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Motivation

Objective

Let k algebraically closed field.
Let A fin. dim. k-algebra with rad?(A) = 0.

Objective
To study Db(modA), that is, to describe

o the indecomposable complexes;

@ the AR-components with arbitray gdim(A).
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Motivation

Methodology

We are going to make use of

o Galois covering for linear categories;

@ Koszul duality;
o Representation theory of infinite quivers.

The bounded derived category of an algebra with radical squar:
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Recall of Galois Covering

Stabilizer

Definition (Asashiba)
Let F : A — B be a functor of linear categories.
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Recall of Galois Covering

Stabilizer

Definition (Asashiba)
Let F : A — B be a functor of linear categories.

Let G be group acting on A.

A G-stabilizer § for F consists of functorial iso-
morphisms d, : Fog — F, g € G, such that

Flg - (h- X)) —="~F(h- X)

J/(Sh,x

F((gh) - X)—2*— F(X)

commutes, for g,h € G and X € A.
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Recall of Galois Covering

Precovering

Definition (Asashiba)

A functor F : A — B is called G-precovering if
d G-stabilizer § such that

Dgec A(X,8:Y) = B(F(X),F(Y))

(Ug)gec = deG(Sg,YO F(ug)
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Precovering

Definition (Asashiba)

A functor F : A — B is called G-precovering if
d G-stabilizer § such that

Sgec A(X,g-Y) = B(F(X),F(Y))
(Ug)gec = deG(Sg,YOF(Ug)

Dgec A(g-X,Y) = B(F(X),F(Y))

(Vg)gec = dec F(Vg)odgj(
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Galois Covering

Suppose G-action on A is

o free (X €indA, e#ge€ G=g-XZX),
o locally bounded (X, Y € indA = A(X, g-Y) =0, for
almost all g € G).

A G-precovering F : A — B is Galois G-covering if
0 X cind A= F(X) € indB;

@ McindB= M= F(X), X €ind A4;
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Recall of Galois Covering

Galois Covering

Suppose G-action on A is

o free (X €indA, e#ge€ G=g-XZX),
o locally bounded (X, Y € indA = A(X, g-Y) =0, for
almost all g € G).

A G-precovering F : A — B is Galois G-covering if
0 X cind A= F(X) € indB;

@ MeindB= M= F(X), X €ind A,
© X,YcindAwith FX)XF(Y)=Y=g-X,g€G.
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Recall of Galois Covering

AR-quiver under Galois covering

O Let A, B be Hom-finite, Krull-Schmidt, additive.
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O Let A, B be Hom-finite, Krull-Schmidt, additive.
@ The G-action on A induces G-action on [ 4.

Let F : A — B be a Galois G-covering.

© F induces Galois G-covering F : [ 4 — [p.
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Recall of Galois Covering

AR-quiver under Galois covering

O Let A, B be Hom-finite, Krull-Schmidt, additive.
@ The G-action on A induces G-action on [ 4.

Let F : A — B be a Galois G-covering.

© F induces Galois G-covering F : [ 4 — [p.
@ The cpts of [ are the F(I"), with I cpts of T 4.

o T~ F(r)ifGr={gecG|g(l)=Tr} trivial.
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Gradable quivers
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r !
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Gradable quivers
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r !

the degreeof wis O(w) =e  +---+--- + €.
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Let ' = (o, 1) be quiver.
Given a walk w = o' ---af, a; € [1, e = £1,

r !

the degreeof wis O(w) =e  +---+--- + €.
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Construction of Galois Covering

Gradable quivers

Let ' = (o, 1) be quiver.
Given a walk w = o' ---af, a; € [1, e = £1,

r !

the degreeof wis O(w) =e  +---+--- + €.

o [ is gradable if all closed walks are of degree 0.

o Define grading period r(I") of I by
o r(I") =0 if [ is gradable; otherwise,
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Construction of Galois Covering

Gradable quivers

Let ' = (o, 1) be quiver.
Given a walk w = o' ---af, a; € [1, e = £1,

r !

