REPRESENTATION THEORY OF GRADED ALGEBRAS GIVEN BY
LOCALLY FINITE QUIVERS

ZETAO LIN AND SHIPING LIU

ABSTRACT. This paper aims to study graded modules over a graded algebra
A given by a locally finite quiver with homogeneous relations. By construct-
ing a graded Nakayama functor, we discover a novel approach to establish
Auslander-Reiten formulas, from which we derive almost split sequences in
the category of all graded A-modules. In case A is locally left (respectively,
right) bounded, the category of finitely presented graded modules and that of
finitely copresented graded modules both have almost split sequences on the
left (respectively, right). We shall also obtain existence theorems for almost
split triangles in various derived categories of graded A-modules. In case A is
locally bounded, an indecomposable complex in the bounded derived category
of finite dimensional graded modules is the starting (respectively, ending) term
of an almost split triangle if and only if it has a finite graded projective reso-
lution (respectively, injective coresolution); and consequently, this bounded
derived category has almost split triangles on the right (respectively, left) if
and only if every graded simple module is of finite graded projective (respec-
tively, injective) dimension. Finally, we specialize to the existence of almost
split sequences and almost split triangles for graded representations of any
locally finite quiver.

INTRODUCTION

Graded algebras play an essential role in many domains such as commutative
algebra, Lie theory, algebraic geometry and algebraic topology; see, for example,
[5, 13, 19, 32, 33]. The representation theory of locally finite dimensional graded
algebras have been studied thoroughly by numerous researchers; see, for example,
[6, 15, 35, 34]. Motivated by the application of the covering technique; see [8, 11, 16],
this paper aims to develop the representation theory of graded algebras given by
locally finite quivers with homogeneous relations.

Almost split sequences in abelian categories, introduced by Auslander and Re-
iten; see [4], and almost split triangles in triangulated categories, later developed
by Happel; see [20], provide a powerful tool for understanding these categories.
In the classical setting, the existence of almost split sequences for graded modules
was studied first by Gordon and Green; see [15], then by Auslander and Reiten;
see [5], and later by Martinez-Villa; see [34]. In the locally finite dimensional
case, Martinez-Villa established an Auslander-Reiten formula by the classical ap-
proach of tensor product and adjunction isomorphism, and he obtained an existence
theorem for almost split sequences ending with finitely presented graded modules
in the category of locally finite dimensional graded modules. In this paper, we
shall provide a novel approach to establish an Auslander-Reiten formula for finitely
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presented graded modules and a generalized Auslander-Reiten formula for finitely
copresented graded modules, which enable us to obtain an existence theorem in
the category of all graded modules for almost split sequences ending with finitely
presented graded modules or starting with finitely copresented graded modules.

Determining which categories have almost split sequences or almost split trian-
gles has long been a key research topic; see, for example, [14, 29, 30, 31, 34]. It is
known that the category of finitely generated graded modules over a graded artin
algebra or a graded order which is an isolated singularity has almost split sequences;
see [6, 15]. Our results yield many interesting abelian categories of graded modules
having almost split sequences on one or two sides, and derived categories of graded
modules having almost split triangles on one or two sides. The content of the paper
is outlined section by section as follows.

In Section 1, we shall lay down the foundation of the paper. In Section 2, we
study some generalities about the category GModA of all unitary graded left mod-
ules over a graded algebra A given by a locally finite quiver with homogeneous
relations. Of fundamental importance, there exists a duality between the piece-
wise finite dimensional graded modules over A and those over its opposite; see
(2.2.2), and the categories gprojA and ginjA of finitely generated graded projective
modules and of finitely cogenerated graded injective modules are Hom-finite and
Krull-Schmidt; see (2.12.2). As in the classical graded setting, GModA has enough
projective objects and enough injective objects; see (2.3.4) and (2.4.5).

In Section 3, we study the existence of almost split sequences for graded A-
modules. We first construct a Nakayama functor from gproj4 to GModA4; see
(3.2.1), which leads to an Auslander-Reiten formula for finitely presented graded A-
modules and a generalized Auslander-Reiten formula for finitely copresented graded
modules; see (3.4.3). These enable us to establish an existence theorem in GModA
for almost split sequences ending with finitely presented graded modules or starting
with finitely copresented graded modules; see (3.5.1). In case A is locally left
(respectively, right) bounded, the categories of finitely presented graded modules
and of finitely copresented graded modules have almost split sequences on the left
(respectively, right); see (3.6.1). And in case A is locally bounded, the category of
finite dimensional graded modules has almost split sequences; see (3.6.2).

In Section 4, we study almost split triangles in various derived categories of
graded A-modules. Indeed, the graded Nakayama functor ensures the existence in
the derived categories of almost split triangles ending with bounded complexes over
gprojA or starting with bounded complexes over ginja; see (4.1.2). In case A is
locally left and right noetherian, an indecomposable complex of finitely generated
(respectively, cogenerated) graded modules is the ending (respectively, starting)
term of an almost split triangle if and only if it has a finite graded projective res-
olution (respectively, injective coresolution); see (4.3.1). And the bounded derived
category of finite dimensional graded A-modules has almost split triangles on the
right (respectively, left) if and only if every graded simple A-module is of finite
graded projective (respectively, injective) dimension.

In Section 5, we study the existence of almost split sequences and almost split
triangles for graded representations of a locally finite quiver ). In case (@) is strongly
locally finite, this has been done for ungraded representations; see [9]. Our results
say that the abelian category of finitely presented (respectively, copresented) graded
representations has almost split sequences on the left (respectively, right) if and
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only if @ has no infinite path with a starting (respectively, end) point; see (5.1.2).
And the bounded derived category of finitely presented graded representations has
almost split triangles if and only if so does the bounded derived category of finitely
copresented graded representations if and only if @ has no infinite path; see (5.2.2).

1. PRELIMINARIES

The objective of this section is to lay down the foundation of this paper. We shall
fix some terminology and notation which will be used throughout this paper and
collect some preliminary results.

1.1. LINEAR ALGEBRA. Throughout this paper, let k denote a commutative field.
All tensor products will be over k. Given a set S, the k-space spanned by S will
be written as kS. We shall write Modk for the category of all k-spaces and modk
for the category of finite dimensional k-spaces. We shall make a frequent use of
the exact functor D = Homy(—, k) : Modk — Modk, which restricts to a duality
D : modk — modk. The following statement is well-known.

1.1.1. LEMMA. Given U,V; M, N € Modk, there exists a k-linear map

p: Homy (U, V) ® Homg (M, N) - Homgp(UQ M,V N): fg+— p(f ®9)
such that p(f ® g)(u®@m) = f(u)®g(m) foru € U and m € M, which is natural in
all variables. Moreover, p is an isomorphism in case U,V € modk or M, N € modk.

REMARK. In case p is an isomorphism, we shall identify f ® g with p(f ® g).

As an immediate consequence of Lemma 1.1.1, we have the following statement.

1.1.2. COROLLARY. Let U and V be k-vector spaces.

(1) There exists a natural k-linear map o : DU @ V. — Homy (U, V) in such a way
that o(f @ v)(u) = f(u)v, for all f € DU, v € V and u € U. Moreover, o is
an isomorphism in case U or V is finite dimensional.

(2) There exists a natural k-linear map 8 : DV ® DU — D(V ® U) such that
0(f @ g)(v®@u) = f(v)g(u), for all f € DU, g € DV; w € U and v € V.
Moreover, 6 is an isomorphism in case U or V is finite dimensional.

1.2. QUIVERS. Let Q = (Qo, Q1) be a quiver, where Qg is the set of vertices and

(1 is the set of arrows between vertices. Given an arrow « : x — y in @)1, we call

x the starting point and y the end point of a; and write s(a) = = and e(a) = y.

For each vertex x € Qq, one associates a trivial path €, with s(e;) = e(e;) = .

A path of positive length n is a sequence p = «,, - - - a1, where a; € @1 such that

s(air1) = e(a;), for all 1 < i < n. One says that Q is locally finite provided, for

any x € Q, that the set Q1(z, —) of arrows a with s(a) = = and the set Q1(—, x)

of arrows 8 with e(8) = z are both finite. Moreover, Q is strongly locally finite

provided, for any x,y € Qo, that the set Q(x,y) of paths from z to y is finite.
The opposite quiver Q° of @ is defined in such a way that (Q°)g = Qo and

Q)N ={a°:y > 2z]a:zx—y € @i1}. A nontrivial path p = - g

in Q(z,y), where o; € @1, corresponds to a non-trivial path p° = o9 - a2 in

Q°(y,x). For convenience, the trivial path in Q° at a vertex z will be identified

with the trivial path in Q at x.

