pdim(S) | S simple A-module}
= sup{idim(S) | S simple A-module}.
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Introduction

Reduction to simple modules

gdim(A) = sup{pdim(S) | S simple A-module}
= sup{idim(S) | S simple A-module}.

Observation

To study gdim(A), it suffices to consider the
homological dimensions of simple modules.
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Introduction

A Morita invariant: Extension quive
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Introduction

A Morita invariant: Extension quiver

Definition
The extension quiver E(A) is an oriented graph:
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A Morita invariant: Extension quiver

Definition
The extension quiver E(A) is an oriented graph:

o Vertices: the non-isomorphic simple A-modules;
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Introduction

A Morita invariant: Extension quiver

Definition
The extension quiver E(A) is an oriented graph:

o Vertices: the non-isomorphic simple A-modules;
o Jarrow S — T in E(A) & Exti(S, T) # 0.
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Introduction

A Morita invariant: Extension quiver

The extension quiver E(A) is an oriented graph:

o Vertices: the non-isomorphic simple A-modules;
o Jarrow S — T in E(A) & Exti(S, T) # 0.

o If A=k is a field, then

E(N): o
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Introduction

A Morita invariant: Extension quiver

The extension quiver E(A) is an oriented graph:

o Vertices: the non-isomorphic simple A-modules;

o Jarrow S — T in E(A) & Exti(S, T) # 0.

o If A=k is a field, then

@ If A = k[x]/<x*>, then

E(N): .Q
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Introduction

Objective

Using combinatorial properties of E(A) to determine
whether gdim(A) is finite or infinite.
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Introduction

Sufficient condition for gdim(A) to be finite

Proposition

If E(N) has no oriented cycle, then gdim(A\) < oo.
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Introduction

Sufficient condition for gdim(A) to be finite

Proposition

If E(N) has no oriented cycle, then gdim(A\) < oo.

REMARK. The converse is not true.
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Introduction

Sufficient condition for gdim(A) to be finite

Proposition

If E(N) has no oriented cycle, then gdim(A\) < oo.

REMARK. The converse is not true.

Let A be given by the quiver with relations:

«

Q: ac__ b, af =0
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Introduction

Sufficient condition for gdim(A) to be finite

Proposition

If E(N) has no oriented cycle, then gdim(A\) < oo.

REMARK. The converse is not true.

Let A be given by the quiver with relations:

Q: a_ b, ap=0

B
Then E(A) = Q and gdim(A) = 2.

Shiping Liu Université de Sherbrooke Canada Homological dimensions of simple modules over artinian rings



Introduction

Conjectures

No Loop Conjecture (Zacharia, 1985)

o If gdim(A) < oo, then E(A) has no loop;
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Introduction

Conjectures

No Loop Conjecture (Zacharia, 1985)

o If gdim(A) < oo, then E(A) has no loop;

o If E(A) has a loop at some simple S, then
pdim(T) = oo for some simple T.
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Introduction

Conjectures

No Loop Conjecture (Zacharia, 1985)

o If gdim(A) < oo, then E(A) has no loop;

o If E(A) has a loop at some simple S, then
pdim(T) = oo for some simple T.

Strong No Loop Conjecture (Zacharia, 1990)

o If E(A) has a loop at some S, then pdim(S) = oo.
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Introduction

Conjectures

No Loop Conjecture (Zacharia, 1985)

o If gdim(A) < oo, then E(A) has no loop;

o If E(A) has a loop at some simple S, then
pdim(T) = oo for some simple T.

Strong No Loop Conjecture (Zacharia, 1990)

o If E(A) has a loop at some S, then pdim(S) = oo.
o If pdim(S) < oo, then E(A) has no loop at S.
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Introduction

0 Let A = k[x]/<x?>.
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Introduction

0 Let A = k[x]/<x?>.
@ We have seen that

E(N) .Q
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Introduction

0 Let A = k[x]/<x?>.
@ We have seen that

E(N) .Q

@ The simple module k has minimal projective
resolution
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Introduction

Objective of this talk

O We shall present a proof of the SNLC
(Igusa-Liu-Paquette, 2011) for finite dimensional
algebras over an algebraically closed field.
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Objective of this talk

O We shall present a proof of the SNLC
(Igusa-Liu-Paquette, 2011) for finite dimensional
algebras over an algebraically closed field.