the degreeof wis O(w) =e  +---+--- + €.

o [ is gradable if all closed walks are of degree 0.

o Define grading period r(I") of I by

o r(I") =0 if [ is gradable; otherwise,
o r(I") = min{0(w) > 0 | w closed walks}.
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Construction of Galois Covering

Setting

O Let @ be connected finite quiver.
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Construction of Galois Covering

Setting

O Let @ be connected finite quiver.
@ Define Q% as follows:
° (a7i); ac QOa I €Z.
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Construction of Galois Covering

Setting

O Let @ be connected finite quiver.
@ Define Q% as follows:
o (a,i);a€ Q, i €Z.
o (a,i): (a,))—=(b,i+1l); i €Z, :a—b € (.
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Construction of Galois Covering

Setting

O Let @ be connected finite quiver.
@ Define Q% as follows:
o (a,i);a€ Q, i €Z.
o (a,i): (a,))—=(b,i+1l); i €Z, :a—b € (.

o Q7 is gradable with automorphism
p: Q% = QF:(x,i)— (x,i+1).
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Construction of Galois Covering

Setting

O Let @ be connected finite quiver.
@ Define Q% as follows:
o (a,i);a€ Q, i €Z.
o (a,i): (a,))—=(b,i+1l); i €Z, :a—b € (.

o Q7 is gradable with automorphism
p: Q% = QF:(x,i)— (x,i+1).
@ The components of Q% are pairwise isomorphic,
indexed by elements of Z,(q).
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Construction of Galois Covering

Gradable Galois covering of quivers

0 Q : cpt of Q% having some (v,0), v € Q.
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Construction of Galois Covering

Gradable Galois covering of quivers

0 Q : cpt of Q% having some (v,0), v € Q.
@ G=<0>0=p"@¢ Aut(f)).
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Construction of Galois Covering

Gradable Galois covering of quivers

0 Q : cpt of Q% having some (v,0), v € Q.
@ G=<0>0=p"@¢ Aut(f)).

There is G-Galois covering of quivers:
m:Q = Q:(a,i) = a;(a,i) = a,
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Construction of Galois Covering

Gradable Galois covering of quivers

0 Q : cpt of Q% having some (v,0), v € Q.
@ G=<0>0=p"@¢ Aut(f)).

There is G-Galois covering of quivers:
m:Q = Q:(a,i) = a;(a,i) = a,

which is an isomorphism < r(Q) = 0.
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Construction of Galois Covering

Galois coverings of linear categories
0 Let A= kQ/(kQM)? kQT =< Q;>.
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Construction of Galois Covering

Galois coverings of linear categories

0 Let A= kQ/(kQM)? kQT =< Q;>.
@ Put A= kQ/(kQ")?, with induced G-action.
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Construction of Galois Covering

Galois coverings of linear categories

0 Let A= kQ/(kQM)? kQT =< Q;>.
@ Put A= kQ/(kQ")?, with induced G-action.
9 @ — Q induces Galois G-covering m: A — A.
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Construction of Galois Covering

Galois coverings of linear categories
0 Let A= kQ/(kQM)? kQT =< Q;>.
@ Put A= kQ/(kQ")?, with induced G-action.
Q@ @ — Q induces Galois G-covering T A— A.
@ 7 induces G-precovering 7y : modA — modA.
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Construction of Galois Covering

Galois coverings of linear categories

0 Let A= kQ/(kQM)? kQT =< Q1>

@ Put A= kQ/(kQ")?, with induced G-action.
o Q —  induces Galois G-covering 7 : A A
© 7 induces G-precovering 7y : modA — modA.

my induces commutative diagram
K—b(projA) =~ D?(modA)
ot 8
K~=b(projA) =~ Db(modA),

where ¥, 2 are Galois G-covering.
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Construction of Galois Covering