1.3. ALGEBRAS GIVEN BY QUIVERS WITH RELATIONS. In this paper, a k-algebra
does not necessarily have an identity. Let Q = (Qo, Q1) be a locally finite quiver.
We shall write kQ for the path algebra of @) over k and kQ™ for the two-sided
ideal in kQ generated by (J1. A two-sided ideal in kQ is called a relation ideal



4 Z. LIN AND S. LIU

if it is contained in (kQ*)?. An element in kQ is called homogeneous if it is a
linear combination of paths of the same length, and a relation ideal in k(@ is called
homogeneous if it is generated by some homogeneous elements.

Let A = kQ/R, where R is a relation ideal of kQ). We fix some notation for A,
which will be used throughout this paper. Write 4y = v+ R € A for v € kQ, and
er = &, for x € Qo. Then, {e, |z € Qo} is a complete set of pairwise orthogonal
idempotents in A. Note that the opposite algebra of A is A° = kQ°/R°, where
R° = {p°| p € R}. We shall write 7° = ~° + R° for v € kQ, but e, = ¢, + R® for
Z € Qo. In this way, we have an algebra anti-isomorphism A — A° : § — §°.

Noetherian algebras play an important role in commutative algebra and algebraic
geometry. In our context, noetherianness will be replaced by local noetherianness
as follows: A is called locally left noetherian if the left A-modules Ae, with x € Qg
are noetherian; locally right noetherian if the right A-modules e, A with x € Qg are
noetherian. As examples, recall that A is called special multi-serial provided, for
any a € (1, that there exists at most one 8 € @) such that Sa ¢ R and at most one
v € Q1 such that ay ¢ R. In this case, for any z € @), both Zate(zﬁ) A& and
2 BeQr(— 1) BA are finite sums of uniserial modules; see [22, 17]. Then, it follows
that Ae, and e, A are noetherian. Hence, A is locally left and right noetherian.

Finally, we shall say that A is locally left bounded if the Ae, with x € Qg are finite
dimensional, locally right bounded if the e, A with x € Q¢ are finite dimensional, and
locally bounded if A is locally left and right bounded; compare [11, (2.1)]. Clearly, a
locally left or right bounded algebra is locally left or right noetherian, respectively.

1.4. ADDITIVE CATEGORIES. Throughout this paper, all categories are additive k-
categories in which morphisms are composed from the right to the left. All functors
between additive k-categories are additive. Let A be an additive k-category. A full
subcategory of A is called strictly full if it is closed under isomorphisms. An object
in A is called strongly indecomposable if it has a local endomorphism algebra. One
says that A is Hom-finite if all morphisms spaces in A are finite dimensional over k,
and Krull-Schmidt if A is nonzero such that every nonzero object is a finite direct
sum of strongly indecomposable objects. In case A is Hom-finite, it is well-known
that A is Krull-Schmidt if and only if all idempotents in A split; see [31, (1.1)].

A morphism f : X — Y in A is called left minimal provided that every morphism
g:Y — Y such that gf = f is an automorphism, and right minimal provided that
every morphism ¢g : X — X such that fg = f is an automorphism. Applying
Corollary 1.4 in [25] and its dual, we obtain the following well-known statement.

1.4.1. PROPOSITION. Let A be a Krull-Schmidt k-category.

(1) A nonzero morphism f: X =Y in A is left minimal if and only if pf # 0, for
any nonzero retraction p:Y — N.

(2) A nonzero morphism f: X —'Y in A is right minimal if and only if fq # 0,
for any nonzero section q : M — X.

Finally, a morphism f : X — Y in A is called left almost split if f is not a section
and every non-section morphism g : X — Z factors through f; and minimal left
almost split if it is left minimal and left almost split. Dually, one defines right
almost split morphisms and minimal right almost split morphisms in A; see [4].

1.5. EXACT CATEGORIES. Let A be an exact k-category, that is an extension-closed
full subcategory of an abelian k-category 2. Given objects X,Y € A, we write
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Ext’(X,Y) = Exty(X,Y) for all integers i > 0. And one says that A is Ext-finite
if Exti\(X, Y') is finite dimensional for all X, Y € A4 and ¢ > 0. An object P in A is
called FExt-projective if every short exact sequence 0 X Y P 0
in A splits. The FExt-injective objects in A are defined dually. If A is abelian, then
the projective objects and the injective objects in A coincide with the Ext-projective
objects and the Ext-injective objects, respectively.

An epimorphism f : X — Y in A is called superfluous if a morphism g : M — X
in A such that f o g is an epimorphism is an epimorphism, and a monomorphism
f X — Y is called essential if a morphism h : Y — N in A such that ho f is
a monomorphism is a monomorphism. Let X be an object in A. A superfluous
epimorphism f : P — X with P projective in A is called a projective cover of X
in A, and an essential monomorphism ¢ : X — I with I injective in A is called an
injective envelope of X in A. The following statement is well-known; see [23, (3.4)].

1.5.1. LEMMA. Let A be an exact k-category.

(1) An epimorphism f : P — X with P projective in A is a projective cover of X
in A if and only if f is right minimal.

(2) A monomorphism g : X — I with I injective in A is an injective envelope of
X in A if and only if g is left minimal.

Recall that a short exact sequence 0 X ! y -7 0 in Ais

called an almost split sequence if f is minimal left almost split and g is minimal
right almost split. In this case, one calls X the starting term and Z the ending
term, and we write X = 77 and Z = 77X ; see [4].

We shall say that A has almost split sequences on the left if every strongly
indecomposable and non Ext-injective object is the starting term of an almost
split sequence, and A has almost split sequences on the right if every strongly
indecomposable and non Ext-projective object is the ending term of an almost split
sequence, and finally, A has almost split sequences if it has almost split sequences
on the left and on the right.

1.6. ALMOST SPLIT TRIANGLES. Let 7 be a triangulated k-category with transla-

tion functor [1]. An exact triangle X Ty .70 X[1] in A is called
almost split if f is minimal left almost split and ¢ is minimal right almost split; see
[20]. In this case, one calls X the starting term and Z the ending term, and we write
X =77 and Z = 77X. We say that T has almost split triangles on the right if
every strongly indecomposable object is the ending term of an almost split triangle,
T has almost split triangles on the left if every strongly indecomposable object is
the starting term of an almost split triangle, and T has almost split triangles if it
has almost split triangles on the right and on the left.

1.7. DERIVED CATEGORIES. Let A be a strictly full additive subcategory of an
abelian category 2. We denote by C(A) the additive category of complexes over
A with shift functor [1], and by C*(A), C~(A) and C®(A) the full additive
subcategories of C(A) of bounded-below complexes, of bounded-above complexes
and of bounded complexes, respectively. Given a complex M* € C(2), a quasi-
isomorphism f*: P* — M* in C(2) with P* a complex of projective objects is
called a projective resolution of M, and a quasi-isomorphism ¢' : M* — I"in C'(2)
with I° a complex of injective objects is called a injective coresolution of M.
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Fix * € {b,+,—}. Endowed with the induced shift functor [1], the quotient
K*(A) of C*(A) modulo the null-homotopic morphisms is a triangulated category
with exact triangles given by the mapping cones of morphisms; see [36, (I11.2.1.1)].
Clearly, K*(A) is a full triangulated subcategory of K*(2(). A morphism in K*(A)
is called a quasi-isomorphism if it is a quasi-isomorphism in K*(2(). By the same
argument used in [36, (I11.3.1.1), (II1.3.1.2)], we see that the quasi-isomorphisms in
K*(A) form a localizing class compatible with the triangulation of K*(A). Thus,
the localization D*(A) of K*(.A) at quasi-isomorphisms is a triangulated category;
see [36, (II.1.6.1)], called a derived cateogry of A. We shall say that A has enough
A-projective objects if every object X in A admits an epimorphism f: P — X in
2, where P € A is projective in 2.

1.7.1. PROPOSITION. Let A be a strictly full additive subcategory of an abelian cate-
gory A. If A has enough A-projective objects, then D*(A) can be regraded as a full
triangulated subcategory of DP(2).