@ This proof is a localization of a technique used

by Lenzing (1969) to study the Hochschild
homology.
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Introduction

Objective of this talk

O We shall present a proof of the SNLC
(Igusa-Liu-Paquette, 2011) for finite dimensional
algebras over an algebraically closed field.

@ This proof is a localization of a technique used
by Lenzing (1969) to study the Hochschild
homology.

@ This result of Lenzing's implies the NLC for

finite dimensional algebras over an algebraically
closed field (Igusa, 1990).
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Introduction

Notation

J : the Jacobson radical of A.
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Notation

J : the Jacobson radical of A.

e: a primitive idempotent in A.
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Introduction

Notation

J : the Jacobson radical of A.
e: a primitive idempotent in A.

Se = el\/eJ, the simple A-module supported by e.
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Introduction

An algebraic interpretation of a loop
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Introduction

An algebraic interpretation of a loop

Lemma

Let M € mod A have minimal projective resolution

o Py Py g Py —= Py —= M —0.

For n > 0, the following are equivalent.
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An algebraic interpretation of a loop

Lemma

Let M € mod A have minimal projective resolution

o Py Py g Py —= Py —= M —0.

For n > 0, the following are equivalent.
o Ext"(M,S.) # 0.
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Introduction

An algebraic interpretation of a loop

Lemma

Let M € mod A have minimal projective resolution

o Py Py g Py —= Py —= M —0.

For n > 0, the following are equivalent.
o Ext"(M,S.) # 0.
@ el is direct summand of P,.
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Introduction

An algebraic interpretation of a loop

Lemma

Let M € mod A have minimal projective resolution

-—P,—P, 11— —P—FPh—M—0.
For n > 0, the following are equivalent.
o Ext"(M,S.) # 0.
@ el is direct summand of P,.
o Q" Je # QN"e, where Q" is n-th syzygy of M.
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Introduction

An algebraic interpretation of a loop

Lemma

Let M € mod A have minimal projective resolution

PP PP M.

For n > 0, the following are equivalent.
o Ext"(M,S.) # 0.
@ el is direct summand of P,.
o Q" Je # QN"e, where Q" is n-th syzygy of M.

Corollary

E(A) has a loop at S, < eJ?e # ele.
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Hochschild homology

Hochschild homology group HHy(A)

Definition
o [/\,/\] = {Z, (a,-b,- = b,-a,-) ‘ aj, b; € /\},
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Hochschild homology

Hochschild homology group HHy(A)

Definition
o [/\,/\] = {Z, (a,-b,- = b,-a,-) ‘ aj, b; € /\},
@ HHy(A) = A/[A,A], an abelian group.
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Hochschild homology

Hochschild homology group HHy(A)

Definition

o [A,A]={>_.(aibi — bia;) | ai, b € \};

@ HHy(A) = A/[A,A], an abelian group.

@ HHy(A) is called radical-trivial if J C [A,A].
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Hochschild homology

Hochschild homology group HHy(A)

Definition

o [A,A]={>_.(aibi — bia;) | ai, b € \};

@ HHy(A) = A/[A,A], an abelian group.

@ HHy(A) is called radical-trivial if J C [A,A].

If a,b € A, then ab = ba in HHy(A).
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Hochschild homology

Trace of a matrix over A

Definition
For A= (aj) € M,(N), one defines

tr(A) = (a1 + - - - + ann) + [N, A] € HHp(A).
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Hochschild homology

Trace of a matrix over A

Definition
For A= (aj) € M,(N), one defines

tr(A) = (a1 + - - - + ann) + [N, A] € HHp(A).