Koszul dual

0 kQ° is Koszul with Koszul dual A.
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0 kQ° is Koszul with Koszul dual A.
@ Q"={(a,n)e Q|ae Q) is finite, Yn € Z.
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Construction of Galois Covering

Koszul dual

0 kQ° is Koszul with Koszul dual A.
@ Q"={(a,n)e Q|ae Q) is finite, Yn € Z.
@ Let P, € ind(projA), at (a,n) € Q".
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Construction of Galois Covering

Koszul dual

0 kQ° is Koszul with Koszul dual A.
@ Q"={(a,n)e Q|ae Q) is finite, Yn € Z.
@ Let P, € ind(projA), at (a,n) € Q".

0 rep~(Q°P): finitely co-presented representations.
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Construction of Galois Covering

Koszul dual

0 kQ is Koszul with Koszul dual A.

@ Q"={(a,n)e Q|ae Q) is finite, Yn € Z.

@ Let P, € ind(projA), at (a,n) € Q".

0 rep~(Q°P): finitely co-presented representations.
@ G =< o > acts on rep— (QP).
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Construction of Galois Covering

Koszul functor

M € rep—(Q°P), define (M) € RC™b(projA) :
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Construction of Galois Covering

Koszul functor

M € rep—(Q°P), define (M) € RC™b(projA) :
° ]C(M)n = @Xeé—n P, ® M(X);
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Construction of Galois Covering

Koszul functor

M € rep—(Q°P), define (M) € RC™b(projA) :
o K(M)" = Dycg-n P ® M(x);
° dzg(/v/) = (d”(x,y))(va)eéfnxéf(nm, where
d"(x, ) = 2y xeq Pl @ M(7°).
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Construction of Galois Covering

Koszul functor

M € rep—(Q°P), define (M) € RC™b(projA) :
o K(M)" = Dycg-n P ® M(x);
° dzg(/w) = (d”(x,y))(X,y)eéfnxéf(nm, where
d"(x, ) = 2y xeq Pl @ M(7°).

o This yields a fully faithful exact functor
K :rep (Q) — RC(projA).
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Construction of Galois Covering

Koszul functor

M € rep~(QP), define (M) € RC™*(projA) :
o K(M)" =D, cg-» Px @ M(x);
° dlg(M) = (dn(x7y))(X,y)EQ*nxéf(nJrl), where

d"(x,y) =2, xea Pl ® M(°).

o This yields a fully faithful exact functor
K :rep (Q) — RC(projA).
o If X € ind(RC—®(projA)), then X = IC(M)][i],
for some unique i € Z, M € rep~ (Q°P).
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Main Results

Indecomposable complexes in D?(modA)

Let F be the following composite:
rep(QF) —= K~*(projA)

K

K~b(projA) =~ Db(modA).
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Main Results

Indecomposable complexes in D?(modA)

Let F be the following composite:
rep(QF) —= K~*(projA)

K

K~b(projA) =~ Db(modA).

o The non-iso indecomposables in D”(modA) are
{F(M)[i] | M € ind(rep (Q™)), i € Zy(q)}-
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Main Results

Indecomposable complexes in D?(modA)

Let F be the following composite:
rep(QF) —= K~*(projA)

K

K~b(projA) =~ Db(modA).

o The non-iso indecomposables in D”(modA) are
{F(M)[i] | M € ind(rep (Q™)), i € Zy(q)}-

o Hom(F(M)[i], F(N)[j]) £0 = j = i,i + 1.
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Main Results

Koszul Equivalence

The exact functor K : rep~(Q°?) — RC~?(projA)
induces a triangle equivalence

A DP(rep™ (Q°P)) — DP(modA).
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Main Results

Last functor

Let . be the following composite:

o w gD
Db(rep~(Q°)) ~Z> Db(mod A) —2~ DP(modA).
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Main Results

Last functor

Let . be the following composite:

o w gD
Db(rep~(Q°)) ~Z> Db(mod A) —2~ DP(modA).