Proof. Clearly, K?(A) is a full triangulated subcategory of K(2l). The inclusion
functors ¢ : K°(A) — K(®); i : K°(A) — K2A) and j : K°(2) — D(2A) in-
duce triangle-exact functors ¢P : DY(A) — D(A); i¥ : DY(A) — D*(A) and
jP : D) — D(2A) such that ¢P = jP 0P, Tt is well-known that jP is fully
faithful; see [36, (I11.3.4.5)]. If A has enough A-projective objects, then ¢? is fully
faithful; see [8, (1.11)], and so is i¥. The proof of the proposition is completed.

2. CATEGORIES OF GRADED MODULES

The objective of this section is to study generalities concerning graded modules
over graded algebras given by locally finite quivers with homogeneous relations. The
results obtained in this section will be needed not only in the following sections of
this paper but also in future study of Koszul algebras given by locally finite quivers.

Throughout this section let A = kQ/R, where Q is a locally finite quiver and
R is a homogeneous relation ideal of k). Then A is a positively graded k-algebra
with grading A = @;>04;, where A; = {7 | v € kQ;}. For convenience, set A; =0
for ¢ < 0. Write J = @®;>14;, which is a graded two-sided ideal of A. The opposite
algebra A° is also positively graded as A° = @;>0A45, where A = {7° | v € kQ,},
for all i« > 0. Note that this grading for the opposite algebra is different from the
classical one; see [37, (1.2.4)].

2.1. GRADED MODULES. A left A-module M is unitary it M = 37, e, M and
graded if M = @;czM;, where the M; are k-spaces such that A;M; C M, ;, for all
i,j € Z. Let M be a graded unitary left A-module. Then M = ®;ez.0ecq, Mi(z)
as a k-space, where M;(x) = e, M;, called the (4, z)-piece of M. Given u € e, A, e,,
we shall write M (u) : M;(z) = M;;;(y) for the k-linear map given by the left
multiplication by u. An element m € M is called homogeneous of degree i if
m € M; and pure if m € M;(z) for some (i,z) € Z x Qp. A A-submodule N of M
is called graded if N =3, ,(M; N N). In this case, N is graded as N = @©;ezN;,
where N; = M; N N, such that if m = Z( m;, € N with m; , € M;(x),
then m; , € N for all (i,x) € Z x Q.

Let M, N be graded unitary left A-modules. A A-linear morphism f: M — N
is graded if f(M;) C N; for all ¢ € Z. In this case, f restricts to k-linear maps
fi o My — N; and fi, @ Mi(z) — N;(z) such that f = @iezfi = Oi,x)ezxQofia-

1,2)EZX Qo
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Conversely, given k-linear maps f;, : M;(x) — N;(z) with (i,2) € Z x Qo, the
k-linear map f = @(z)ezxQofie : M — N is graded A-linear if and only if
ufiz(m) = fig;y(um), for m € M;(x) and u € ey A e, with i, j € Z and z,y € Qo.

The graded unitary left A-modules together with the graded A-linear morphisms
form an abelian k-category, which will be written as GModA. The morphism spaces
and the extension groups in GMod /A will be written respectively as GHom 4 (M, N)
and GExt’ (M, N). Moreover, we put GEnd (M) = GHom (M, M). The following
statement is evident; compare [37, page 20].

2.1.1. LEMMA. Let A =kQ/R be a graded algebra with Q a locally finite quiver. If

{M,}sex is a family of modules in GModA, then

(1) there exists a direct sum M = @yex My, defined by M;(z) = Dpex(My)i(z)
for all (i,2) € Z x Q.

(2) there exists a product N = U,exM,, defined by N;(z) = Hyex(My)i(x), for
all (i,x2) € Z x Q.

Let M € GModA with M = ®;ezM; = ®icz0eq,Mi(x). One says that M is
bounded above if M; = 0 for i > 0, bounded below if M; = 0 for i < 0 and bounded
if M; = 0 for all but finitely many ¢ € Z. The full subcategories of GModA of
bounded below modules and of bounded above modules will be written as GMod A
and GMod ™4, respectively. Moreover, M is called locally finite dimensional if M;
is finite dimensional for all i € Z and piecewise finite dimensional if M;(z) is finite
dimensional for all (i,x) € Z x Q. We shall denote by gmodA the full subcategory
of GModA of piecewise finite dimensional modules.

Let V' € Modk. Setting (M ® V); = M; ® V, we obtain a graded module
M@V =@iez(M®V); € GModA. Let s € Z. The grading s-shift M(s) of M is
defined by M(s); = M, for all i € Z. For a morphism f : M — N in GModA4,
the grading s-shift f(s) : M(s) — N(s) of f is defined by f(s); = fi1s, for all i € Z.
It is clear that (M @ V)(s) = M(s) @ V, for all s € Z and V € Modk.

2.2. THE DUALITY ®. In the classical graded setting, there exists a duality for
locally finite dimensional graded modules given by applying componentwise the
functor D; see [35, page 70]. In our setting, we shall apply the functor D piecewise
in order to obtain a duality for piecewise finite dimensional graded modules.

Given M € GModA, we define DM = D 2)ezxq, D(M_i(x)) € GModA°,
whose left A-multiplication is such, for ¢ € D(M_;(z)) and u € eyAje,, that
u® - = @ o M(u), that is, (u°-¢)(m) = ¢(um), for m € M_;_;(y). In particular,
(DM); = Breg,D(M_;(z)) and (DM);(z) = D(M_;(x)) for i € Z and = € Q.
Given a morphism f: M — N in GModA, we define a morphism ©f : ON — DM
in GModA® by setting (Df);» = D(f—; ), for all (i,z) € Z x Q. This clearly
yields a contravariant functor © : GModA — GModA°.

2.2.1. LEMMA. Let A = kQ/R be a graded algebra with Q a locally finite quiver.

Consider M € GModA and V € Modk.

(1) Given s € Z, we have D(M(s)) = (DM )(—s).

(2) There exists a natural monomorphism p : M — ©?M in GModA, which is an
isomorphism in case M € gmodA.

(3) There exists a binatural morphism 0 : O©M ® DV — D(M ® V) in GModA°,
which is an isomorphism in case M € gmodA or V € modk.

Proof. Statement (1) is evident. For (i,x) € Z x Qp, we have a canonical k-
linear monomorphim p; ;. : M;(z) — D?(M;(x)) = (D2M);(x). Given m € M;(z),
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u € eyAje, and f € D(M;4;(y)), we have

Pitjy(um)(f) = fum) = (u®- f)(m) = pix(m)(w® - f) = (w- pix(m))(f)-

That is, piyjy(um) = wp;.(m). Thus, p = @ ayezxQoPie : M — D2M is a
monomorphism in GModA, which is clearly natural in M. If M € gmodA, then
M;(z) € modk, and hence, p; , is a k-linear isomorphism, for all (i,z) € Z x Q.
That is, p is an isomorphism. This establishes Statement (2).

Next, given (i,x) € Z X (o, we have (DM @ DV);(x) = D(M_;(z)) ® DV and
DOMeV))i(x) = D(M_;(x)®V).Let 0; ,, : D(M_;(2))@DV — D(M_;(x)®V) be
the k-linear map as defined in Corollary 1.1.2(2). Given g € D((M_;(x)), f € DV
and u € ey Ajey, it is easy to verify that

(W 01,09 © 1)(m @ 0) = b5, (u? (g @ 1)) (m @), for m € M_i_(y),v € V.

That is, u° - 0;4(g ® f) = 0iyj4(u° (g ® f)). And consequently, we have a
morphism 0 = ©; 2)czxQolix : DM XDV — D(M V) in GModA°. It is a routine
verification that 6 is natural in M and V. Finally, if M € gmodA or V € modk
then, by Corollary 1.1.2(2), 6, , is a k-linear isomorphism for all (i,z) € Z x Q.
That is, 6 is an isomorphism in GModA°. The proof of the proposition is completed.

As a consequence of Lemma 2.2.1(2), we obtain our promised duality as follows.

2.2.2. PROPOSITION. Let A = kQ/R be a graded algebra with Q a locally finite
quiver. The contravariant functor © : GModA — GModA° is exact and restricts to
a duality ® : gmodA — gmodA°.

The following statement says that © converts direct sums into direct products.