Proposition
If A€ Mpyn(N) and B € My m(N), then

tr(AB) = tr(BA).
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Hochschild homology

Trace of endomorphisms of projective modules
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Hochschild homology

Trace of endomorphisms of projective modules

Let P=eAND--- D e\, ¢ primitive idempotent.
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Hochschild homology

Trace of endomorphisms of projective modules

Let P=eAND--- D e\, ¢ primitive idempotent.
Given ¢ € Enda(P).

Shiping Liu Université de Sherbrooke Canada Homological dimensions of simple modules over artinian rings



Hochschild homology

Trace of endomorphisms of projective modules

Let P=eAND--- D e\, ¢ primitive idempotent.
Given ¢ € Enda(P).

Write ¢ = (ajj)nxn, Where aj € ej/\e;.
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Hochschild homology

Trace of endomorphisms of projective modules

Let P=eAND--- D e\, ¢ primitive idempotent.
Given ¢ € Enda(P).

Write ¢ = (ajj)nxn, Where aj € ej/\e;.

Definition (Hattori, Stallings)

The trace of ¢ is defined to be
tr() = tr((ay)nxn) € HHo(A),
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Hochschild homology

Trace of endomorphisms of projective modules

Let P=eAND--- D e\, ¢ primitive idempotent.
Given ¢ € Enda(P).

Write ¢ = (ajj)nxn, Where aj € ej/\e;.

Definition (Hattori, Stallings)

The trace of ¢ is defined to be
tr() = tr((ay)nxn) € HHo(A),

which is independent of the decomposition of P.
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Hochschild homology

Let a € A. Consider the left multiplication

a:N— N:x— ax.
We have

tr(a) = a+ [\ A].

Shiping Liu Université de Sherbrooke Canada Homological dimensions of simple modules over artinian rings



Hochschild homology

Let a € A. Consider the left multiplication

a:N— N:x— ax.
We have

tr(a) = a+ [\ A].

Proof. If N=eiA@ --- @ e,\, then a; = (e;a€j)nxn.
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Hochschild homology

Let a € A. Consider the left multiplication

a:N— N:x— ax.
We have

tr(a) = a+ [\ A].

Proof. If N=eiA@ --- @ e,\, then a; = (e;a€j)nxn.

a— Ze;ae,- = Z(e, — e;ae;) Z[e,, e:al,
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Hochschild homology

Let a € A. Consider the left multiplication

a:N— N:x— ax.
We have

tr(a) = a+ [\ A].

Proof. If N=eiA@ --- @ e,\, then a; = (e;a€j)nxn.

a— Ze;ae,- = Z — e;ae;) Z[e,, e:al,

tr(a.) = Z gae; + [N A = a+ [AA].
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Hochschild homology

Trace of endomorphisms of modules of finite proj dim
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Hochschild homology

Trace of endomorphisms of modules of finite proj dim

Let M € modA have projective resolution
0—P,—P, 41— —Py—M—0.

Shiping Liu Université de Sherbrooke Canada Homological dimensions of simple modules over artinian rings



Hochschild homology

Trace of endomorphisms of modules of finite proj dim

Let M € modA have projective resolution
0—P,—P, 41— —Py—M—0.

For ¢ € Enda(M), construct comm. diagram
0—P,—>Pp1—-—Pp—M-—0

en) [#r1 %) lw

0—P,—P,1 e Po—M—0
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Hochschild homology

Trace of endomorphisms of modules of finite proj dim

Let M € modA have projective resolution
0—P,—P, 41— —Py—M—0.

For ¢ € Enda(M), construct comm. diagram
0—P,—>Pp1—-—Pp—M-—0

Definition (Lenzing)

tr(p) = Yo7o(—1) tr(;) € HHo(A).
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Hochschild homology

Lenzing's result

If gdim(A) < oo, then tr(y) is defined for every
endomorphism ¢ € mod A.
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Hochschild homology

Lenzing's result

If gdim(A) < oo, then tr(y) is defined for every
endomorphism ¢ € mod A.