Proposition
The functor .% is exact, faithful, and dense.
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Main Results

Last functor

Let . be the following composite:

o w gD
Db(rep~(Q°)) ~Z> Db(mod A) —2~ DP(modA).

Proposition

The functor .% is exact, faithful, and dense.

o Ifr(Q) >0, then F is not a Galois G-covering.
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Main Results

Last functor

Let . be the following composite:

o w gD
Db(rep~(Q°)) ~Z> Db(mod A) —2~ DP(modA).

Proposition

The functor .% is exact, faithful, and dense.

o Ifr(Q) >0, then F is not a Galois G-covering.
e Ifr(Q) =0, then .# is a triangle-equivalence.
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Main Results

AR-components of D?(modA)

Q : the regular AR-cpts of rep~ (Q°P) and the
connecting AR-cpt of D?(rep=(Q°P)).
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Main Results

AR-components of D?(modA)

Q : the regular AR-cpts of rep~ (Q°P) and the
connecting AR-cpt of D?(rep=(Q°P)).
The AR-components of D?(modA) are
{F (DT e,icZyg}
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Main Results

AR-components of D?(modA)

Q : the regular AR-cpts of rep~ (Q°P) and the
connecting AR-cpt of D?(rep=(Q°P)).
The AR-components of D?(modA) are
{F (DT e,icZyg}
o F(MN) =T,
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Main Results

AR-components of D?(modA)

Q : the regular AR-cpts of rep~ (Q°P) and the
connecting AR-cpt of D?(rep=(Q°P)).
The AR-components of D?(modA) are
{F (DT e,icZyg}
(r)=1r;
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Main Results

Shapes of AR-components of D?(modA)

If C is AR-component of D?(mod A), then
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Main Results

Shapes of AR-components of D?(modA)

If C is AR-component of D?(mod A), then

© C embeds in ZQ or C = ZA.;
@ C is stable tube (only if Q Euclidean tree);
@ (only if Q oriented cycle) C = NA, or a wing
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The number of AR-components of D*(mod A) is
finite < Q Dynkin or Q = A, with r(Q) > 0.
© Q Dynkin = I psmod a) = ZQ.
@ @ non-oriented cycle = I psyoa) has
1) r(Q) components = ZAZ.
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Finite components case

The number of AR-components of D”(mod A) is
finite < Q Dynkin or Q = A, with r(Q) > 0.
© Q Dynkin = I psmod a) = ZQ.
@ @ non-oriented cycle = I psyoa) has
1) r(Q) components = ZAZ.
2) 2r(Q) components = ZA .
o @ oriented cycle of r arrows = [ ps(ioq 4) has
1) r sectional double infinite path components;

Raymundo Bautista (UNAM in Morelia) Shiping Liu* (Universi The bounded derived category of an algebra with radical squar:



Main Results

Finite components case

The number of AR-components of D*(mod A) is
finite < Q Dynkin or Q = A, with r(Q) > 0.

© Q Dynkin = I psmod a) = ZQ.

@ @ non-oriented cycle = I psyoa) has
1) r(Q) components = ZAZ.
2) 2r(Q) components = ZA

o @ oriented cycle of r arrows = [ ps(ioq 4) has
1) r sectional double infinite path components;
2) r components = ZA
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O Consider
Q: b, r(Q)=2
@ Let A= kQ/(kQT)?, with simples S, T.
@ Q° is a double infinite path.
O [ pb(mod 4y consists of L[i], R[i], i = 0,1, where
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@ Q° is a double infinite path.
O [ pb(mod 4y consists of L[i], R[i], i = 0,1, where
1) R = ZA, of perfect complexes;
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Main Results

O Consider
Q:a__»b, r(Q)=2.
@ Let A= kQ/(kQT)?, with simples S, T.
@ Q° is a double infinite path.
O [ pb(mod 4y consists of L[i], R[i], i = 0,1, where
1) R = ZA, of perfect complexes;
2) L is a sectional double infinite path

S[=2] T[-1] S[0] T[] 5[2]
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