2.2.3. PROPOSITION. Let A = kQ/R be a graded algebra with Q a locally finite
quiver. Given M, € GModA with o € X, we have D(BoexsMy) = e D (M, ).
Proof. Let M, € GModA with o € ¥. Write M = @®,ecx M, and N = I, D (M,).
Fix (i,2) € ZxQo. Then M;(z) = Boex(My)i(x) and Ny(z) =Uye s D((My)—;i(x)).
For each o € ¥, denote by ¢, : (M,);(x) — M;(x) the canonical injection. Then,
we have a canonical k-linear isomorphism

Diq o (DM)i(2x) = D(®oex(Ms)-i(2)) = Hoes D(My)-i(2)) = Ni(x)

such that @, ,(f) = (f © ¢o)oex for all f € (DM);(z). Given f € (DM);(x)
and u € ey A ey, it is easy to verify that u® - ®; ,(f) = ®itjy(u® - f). This yields
an isomorphism ® = @; 1)ezxQ,Piz * DM — N in GModA. The proof of the
proposition is completed.

2.3. GRADED PROJECTIVE MODULES. A projective object in GModA is called
graded projective. For each a € Qo, we put Py = Aeq = @; 2)ezx oz di€a- Since
Q is alocally finite, P, is locally finite dimensional with (P,); = 0 for all ¢ < 0. To
describe the graded morphisms starting from these modules, we fix some notation.
Let M € GModA. Given a pure element m € Mg(a) with s € Z and a € Qq, the
right multiplication by m yields a graded A-linear morphism M [m] : P,(—s) — M.
By definition, M[m|(e,) = egm = m.

2.3.1. PROPOSITION. Let A = kQ/R be a graded algebra with Q a locally finite
quiver. Consider P,(—s) with (s,a) € Z x Qo and M € GModA. Then we have a
natural k-linear isomorphism n : GHomy (P,(—s), M) — Ms(a) : f — f(eq), whose
inverse is given by ¢ : Mg(a) — GHomy(Py(—s), M) : m — M[m].
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Proof. Let f € GHomy(P,{(—s), M). Observing that e, € P,(—s)s(a), we see that
m = f(es) € Ms(a) such that f = M[m]. It is easy to verify that =1 = . The
proof of the proposition is completed.

The following statement is an immediate consequence of Proposition 2.3.1.

2.3.2. COROLLARY. Let A = kQ/R be a graded algebra with Q a locally finite quiver.
Then, P,(—s)®V is a graded projective module, for (s,a) € Zx Qo and V € Modk.

In the sequel, we shall denote by GProjA the strictly full additive subcategory
of GModA generated by the P,(—s) ® V with (s,a) € Z x Qo and V € Modk, and
by gprojA the one generated by the P,(—s) with (s,a) € Z x Qp. We shall describe
the morphsims in GProj A; compare [8, (7.6)]. Given u € egAds_ep = Pp(—t)s, in
order to simplify the notation, we shall write the right multiplication by u as

Plu] : Py(—s) = Py(—t) : v — vu.

Note that this notation does not distinguish Plu] from its grading shifts.

2.3.3. PROPOSITION. Let A = kQ/R be a graded algebra with Q a locally finite
quiver. Consider P,(—s) @ V' and Ppy(—t) @ W with (s,a),(t,b) € Z x Qo and
V,W € Modk. We have a k-linear isomorphism
¢ egAs_rep @Homyg (V, W) — GHomp (Po(—8)QV, Py (—t) @ W) : u® f — Plu]® f.
Proof. Clearly, we have a k-linear map ¢ as stated in the proposition. Choose a
k-basis {u1,...,un} of eqAs_rep. Consider w € Ker(p). Then, w = > 1" u; ® f;,
where f; € Homy,(V, M). Given v € V, we have p(w)(e,®@v) = > 1 u; ® fi(v) =0,
and hence, f;(v) =0, for all 1 <4 < n. Hence, w = 0. So, ¢ is a monomorphism.

On the other hand, let f € GHomy(P,(—s) ® V, Py(—t) @ W). Given v € V,
observing that e, @ v € Py(—s)s ® V, we have f(e, ®v) = > 1" | u; ® w; ,, for some
unique w; , € W. This yields k-linear maps f; : V = W 1 v = w;,, fori =1,...,n,
such that f = (31", u; ® f;). The proof of the proposition is completed.

The following statement is well-known in case A has an identity; see [37, (2.2)].

2.3.4. PROPOSITION. Let A = kQ/R be a graded algebra with Q a locally finite
quiver. Then GModA has enough projective objects.

Proof. Let M € GModA. For (i,z) € ZxQo, the multiplication map yields a graded
morphism f; ; : Py (—i) ® M;(x) — M. Consider P = ®; »)ezxq,Pe(—1) ® M;(x)
with canonical injections ¢ 4 : Py(—s) ® Ms(a) — P, for (s,a) € Z x Qo. Then, we
have a graded morphism f : P — M such that fogs, = fs,, for all (s,a) € Zx Q.
Clearly, f : P — M is an epimorphism with P graded projective. The proof of the
proposition is completed.

2.4. GRADED INJECTIVE MODULES. An injective object in GMod4 is called a
graded injective. Given a € Qq, write P2 = A°, € gprojA°. Applying the duality
D, we obtain I, = DP? € gmodA with (I,);(z) = D(e A ;eq), for (i,2) € Z x Q.
Note that I, is locally finite dimensional with (I,); = 0 for ¢ > 0. Given f € (I,);(x)
and u € e, Aje,, by definition, uf € (I4)i+;(y) = D(ey,A2,;_;e,) such that
(uf)(v°) = f(u°), for all v € e, A_;_je,.

So, Io(u) =D(P2(u®)) : (Ia)i(x) = (Ia)it;(y), where P2(u®) : Po(y)—i—; — P2(x)—;
is the left multiplication by u°.

2.4.1. PROPOSITION. Let A = kQ/R be a graded algebra with Q a locally finite
quiver. Consider M € GModA and I,(s) ® V with (s,a) € Z X Qo and V € Modk.
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Then, we have a natural k-linear isomorphism
¢ : GHomy (M, I,(s) ® V) = Homg(M_s(a), V).

Proof. First, we have a k-linear isomorphism 6, : Homg (e, A5eq, V) = V:g— g(eq).
Given (i,2) € Z X Qo, by Corollary 1.1.2(1), we have a k-linear isomorphism

Oig 2 1a(8)i(2) @V = D(ey A%, _,eq) @V — Homy (e, A2, _zeq,V)

—i—s —i—5

so that 0, ;(h®v)(u®) = h(u®)v, for h € D(ey A%, eq), u € eqA_;_se; and v € V.
Further, given any morphism f : M — I,(s) ® V in GMod4, we have a k-linear
map f_sq: M_s(a) = I4(s)_s(a) ® V. This yields a natural k-linear map

1 : GHom, (M, I,(s) ® V) = Homg(M_4(a),V) : f = 0,00_540 f_s.q.

Suppose that ¥(f) = 0. Fix (i,2) € Z x Qo and m € M;(z). We may write
fiw(m) = 22:1 hj ® v;, where h; € D(e,A%,_,e,) and the v; are k-linearly in-

dependent in V. If u € e, A_;_se,, then f_g o(um) = uf; ,(m) = Z§=1 uhj ® v;.
Observing that uh; € I,(s)_s(a), we obtain

0=9(f)(um) = 22:1 0—sa(uhj ®v;j)(eqa) = 22:1(7‘}?7)(%)“]’ = 22:1 hij(u®)v;.

Since the v; are k-linearly independent, h;(u°) =0 for j = 1,...,r. Hence, h; =0,
for j = 1,...,r. In particular, f; ;(m) = 0. Thus, f;, = 0 for all (i,z) € Z X Q.
That is, f = 0. So, 9 is a monomorphism.

Consider now a k-linear map g : M_s(a) — V. Given (i,x) € Z x Qo, we shall
define a k-linear map f; , : M;(z) — Io(s);(x) ® V. For any m € M;(x), we have
a k-linear map g; ,(m) : e, A%, _.e, — V such that g; ,(m)(u®) = g(um) for all
u € egA_;_se,. This yields a k-linear map f; , : M;(z) — Io(s)i(x) ® V, sending m
to U;); (9i.(m)). In other words, 0; (fi.x(m)) = gi»(m), for all m € M;(z).