Theorem (Lenzing)

If gdim(A) < oo, then HHy(A) is radical-trivial.

Shiping Liu Université de Sherbrooke Canada Homological dimensions of simple modules over artinian rings



Hochschild homology

Localizing Hochschild homology

Write Ae = A/A(1 — e)A.
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Hochschild homology

Localizing Hochschild homology

Write Ae = A/A(1 — e)A.
Consider the ring homomorphism

Te: N = Ne i x = x+ N1 — e)A.
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Hochschild homology

Localizing Hochschild homology

Write Ae = A/A(1 — e)A.
Consider the ring homomorphism

Te: N = Ne i x = x+ N1 — e)A.
It induces a group homomorphism

He : HHo(A) — HHo(Ae) @ x+H[A, A] = me(x)+[Ae, Ae].
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Hochschild homology

Localizing Hochschild homology

Write Ae = A/A(1 — e)A.
Consider the ring homomorphism
Te: N = Ne i x = x+ N1 — e)A.

It induces a group homomorphism

He : HHo(A) — HHo(Ae) @ x+H[A, A] = me(x)+[Ae, Ae].

For any a € A(1 — e)A, we have

He(a + [A,A]) = 0.
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Hochschild homology

e-trace of endomorphisms of projective modules

Let P € modA be projective.
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Hochschild homology

e-trace of endomorphisms of projective modules

Let P € modA be projective.

Definition
For ¢ € Enda(P), we define its e-trace by

tre(p) = He(tr()) € HHo(Ae).
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Hochschild homology

e-trace of endomorphisms of projective modules

Let P € modA be projective.

Definition

For ¢ € Enda(P), we define its e-trace by

tre(p) = He(tr()) € HHo(Ae).

Proposition

If el is not a direct summand of P, then

tre(pp) = 0.
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Hochschild homology

e-trace of endomorphisms of projective modules

Let P € modA be projective.

Definition

For ¢ € Enda(P), we define its e-trace by

tre(p) = He(tr()) € HHo(Ae).

Proposition

If el is not a direct summand of P, then

tre(pp) = 0.
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Hochschild homology

e-bounded modules

A module M € modA is called e-bounded if it has
projective resolution

Pi—Pi_1—--+-—FPy—M-—0,

e\ is not summand of P;, for i >> 0.
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Hochschild homology

e-bounded modules

A module M € modA is called e-bounded if it has
projective resolution

Pi—Pi_1—--+-—FPy—M-—0,

e\ is not summand of P;, for i >> 0.

o M is e-bounded < Ext'(M,S,) = 0, for i >> 0.
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Hochschild homology

e-bounded modules

A module M € modA is called e-bounded if it has
projective resolution

Pi—Pi_1—--+-—FPy—M-—0,

e\ is not summand of P;, for i >> 0.

o M is e-bounded < Ext'(M,S,) = 0, for i >> 0.

@ idim S, < co = every M € mod A is e-bounded.
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Hochschild homology

e-trace of endomorphisms of e-bounded modules

Let M have e-bounded projective resolution
Pi—P,1——Py—M—0.
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Hochschild homology

e-trace of endomorphisms of e-bounded modules

Let M have e-bounded projective resolution
Pi—P,1——Py—M—0.

For ¢ € Endp(M), construct comm. diagram
Pi—P,1—-—Py—M—0

of e e s

PPy~ —=Py—= M—>0.

Shiping Liu Université de Sherbrooke Canada Homological dimensions of simple modules over artinian rings



Hochschild homology

e-trace of endomorphisms of e-bounded modules

Let M have e-bounded projective resolution
Pi—P,1——Py—M—0.

For ¢ € Endp(M), construct comm. diagram
Pi—P,1—-—Py—M—0

of e e s

PPy~ —=Py—= M—>0.

Define
tre(p) = 2o7o(—1) tre(ipr) € HHg(Ae).
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Hochschild homology

e-trace of endomorphisms of e-bounded modules

Let M have e-bounded projective resolution
Pi—P,1——Py—M—0.

For ¢ € Endp(M), construct comm. diagram
Pi—P,1—-—Py—M—0

of e e s

PPy~ —=Py—= M—>0.

Define
tre(p) = Zio(_l)itre(@i) € HHo(Ae).
In particular, tre(0) = 0.
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Hochschild homology

Additivity of the e-trace

Lemma

Let modA have comm. diagram with exact rows

0 L—=M-—"=N 0

Il s

0 L—=M-—"=N 0.
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Hochschild homology

Additivity of the e-trace

Lemma

Let modA have comm. diagram with exact rows

0 L—=M-—"=N 0

Ol J{Sﬁ ii/J

0 L—=M-—"=N 0.

If any two of L, M, N are e-bounded, then all are
e-bounded with

tre(p) = tre(0) + tre(e)).
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Hochschild homology

e-bounded filtration

An e-bounded filtration for M € mod A is a series
O=Ma ,sCMC---CMCCM=M

of submodules of M such that
M; /M1 is e-bounded, for i = 0,1,...,r.
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Hochschild homology

e-bounded filtration

An e-bounded filtration for M € mod A is a series
O=Ma ,sCMC---CMCCM=M

of submodules of M such that
M; /M1 is e-bounded, for i = 0,1,...,r.

M admits e-bounded filtration = M is e-bounded.

Shiping Liu Université de Sherbrooke Canada Homological dimensions of simple modules over artinian rings



Hochschild homology

Lemma

Let ¢ € End(M) with e-bounded filtration
OIMr+1CM,C'°'CM1CM0:M.
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Hochschild homology

Lemma

Let ¢ € End(M) with e-bounded filtration
OIMr+1CM,C'°'CM1CM0:M.

/ng(M,) C M,’+1, i=0,...,r, then tI‘e(QO) =0.
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Hochschild homology

Lemma

Let ¢ € End(M) with e-bounded filtration
OIMH_;[CM,C"'CMlCMo:M.

/ng(M,) C M,’+1, i=0,...,r, then tI‘e(QO) =0.

Proof. Let v; = ¢|p, = 3 comm. diagram with exact rows
0 MH-l M,' M,'/MH_]_ —0

=y e lo

0 M; i1 M; M; /M, —0.
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Hochschild homology

Lemma

Let ¢ € End(M) with e-bounded filtration
OIMH_;[CM,C"'CMlCMo:M.

/ng(M,) C M,’+1, i=0,...,r, then tI‘e(QO) =0.

Proof. Let v; = ¢|p, = 3 comm. diagram with exact rows
0 MH-l M,' M,'/MH_]_ —0

=y e lo

0 M; i1 M; M; /M, —0.
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Hochschild homology

Lemma

Let ¢ € End(M) with e-bounded filtration
OIMH_;[CM,C"'CMlCMo:M.

/ng(M,) C M,’+1, i=0,...,r, then tI‘e(QO) =0.

Proof. Let v; = ¢|p, = 3 comm. diagram with exact rows
0 MH-l M,' M,'/MH_]_ —0

=y e lo

0 Mi 1 M; M;/ M1 —0.
Hence, tre(p;) = tre(pis1), for i=0,1,...,r.
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Hochschild homology

Lemma

Let ¢ € End(M) with e-bounded filtration
OIMH_;[CM,C"'CMlCMo:M.

/ng(M,) C M,’+1, i=0,...,r, then tI‘e(QO) =0.

Proof. Let v; = ¢|p, = 3 comm. diagram with exact rows
0 MH-l M,' M,'/MH_]_ —0

=y e lo

0 M; i1 M; M; /M, —0.

Hence, tre(p;) = tre(pis1), for i=0,1,...,r.
In particular, tro(¢) = tre(p,41) = tre(0) = 0.
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Hochschild homology

Main result on the local HHj

If idimS, < oo, then HHo(A.) is radical-trivial.
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Hochschild homology

Main result on the local HHj

If idimS, < oo, then HHo(A.) is radical-trivial.