Consider v € eyAje, and m € M;(z). Given u € e, A_;_;_se,, we obtain

Oitjy(firia(vm))(u®) = gitjy(vm)(u®) = g(uvm) = g »(m)((wv)?).
On the other hand, cri_@l (Gi,e(m)) = Z;=1 hp ® vy, for some hy, € D(ez A2, eq)
and v, € V. Thus, vf; ,(m) = > _,(vhy) ® v, with vh, € D(e,A° €q)- SO

p=1 —i—j—s-a

iy (0 fi (1)) () = 32y (0h) (W) 0p = 321 0 By @) (u)°) = Gi e (m) ((w)°).-

Thus, 044 (vfiz(M)) = Gitjy(firjy(vm)). Hence, fit;,(vm) = vf; z(m). This
yields a morphism f = (fi)(izezxq, * M — Iu(s) ® V in GModA such that
¥(f) = g. The proof of the proposition is completed.

The following statement is an immediate consequence of Proposition 2.4.1.

2.4.2. COROLLARY. Let A = kQ/R be a graded algebra with Q a locally finite quiver.
Then I,(s) ® V is graded injective for any (s,a) € Z x Qo and V € Modk.

We denote by GInjA the strictly full additive subcategory of GModA generated
by the I,{s) ® V with (s,a) € Z x Qp and V € Modk, and by ginjA the strictly
full additive subcategory of GInjA generated by the I,(—s) with (s,a) € Z x Qq.
To describe the morphisms in GInjA, we need to introduce some notation. Given
u € e Ai_sep with st € Z and a,b € Qq, the right multiplication by u° yields
a graded A°-linear morphism Plu°] : PY(—t) — P9(—s). Applying the duality
D : gmodA° — gmodA, we obtain a morphism I[u] = D(P[u°]) : I,(s) — Iy(t) in
GInjA. Note that this notation does not distinguish []u] from its grading shifts.
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2.4.3. PROPOSITION. Let A = kQ/R be a graded algebra with @Q a locally finite
quiver. Consider I,(s) ® V' and Iy(t) ® W, for some (s,a),(t,b) € Z x Qo and
V,W € Modk. Then, we have a k-linear isomorphism

¢ : eqdi—sep @ Homy (V, W) — GHomp (Io(s) @ V, I, (t) @ W) : u® f — I[u] ® f.
Proof. First, since e, A;_sep is finite dimensional, we have a k-linear isomorphism

Nt eqdi—se, — D?(epAy_je,) such that n(u)(g) = g(u®) for all u € e, A;—sep and
g € D(epA;_ e,). Moreover, by Lemma 1.1.1, we have a k-linear isomorphism

p: D*(epA9_eq) @ Homy, (V, W) — Homy (D(epA9_.e) @V, W) : 0@ f = p(o @ f)

such that p(¢ ® f)(g®@v) = ¢(g)f(v), for all g € D(epAS_.e,) and v € V. Further,
as did in the proof of Proposition 2.4.1, we consider two k-linear isomorphisms
0y : Homy (epAges, V) = W : g — g(ep) and

o_1p: D(epdger) @ W — Homy (ep Agey, W) : g @ w +— 0_4 (g @ w)

such that o_; (g @ w)(ep) = g(ep)w. Since (I4{s) @ V)_¢(b) = D(epA;_,eq) @V, we
obtain a k-linear isomorphism

¥ : GHom 4 (Io(s)®V, I, (t)@W) — Homy (D (ep A5 €4)QV, W) :h— Opo0_y poh_y .
In view of the above k-linear isomorphisms, we obtain a k-linear isomorphism
p=1"topo(n®id) : eqAs_sep, @ Homy (V, W) — GHom 4 (I(s) @ V, I {t) @ W).

Now, given u € e, A;—sep and f € Homy(V, W), it is a routine verification that
(po(n®id)(u® f) =v(I[u] @ f), that is, p(u ® f) = I[u] ® f. The proof of the
proposition is completed.

In order to state a dual statement of Proposition 2.3.1, for each a € @, we
denote by e} the k-linear map in (I,)o = D(ke,) such that e*(e,) = 1.

2.4.4. LEMMA. Let A = kQ/R be a graded algebra with Q a locally finite quiver.
Consider M € GModA and I,(s) with (s,a) € Z x Qo. Given m € M_s(a), we
have a graded morphism f : M — I,(s) such that f(m) = ef.

Proof. Fix m € M_4(a) with (s,a) € Z x Q. Considering the k-linear isomorphism
0o : Homg(egAQeq, k) — k : g — g(eq), by Proposition 2.4.1, we have a k-linear
isomorphism 4 : GHom4 (M, I,(s)) — Homy(M_s(a), k) : f+ 040 f_s.q.

Consider h € Homy(M_s(a), k) such that h(m) = 1. Then, ¥(f) = h for some
f € Homy (M, Ia(s)). So, f-sa(m)(ea) = ba(f-sa(m)) = & (f)(m) = h(m) = 1.
Hence, f_sq(m) = e}. That is, f(m) = e}. The proof of the lemma is completed.

The following statement is well-known in case A has an identity; see [37, (2.2)].

2.4.5. PROPOSITION. Let A = kQ/R be a graded algebra with Q a locally finite
quiver. Then, GModA has enough injective objects.

Proof. Let M € GModA. Considering ® M € GModA°, we have a graded A°-linear
epimorphism g : P° — DM, where P° = ©(; z)ezxq, Py (—1)@D(M;(x)); see (2.3.4).
Applying the exact functor ® yields a graded monomorphism g : D2M — D P°.
And by Proposition 2.2.2(1), we obtain a graded monomorphism h : M — DP°.
Now, we deduce from Proposition 2.2.3 and Lemma 2.2.1(2) that

DP® 2 T 1y, D(PY~i) © D(Mi())) = Ty ez Loli) © D*(Mi(x)),

which is graded injective. The proof of the proposition is completed.
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2.5. GRADED SEMISIMPLE MODULES. A nonzero module in GModA is called graded
simple if it contains exactly two graded submodules. For each a € @y, we put
So = P,/Je,, which is clearly graded simple.

2.5.1. PROPOSITION. Let A = kQ/R be a graded algebra with Q a locally finite
quiver. Then, a module S € GModA is graded simple if and only if S = S,{(i) for
some i € Z and a € Q.

Proof. Let S € GModA be graded simple. Choose some 0 # m € S;(a) with
(i,a) € Z x Qp. Then, S = Am and Jm = 0. By Proposition 2.3.1, we have a
graded epimorphism p : P,(—i) — S such that p(e,) = m. This induces a graded
epimorphism p : Sy(—i) = Py(—1%)/(JP,){—i) — S. Since S,(—i) is graded simple,
S 22 S, (—i). The proof of the proposition is completed.

A nonzero module in GModA is called graded semisimple if it is a sum of graded
simple modules. They can be characterized as follows.

2.5.2. PROPOSITION. Let A = kQ/R be a graded algebra with Q a locally finite
quiver. A nonzero module M € GModA is graded semisimple if and only if JM = 0O;
if and only if DM is graded semisimple.

Proof. Let M € GModA be nonzero. If M is graded semisimple, then JM = 0
by Proposition 2.5.1. If JM = 0, then M = @(; a)ezx @, Mi(a), where M;(a) is a
graded semisimple submodule of M. This proves the first equivalence.

If JM = 0, by definition, J° - ®M = 0, and hence, DM is graded semisimple.
Suppose that JM # 0, say um # 0 for some m € M;(x) with (i,z) € Z x Qo and
u € eydje, with j > 1 and y € Q. Then, f(um) # 0 for some f € D(M;1;(y)),
that is, (u°- f)(m) = f(um) # 0. Thus, J°- DM # 0. Therefore, DM is not graded
semisimple. The proof of the proposition is completed.

2.6. GRADED RADICAL. Let M € GModA. A graded submodule of M is called
graded mazximal if it is maximal among the graded submodules of M. We shall
describe all graded maximal submodules of M. An element m € M is called a
top-element if m € M, (a)\JM for some (n,a) € Z x Q. In this case, we can find a
k-subspace L,, o of M, (a), containing M, (a) N JM, such that M, (a) = Ly, o & km.
Setting L; , = M;(x) for (i,x) € Z x Qo with (i,x) # (n, a), we obtain a k-subspace
L(m) = ©(;,z)ezx Qo Li,« of M, which is of codimension one such that m ¢ L(m).

2.6.1. LEMMA. Let A = kQ/R be a graded algebra with Q a locally finite quiver.
Consider a module M in GModA. A graded submodule L of M is graded mazimal
if and only if L = L(m) for some top-element m € M; and in this case, JM C L.

Proof. Let M € GModA. Consider a top-element m € M, (a) with (n,a) € Z x Qo.
We claim that L(m) is a A-submodule of M. Otherwise, there exist some m’ € L;
and u € eyAje, with i,j € Z and x,y € Qo such that um’ € M;;;(y)\Liyjy- By
definition, (i +j,y) = (n,a). If j = 0, then (i,2) = (n,a) and u € e, Adge, = keg, s0
um' € L ; = L;j,, absurd. If j > 0, then um’ € M,(a)NJM C L, o = Liyj,,
a contradiction. This establishes our claim. Being of codimension one, L(m) is
graded maximal in M. Since M, (a) N JM C L, ,, we see that JM C L(m).

Let L be a graded maximal submodule of M. Then, we have a graded simple
module M/L = @ zyezxq,(Mi(x) + L)/L. By Proposition 2.5.1, M/L = S,(—n)
for some (n,a) € ZxQo. Therefore, (M,,(a)+L)/L = k(m+L) for some top element
m € M, (a)\Ly(a), and L;(z) = M;(x) for all (i,z) € Zx Qo with (i,2) # (n,a). As
a consequence, M, (a) = Ly(a) + km and M, (a) N JM C L,(a). Since m ¢ L,(a),



GRADED ALGEBRAS 13

we see that M, (a) = Ly(a) ® km. In view of the above construction, L = L(m).
The proof of the lemma is completed.

The graded radical radM of M is the intersection of all graded maximal sub-
modules of M. A graded submodule N of M is called graded superfluous in M if
N + L # M for any proper graded submodule L of M.

2.6.2. PROPOSITION. Let A = kQ/R be a graded algebra with Q a locally finite
quiver. If M € GModA, then radM = JM, which contains all graded superfluous
submodules of M .

Proof. Let M € GModA. By Lemma 2.6.1, JM C radM. Counsider m € M\JM.
Write m = Z(z‘,x)erQg m; z, where m; , € M;(z). Then, m, , ¢ JM for some
(n,a) € Z x Qo. By Lemma 2.6.1, we have a graded maximal submodule L(my, )
of M with my 4 ¢ L(my,). Then, m ¢ L(m,,), and hence, m ¢ radM. So,
radM = JM. Suppose that N is a graded superfluous submodule of M with
N ¢ radM. Then, N € L, for some graded maximal submodule L of M. Thus
N + L = M, a contradiction. The proof of the proposition is completed.
REMARK. In case @ is finite, it is known that radM = JM for modules M in
GMod™ 4; see, for example, [35, Page 70].

As an immediate consequence of Proposition 2.6.2, we obtain the following state-
ment, which is well-known in case @ is finite.

2.6.3. COROLLARY. Let A = kQ/R be a graded algebra with Q a locally finite quiver.
Then, rad(4A) = J and rad P, = Je, for all a € Q.

We have a sufficient condition for rad M to be graded superfluous in M, which
is known in case @ is finite; see [35, Page 70].

2.6.4. PROPOSITION. Let A = kQ/R be a graded algebra with @Q a locally finite
quiver. If M € GMod™, then radM is graded superfluous in M.

Proof. Let M € GMod™A. Assume that radM + N = M, where N is a graded
submodule of M with N # M. We may find a minimal s such that N, # M;.
Choose m € M;(a)\Ns(a) for some a € Q. By the minimality of s, we see that
Ms(a)NJM C Ng(a). In particular, m is a top-element. It is easy to see that there
exists a k-subspace L 4, containing Ng(a), of M,(a) such that Ms(a) = L o ® km.
Since Mg(a) N JM C Lg 4, by Lemma 2.6.1, we may construct a graded maximal
submodule L(m) of M. Since Ny(a) C Ly 4, we have N C L(m), and consequently,
M = L(m), absurd. The proof of the proposition is completed.

EXAMPLE. Let M be a graded module over k[z], which is illustrated as follows:

V_p e V_2 v_1 Vo U_1,

where z - vg = 0. By Proposition 2.6.2, radM = k{...,v_p,...,v_0,v_1,v9} # M.
Observe that M = radM + N, where N = k{u_1,v) is a graded submodule of M.
Thus, rad M is not graded superfluous in M.

Given M € GModA, we put topM = M /rad M, called the graded top of M. The
following statement is known in case @ is finite; see [35, Page 70].

2.6.5. COROLLARY. Let A = kQ/R be a graded algebra with Q a locally finite quiver.
If M € GMod ™ is nonzero, then topM is graded semisimple.
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Proof. Let M € GMod™ be nonzero. By Proposition 2.6.4, radM is graded
superfluous in M. In particular, topM # 0. Since radM = JM; see (2.6.2), topM
is graded semisimple by Proposition 2.5.2. The proof of the corollary is completed.
REMARK. Corollary 2.6.5 includes the graded version of Nakayama Lemma, which
is known for positively graded algebras with an identity; see [37, (2.9.2)].

2.7. FINITELY GENERATED MODULES. Note that every finitely generated module
in GMod4 is generated by finitely many pure elements. This fact leads to the
following notion.

2.7.1. DEFINITION. Let A=kQ/R be a graded algebra with @ a locally finite quiver.
Given M € GModA4, a set {mq,...,m,} of pure elements in M is called a top-basis
if {my +radM, ..., m, + radM} is a k-basis of topM and M = Am; + -+ + Am,.

2.7.2. PROPOSITION. Let A = kQ/R be a graded algebra with Q a locally finite

quiver. Given M € GModA, the following statements are equivalent:

(1) M is finitely generated;

(2) M admits a finite top-basis;

(3) M s bounded below and topM is finite dimensional.

Proof. Let M € GModA be nonzero. Assume that Statement (1) holds. Clearly,

M € GMod™. By Corollary 2.6.5, topM is graded semisimple. Being finitely

generated, topM is finite dimensional; see (2.5.1). Thus, Statement (3) holds.
Suppose that Statement (3) holds. We may choose pure elements myq, ..., m, in

M such that {m; +radM,...,m, +radM} is a k-basis of topM. In particular,

M/radM = (3°;_; Am; + radM)/rad M. Since radM is graded superfluous in M;

see (2.6.4), M = >"'_, Am;. Thus, Statement (2) holds, and so does Statement

(1). The proof of the proposition is completed.

2.8. GRADED PROJECTIVE COVER. A superfluous epimorphism in GModA is called
graded superfluous, and a projective cover of a module in GModA is called a graded
projective cover.

2.8.1. LEMMA. Let A =kQ/R be a graded algebra with Q a locally finite quiver.
(1) An epimorphism f : M — N in GModA is graded superfluous if and only if
Ker(f) is graded superfluous in M; and in this case, f~!(radN) = rad M.

(2) An epimorphism f: P — M in GMod ™A with P graded projective is a graded
projective cover of M if and only if Ker(f) C radP.

Proof. Statement (1) is easily adapted from the non-graded setting; see, for exa-

mple, [1, (5.15)]. Consider an epimorphism f : P — M in GMod ™A with P graded

projective. By Propositions 2.6.2 and 2.6.4, rad P is the largest superfluous graded

submodule of P. So, every graded submodule of rad P is superfluous in P. Now,

Statement (2) follows from Statement (1). The proof of the lemma is completed.

EXAMPLE. Given a € g, the canonical projection p, : P, — S, is a graded
projective cover of .S, .

We are ready to construct a graded projective cover for every finitely generated
graded module; compare [29, (1.1)].

2.8.2. PROPOSITION. Let A = kQ/R be a graded algebra with @Q a locally finite
quiver. A module M € GModA admits a graded projective cover

fiPy(=51)® - ®Py(—s) > M :eq —m;
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if and only if {my,...,m,} with m; € Ms,(a;) is a top-basis for M.
Proof. Let {my,...,m,} be a top-basis for M, where m; € M, (a;) with s; € Z
and a; € Qp. In view of Proposition 2.3.1, we obtain a graded epimorphism

fiPy(—=51)® - D Py {—s) = M : eq, — m,.

Since {my + radM,...,m, + radM} is k-linearly independent, it follows that
Ker(f) C rad(®l_, Py, (—s1)). So f is a graded projective cover of M; see (2.8.1).