Proof. Let 3= a+ A(1 — e)A\ € J(A.), where a € J.
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Hochschild homology

Main result on the local HHj

If idimS, < oo, then HHo(A.) is radical-trivial.

Proof. Let 3= a+ A(1 — e)A\ € J(A.), where a € J.
Then, a"! = 0 for some n > 0.
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Hochschild homology

Main result on the local HHj

If idimS, < oo, then HHo(A.) is radical-trivial.

Proof. Let 3= a+ A(1 — e)A\ € J(A.), where a € J.
Then, a"! = 0 for some n > 0.
Since idimS, < oo, we have e-bounded filtration

0=a"""ACa"NC---CaNCA.
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Hochschild homology

Main result on the local HHj

If idimS, < oo, then HHo(A.) is radical-trivial.

Proof. Let 3= a+ A(1 — e)A\ € J(A.), where a € J.

Then, a"! = 0 for some n > 0.

Since idimS, < oo, we have e-bounded filtration
0=a""ACa'NC---CaNCA

Consider a; : A — A : x — ax.
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Hochschild homology

Main result on the local HHj

If idimS, < oo, then HHo(A.) is radical-trivial.

Proof. Let 3= a+ A(1 — e)A\ € J(A.), where a € J.

Then, a"! = 0 for some n > 0.

Since idimS, < oo, we have e-bounded filtration
0=a""ACa'NC---CaNCA

Consider a; : A — A : x — ax.

Since a;(a'A) C a1\, we have tre(ay) = 0+ [Ae, Ad].
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Hochschild homology

Main result on the local HHj

If idimS, < oo, then HHo(A.) is radical-trivial.

Proof. Let 3= a+ A(1 — e)A\ € J(A.), where a € J.

Then, a"! = 0 for some n > 0.

Since idimS, < oo, we have e-bounded filtration
0=a"""ACa'’NC---CaNCA.

Consider a; : A — A : x — ax.

Since a;(a'A) C a1\, we have tre(ay) = 0+ [Ae, Ad].

On the other hand,

tre(ar) = He(tr(ar)) = He(a+ [N, A]) = 3+ [Ae, Ae].
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Hochschild homology

Main result on the local HHj

If idimS, < oo, then HHo(A.) is radical-trivial.

Proof. Let 3= a+ A(1 — e)A\ € J(A.), where a € J.

Then, a"! = 0 for some n > 0.

Since idimS, < oo, we have e-bounded filtration
0=a""ACa'NC---CaNCA

Consider a; : A — A : x — ax.

Since a;(a'A) C a1\, we have tre(ay) = 0+ [Ae, Ad].

On the other hand,

tre(ar) = He(tr(ar)) = He(a+ [N, A]) = 3+ [Ae, Ae].
That is, 3 € [Ae, Ae].
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The Strong No Loop Conjecture

Basic primitive idempotent

Call e basic if eA @ el is not direct summand of A.
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The Strong No Loop Conjecture

Basic primitive idempotent

Call e basic if eA @ el is not direct summand of A.

Lemma

If e is basic, then 3 ring homomorphism

e Le — eNe/eSe:a+ L(1 — e)L — eae + eJ’e.
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The Strong No Loop Conjecture

Basic primitive idempotent

Call e basic if eA @ el is not direct summand of A.

Lemma

If e is basic, then 3 ring homomorphism

e Le — eNe/eSe:a+ L(1 — e)L — eae + eJ’e.

Moreover, if eNe/ eJ?e is commutative, then 6,
vanishes on [Le, L].
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The Strong No Loop Conjecture

Basic primitive idempotent

Call e basic if eA @ el is not direct summand of A.

Lemma

If e is basic, then 3 ring homomorphism

e Le — eNe/eSe:a+ L(1 — e)L — eae + eJ’e.