Suppose that M has a graded projective cover as stated in the proposition. Then,
M =3%"_, Am; and topM = >"._, k(m; +radM). Let >_._; A\;(m; +radM) = 0,
where \; € k. Since radP = f~!(radM); see (2.8.1), there exists some u € rad P
such that f(u) = > i_; Mim; = >._; f(Xieq,). Since Ker(f) C radP; see (2.8.1),
we have Y., Nieq, € ®I_jrad(Py(—s;)). So, A\; = 0, for i = 1,...,r. That is,
{mi,...,m,} is a top-basis for M. The proof of the proposition is completed.

A module M in gmodA is called finitely presented if it admits a graded projective
presentation over gproj/A, that is an exact sequence
P~ JEU Vi 0
in gmodA, where P°, P! € gprojA. Such a graded projective presentation is called
minimal if d~' and d° are both right minimal. Applying Proposition 2.8.2 and
Schanuel’s Lemma, we obtain the following statement.

2.8.3. LEMMA. Let A = kQ/R be a graded algebra with Q a locally finite quiver.
Then, every finitely presented module in gmodA admits a minimal graded projective
presentation over gprojA, which is unique up to isomorphism.

1 d7t

2.9. GRADED SOCLE. Let M € GModA. The graded socle socM of M is the sum of
all graded simple submodules of M. A graded submodule N of M is called graded
essential in M if N N L # 0 for any nonzero graded submodule L of M.

2.9.1. LEMMA. Let A =kQ/R be a graded algebra with Q a locally finite quiver. If
M € GModA, then socM 1is contained in every essential graded submodule of M
such that (socM);(x) = {m € M;(x) | Jm = 0} for all (i,z) € Z x Q.
Proof. Let M € GModA. Assume that L is an essential graded submodule of M.
If S is a graded simple submodule of M, then S =L NS C L. Thus, socM C L.
The second part of the statement follows from Proposition 2.5.2. The proof of the
lemma is completed.

In general, soc M is not necessarily graded essential in M. Nevertheless, we have
the following sufficient condition for this to happen.

2.9.2. LEMMA. Let A =kQ/R be a graded algebra with Q a locally finite quiver. If
M € GMod ™A, then socM is graded essential in M.

Proof. Let M € GMod™A. Consider a nonzero graded submodule N of M. Choose
0 # m € N; for some integer 7. Since N € GMod 4, there exists some j > 0 such
that A;m # 0 but A;.1m = 0. By Lemma 2.9.1, A;m C socM. The proof of the
lemma is completed.

ExaMPLE. Consider A = kQ/R, where

Q: aclig
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and R = (Ba). Then, P, = k{e1,3,&,a?% ---} with socP, = k. Observe that
L = k{a,a? ---} is a graded submodule of P; such that L NsocP; = 0. So, socP
is not graded essential in P;.

The next statement describes the graded socle for modules in ginjA.

2.9.3. COROLLARY. Let A = kQ/R be a graded algebra with Q a locally finite quiver.
If a € Qo, then socl, = ke, which is graded essential in I,.

Proof. Fix a € Qg. Note that (I,)o = D(eqAgeq) = keX. Since (I,); = 0 for ¢ > 0,
by Lemma 2.9.1, e} € socl,. So, (socl,)g = ke*. Consider 0 # f € (I,)_;(z) for
some i > 0and z € Qg. Then, f(u°) # 0 for some u € e, A;e,, that is, (u-f)(eq) # 0.
By Lemma 2.9.1, f ¢ socl,. Thus, socl, = (socl,)o = keX. Moreover, by Lemma
2.9.2, socl, is graded essential in I,. The proof of the corollary is completed.

2.10. FINITELY COGENERATED MODULES. A module M in GModA is called finitely
cogenerated if socM is finitely generated and graded essential in M.

2.10.1. DEFINITION. Let A = kQ/R be a graded algebra with @ a locally finite
quiver. Given M € GMod4, a set {mq,...,m,} of pure elements in M is called a
soc-basis if socM has {my,...,m,} as a k-basis and is graded essential in M.

Finitely cogenerated graded modules are characterized as follows.

2.10.2. PROPOSITION. Let A = kEQ/R be a graded algebra with Q a locally finite
quiver. Given M € GModA, the following statements are equivalent:

(1) M is finitely cogenerated;

(2) M admits a finite soc-basis;

(3) M s bounded above and socM is finite dimensional.

Proof. Let M € GModA be nonzero. Assume that Statement (1) holds. Then,
socM is finitely generated and graded semisimple. By Proposition 2.5.1, socM is
finite dimensional. Thus, socM has a k-basis {m1,...,m,}, where m; € M, (a;)
with (s;,a;) € ZxQo. Set s = s1+---+s,. Then M;NsocM = 0 for j > s. Suppose
that there exists 0 # m € M,, for some p > s. Since socM is graded essential in
M, there exists some u € A; with ¢ > 0 such that 0 # um € My, NsocM, a
contradiction. Hence, Statement (3) holds.

Suppose that Statement (3) holds. Then, socM has a k-basis {mq,...,m,},
where the m; are pure elements in M. Since socM is graded essential in M, by
Lemma 2.9.2, {my,...,m,} is a soc-basis for M. Hence, Statement (2) holds. The
proof of the proposition is completed.

As an immediate consequence of Proposition 2.10.2 and Corollary 2.9.3(3), we
obtain the following statement.

2.10.3. COROLLARY. Let A = kQ/R be a graded algebra with Q a locally finite
quiver. Then, every module in ginjA is finitely cogenerated, and every graded sub-
module of a finitely cogenerated graded module is finitely cogenerated.

2.11. GRADED INJECTIVE ENVELOPE. An essential monomorphism in GModA is
called graded essential, and an injective envelope of a module in GModA4 is called
a graded injective envelope.

2.11.1. LEMMA. Let A = kQ/R be a graded algebra with Q a locally finite quiver.

(1) A monomorphism f : M — N in GModA is graded essential if and only if
Im(f) is graded essential in N; and in this case, socN = f(socM).
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(2) A monomorphism f : M — I in GMod™ with I graded injective is a graded
injective envelope of M if and only if socI C Im(f).

Proof. Statement (1) is easily adapted from the non-graded setting; see, for exam-
ple, [1, (5.13)]. By Lemmas 2.9.1 and 2.9.2, soc/ is the smallest essential graded
submodule of I. Thus, every graded submodule of I containing socl is graded
essential in I. Now, Statement (2) follows from Statement (1). The proof of the
lemma is completed.

ExXaMPLE. Given a € @y, by Lemma 2.4.4, we have a graded monomorphism
Qo : Sa — I, sending e, + Je, to €. By Corollary 2.9.3, Im(q,) = socl,, and by
Lemma 2.11.1, ¢, is a graded injective envelope of S,,.

We are ready to construct a graded injective envelope for every finitely cogene-
rated graded module.

2.11.2. PROPOSITION. Let A = kQ/R be a graded algebra with Q a locally finite
quiver. A module M in GModA admits a graded injective envelope

g:M—=14(s1) @D Io(sr):my — e

if and only if {m1,...,m,} with m; € M_,(a;) is a soc-basis for M.

Proof. Suppose that {my,...,m,} is a soc-basis for M, where m; € M_g,(a;).
Then, socM = km1&---®km,. By Lemma 2.4.4, we have a graded monomorphism

q:socM — Iy, (81) @ -+ @ Lo () =1 :mi e .

By Corollary 2.9.3, socl = kej @ --- @ ke; = Im(g). Since the inclusion map
h :socM — M is graded essential; see (2.11.1), we have a graded monomorphism
g : M — I such that g o h = ¢. Since socI = Im(q) C Im(g), by Lemma 2.11.1(2),
g is a graded injective envelope of M.

Suppose that g : M — I,,(s1) @ -+ @ I, (s) = I is a graded injective envelope
of M. By Lemma 2.11.1, ke @ -- @ ke, = g(socM), where e} € I,,(s;)s;. Thus,
er = g(m;) for some m; € (socM)_g, (a;) € M_g,(a;). Since g is a monomorphism,
M is bounded above and {my, ..., m,} is a k-basis of socM. By Lemma 2.9.2, socM
is graded essential in M. The proof of the proposition is completed.

A module M in gmodA is called finitely copresented if it admits a graded injective
copresentation over ginjA, that is an exact sequence

0—> ML

in gmodA with I°, I' € ginjA. Such a graded injective copresentation is called
minimal if d and d* are both left minimal. Applying Corollary 2.10.3, Proposition
2.11.2 and the dual of Schanuel’s Lemma, we obtain the following statement.