Moreover, if eNe/ eJ?e is commutative, then 6,
vanishes on [Le, L].

Proof. e basic = eA(1 —¢€), (1 —e)Ae C J.
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The Strong No Loop Conjecture

Basic primitive idempotent

Call e basic if eA @ el is not direct summand of A.

Lemma

If e is basic, then 3 ring homomorphism

e Le — eNe/eSe:a+ L(1 — e)L — eae + eJ’e.

Moreover, if eNe/ eJ?e is commutative, then 6,
vanishes on [Le, L].

Proof. e basic = eA(1 —¢€), (1 —e)Ae C J.

As a consequence, eA(1 — e)Ae C ef?e.
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The Strong No Loop Conjecture

Main result for artinian rings

Let e be basic such that eNe/eJ?e is commutative.

Shiping Liu Université de Sherbrooke Canada Homological dimensions of simple modules over artinian rings



The Strong No Loop Conjecture

Main result for artinian rings

Let e be basic such that eNe/eJ?e is commutative.
If idim(S.) < oo, then E(N) has no loop at S..
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The Strong No Loop Conjecture

Main result for artinian rings

Let e be basic such that eNe/eJ?e is commutative.
If idim(S.) < oo, then E(N) has no loop at S..
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The Strong No Loop Conjecture

Main result for artinian rings

Let e be basic such that eNe/eJ?e is commutative.
If idim(S.) < oo, then E(N) has no loop at S..

Proof. Consider

e 1 Ne — eNe/efe: x + N(1 — e)A — exe + eJ%e.
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The Strong No Loop Conjecture

Main result for artinian rings

Let e be basic such that eNe/eJ?e is commutative.
If idim(S.) < oo, then E(N) has no loop at S..

Proof. Consider
e 1 Ne — eNe/efe: x + N(1 — e)A — exe + eJ%e.
If idim(S) < oo, then HHg(A.) is radical-trivial.
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The Strong No Loop Conjecture

Main result for artinian rings

Let e be basic such that eNe/eJ?e is commutative.
If idim(S.) < oo, then E(N) has no loop at S..

Proof. Consider

e 1 Ne — eNe/efe: x + N(1 — e)A — exe + eJ%e.
If idim(S) < oo, then HHg(A.) is radical-trivial.
Let acele=a+A(1—e)Ae€ J(Le) C[Le, Le]
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The Strong No Loop Conjecture

Main result for artinian rings

Let e be basic such that eNe/eJ?e is commutative.
If idim(S.) < oo, then E(N) has no loop at S..

Proof. Consider
e 1 Ne — eNe/efe: x + N(1 — e)A — exe + eJ%e.
If idim(S) < oo, then HHg(A.) is radical-trivial.
Let acele=a+A(1—e)Ae€ J(Le) C[Le, Le]
= de(a+ A1 —e)A) = 0= a= eae € e’.
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The Strong No Loop Conjecture

Main result for artinian rings

Let e be basic such that eNe/eJ?e is commutative.
If idim(S.) < oo, then E(N) has no loop at S..

Proof. Consider
e 1 Ne — eNe/efe: x + N(1 — e)A — exe + eJ%e.
If idim(S) < oo, then HHg(A.) is radical-trivial.
Let acele=a+A(1—e)Ae€ J(Le) C[Le, Le]
= de(a+ A1 —e)A) = 0= a= eae € e’.
Thus, eJe = eJ?e = Ext!(S,, S.) = 0.
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The Strong No Loop Conjecture

Application to finite dimensional algebras

Let A\ be a finite dimensional algebra over a field k.
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The Strong No Loop Conjecture

Application to finite dimensional algebras

Let A be a finite dimensional algebra over a field k.
Let S be simple N-module of dimension one.
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The Strong No Loop Conjecture

Application to finite dimensional algebras

Let A\ be a finite dimensional algebra over a field k.
Let S be simple N-module of dimension one.

If pdim(S) < oo or idim(S) < oo, then E(A) has
no loop at S.
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The Strong No Loop Conjecture

Application to finite dimensional algebras

Let A\ be a finite dimensional algebra over a field k.
Let S be simple N-module of dimension one.

If pdim(S) < oo or idim(S) < oo, then E(A) has
no loop at S.

Proof. Let S = S, = e is basic with eAe = ke + elJe.
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The Strong No Loop Conjecture

Application to finite dimensional algebras

Let A\ be a finite dimensional algebra over a field k.
Let S be simple N-module of dimension one.

If pdim(S) < oo or idim(S) < oo, then E(A) has
no loop at S.

Proof. Let S = S, = e is basic with eAe = ke + elJe.
= ele/eJ)’e is commutative.
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The Strong No Loop Conjecture

Application to finite dimensional algebras

Let A\ be a finite dimensional algebra over a field k.
Let S be simple N-module of dimension one.

If pdim(S) < oo or idim(S) < oo, then E(A) has
no loop at S.

Proof. Let S = S, = e is basic with eAe = ke + elJe.

= ele/eJ)’e is commutative.
o idim(S) < oo = Ext!(S,S) = 0.
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The Strong No Loop Conjecture

Application to finite dimensional algebras

Let A\ be a finite dimensional algebra over a field k.
Let S be simple N-module of dimension one.

If pdim(S) < oo or idim(S) < oo, then E(A) has
no loop at S.

Proof. Let S = S, = e is basic with eAe = ke + elJe.
= ele/eJ)’e is commutative.
o idim(S) < oo = Ext!(S,S) = 0.
o pdim(S) < co = D(S) € modA° is 1-dimensional with
idimD(S) < oo = E(A°?) has no loop at D(S).
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The Strong No Loop Conjecture

Application to finite dimensional algebras

Let A\ be a finite dimensional algebra over a field k.
Let S be simple N-module of dimension one.

If pdim(S) < oo or idim(S) < oo, then E(A) has
no loop at S.

Proof. Let S = S, = e is basic with eAe = ke + elJe.
= ele/eJ)’e is commutative.
o idim(S) < oo = Ext!(S,S) = 0.
o pdim(S) < co = D(S) € modA° is 1-dimensional with
idimD(S) < oo = E(A°?) has no loop at D(S).
= E(A) has no loop at S.
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The Strong No Loop Conjecture

Main Result

Theorem (lgusa, Liu, Paquette, 2011)

The Strong No Loop Conjecture holds for finite
dimensional algebra over an algebraically closed
field.
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The Strong No Loop Conjecture

Main Result

Theorem (lgusa, Liu, Paquette, 2011)

The Strong No Loop Conjecture holds for finite
dimensional algebra over an algebraically closed
field.

Proof. We may assume that A is basic.
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The Strong No Loop Conjecture

Main Result

Theorem (lgusa, Liu, Paquette, 2011)

The Strong No Loop Conjecture holds for finite
dimensional algebra over an algebraically closed
field.

Proof. We may assume that A is basic.

Then every simple A-module is one dimensional.
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Conclusion

Status quo for artinian rings

O The No Loop Conjecture remains open for finite
dimensional algebras over a general field, in
particular, open for artinian rings.
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Conclusion

Status quo for artinian rings

O The No Loop Conjecture remains open for finite
dimensional algebras over a general field, in
particular, open for artinian rings.

@ More advanced technique is needed, for
instance, AR-theory in D?(modA).
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Conclusion

Extension Conjecture

Let S be a simple A-module.
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Conclusion

Extension Conjecture

Let S be a simple A-module.

o IfExt!(S,S) # 0, then Ext"(S,S) # 0 for

infinitely many n.
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Conclusion

Extension Conjecture

Let S be a simple A-module.

o IfExt!(S,S) # 0, then Ext"(S,S) # 0 for

infinitely many n.
@ Let S have a minimal projective resolution

Py—>—= P —~Py—>5—0.

If Py is direct summand of Py, then Py is direct
summand of P, for infinitely many n.
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