2.11.3. LEMMA. Let A = kQ/R be a graded algebra with Q a locally finite quiver.
Every finitely copresented module in gmodA admits a minimal graded injective co-
presentation over ginjA, which is unique up to isomorphism.

2.12. KRULL-SCHMIDT SUBCATEGORIES. In this subsection, we provide several
Hom-finite Krull-Schmidt subcategories of GModA, which will play an important
role in our later study of almost split sequences and almost split triangles.

2.12.1. LEMMA. Let A = kQ/R be graded algebra with Q a locally finite quiver.
If P € gprojA and I € ginjA, then GHomy (P, M) and GHomx (M, I) are finite
dimensional, for all M € gmodA.
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Proof. We shall only prove the first part of the statement. Let P € gprojA. Then
P = @l P, (—s;), where (s;,a;) € Z x Qo. Given M € gmodA, by Proposition
2.3.1, GHom, (P, M) = @_, M, (a;). The proof of the lemma is completed.

The following statement exhibits some particular feature of the graded setting.

2.12.2. LEMMA. Let A = kQ/R be a graded algebra with Q a locally finite quiver.

(1) The category gprojA is Hom-finite Krull-Schmidt and contains all finitely gene-
rated graded projective modules in GModA.

(2) The category ginjA is Hom-finite Krull-Schmidt and contains all finitely cogene-
rated graded injective modules in GModA.

Proof. We shall only prove Statement (1). By Lemma 2.12.1, gprojA is Hom-
finite. Given s € Z and a € Qp, by Proposition 2.3.3, GEnd,(P,(—s)) & ke,.
Thus, gproj4 is Krull-Schmidt. If M € GModA is finitely generated and graded
projective, then it has a graded projective cover f: P — M with P € gprojA; see
(2.8.2), and hence, M = P. The proof of the lemma is completed.

We write gmod ™A, gmod ™% and gmod* for the full subcategories of GMod /A
of finitely generated modules, of finitely cogenerated modules, and of finite dimen-
sional modules, respectively. Clearly, they are all subcategories of gmodA.

2.12.3. LEMMA. Let A = kQ/R be a graded algebra with Q a locally finite quiver.

(1) The restricted functor ® : gmod ™A — gmod ~*A° is a duality.
(2) Both gmod ™ and gmod ™% are Hom-finite Krull-Schmidt extension-closed
subcategories of GModA, whose intersection is gmod.

Proof. (1) Let M € gmod™?A. Then, we have a graded epimorphism f : P — M
with P € gprojA. Applying the duality ® : gmodA — gmodA®; see (2.2.2), we
obtain a graded monomorphism @ f : DM — D P with © P in ginj4°. By Corollary
2.10.3, ©M € gmod%A°. Dually, if N € gmodA°, then DN € gmod ™.

(2) Clearly gm0d+’b/1 is closed under direct summands and extensions, and by
Lemma 2.12.1, it is Hom-finite. So, gmod+’bA is Krull-Schmidt. Then, by State-
ment (1), gmod % is Hom-finite Krull-Schmidt and extension-closed in GModA.
Finally, let M € GModA be finitely generated and finitely cogenerated. By Propo-
sitions 2.12.4 and 2.10.2, M is bounded. Since the modules in gprojA are locally
dimensional, so are those in gmodJ“b/l. As a consequence, M € gmodlf/l. The proof
of the lemma is completed.

In view of Lemma 2.12.3(2), gmod ™ and gmod ™% are exact k-categories,
which are not abelian in general. A module M € GModA is called noetherian if
every graded submodule of M is finitely generated. Note that this is equivalent to
M being noetherian as a ungraded A-module; see [37, (5.4.7)].

2.12.4. PROPOSITION. Let A = kQ/R be a graded algebra with Q a locally finite
quiver. Then gmod™® or gmod ™% is abelian if and only if A is locally left or
right noetherian; and in this case, gmod+’bA or gmod_’b/l is Ext-finite, respectively.

Proof. Suppose that gmodJ“bA is abelian. Since gmodJ“b/l is closed under graded
quotients, it is closed under graded submodules. In particular, A is locally left noe-
therian. Conversely, suppose that A is locally left noetherian. Then, the modules
in gproj/A are noetherian, and so are those in gmod+’bA. Therefore, gmod+’b/1 is
abelian. As a consequence, every module in gmod+’b/1 admits a graded projective
resolution over gprojA. In view of Lemma 2.12.1, we see that gmod ™% is Ext-finite.
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Finally, A is locally right noetherian if and only if A° is locally left noetherian.
In view of the duality ® : gmod™° — gmod™’; see (2.12.3), we see that the
second part of the statement holds. The proof of the proposition is completed.

Next, we shall study the full subcategories gmod™?4 and gmod ™A of GModA
of finitely presented modules and of finitely copresented modules, respectively.

2.12.5. LEMMA. Let A = kQ/R be a graded algebra with Q a locally finite quiver.

(1) The duality © : gmodAd — gmodA® restricts to two mutually quasi-inverse
functors ® : gmod P4 — gmod A° and D : gmod A° — gmod7A.

(2) Both gmod™?A and gmod ™A are Hom-finite Krull-Schmidt extension-closed
subcategories of GModA, whose intersection is gmodbA.

Proof. (1) Given M € gmod™?A, it admits a graded projective presentation

p! po M 0, where P~% PY € gprojA. Applying D yields a graded

injective copresentation 0 DM DPY DP ! with® P, DP~' € ginjA°.

That is, ©M € gmod "A°. Dually, if N € gmod ™ "4A°, then DN € gmod™?A. In

view of Proposition 2.2.2, we have a duality ® : gmod™™"?A — gmod —A°.

(2) By Lemma 2.12.3, gmod "% is Hom-finite, and by Proposition 2.1 in [2], it is
extension-closed in GModA. Assume that M € gmodt?4 with M = M' @ M?. By
Lemma 2.11.3, M admits a graded projective cover f : P — M with Ker(f) finitely
generated. Being finitely generated, M? has a graded projective cover f* : P? — M*
for i = 1,2. Then, Ker(f) = Ker(f!) @ Ker(f?). In particular, Ker(f?) is finitely
generated, and hence, M* € gmod™?A for i = 1,2. Thus, gmod™?A is closed
under direct summands. So, gmod*"?4 is Krull-Schmidt. Then, by Statement (1),
gmod " is also Hom-finite Krull-Schmidt and extension-closed in GMod .

Finally, assume that M € gmod®l. Let ¢ € Z be such that M; = 0 for i > t. By
Proposition 2.8.2, M has a graded projective cover f : P — M with P € gproj4.
Write L = Ker(f). Then L = ®,;czL;, where L; C P; for all ¢ € Z, and L; = P,
for all i > t. Given ¢ > t, we see that L; = P, = J;_P, C radL. This implies
that topL = @®;<¢(L; + radL)/radL. On the other hand, since P is locally finite
dimensional, ®;<¢F; is finite dimensional, and so is ®;<¢L;. Thus, topL is finite
dimensional. Since L € GMod ™, by Proposition 2.7.2(3), L is finitely generated.
So, M € gmod™?A. Dually, M € gmod™“A. The proof of the lemma is completed.

It is evident that the projective objects in gmod"?A are the modules in gprojA;
and the injective objects in gmod ™A are the modules in ginjA.

2.12.6. PROPOSITION. Let A = kEQ/R be a graded algebra with Q a locally finite
quiver. The finitely cogenerated injective objects in gmod™PA are the finite dimen-
sional modules in ginjA; and the finitely generated projective objects in gmod A
are the finite dimensional modules in gprojA.

Proof. We shall only prove the first part of the statement. Given M € GModA
and n € Z, we see that M>, = ®;>,M; is a graded submodule of M. Let L be
an injective object in gmod™?A, which is finitely cogenerated. Being an essential
monomorphism in GMod4; see (2.11.1), the inclusion map j : socL — L is an
injective envelope of socL in gmod™?4. On the other hand, by Proposition 2.11.2,
socL admits an injective envelope ¢q : socL — I in GModA with I € ginjA. Since L
is finite dimensional; see (2.12.5), L = Ls,, for some n € Z. Fix arbitrarily ¢ < n.
Since socl = socL, which is generated in degrees > n, we see that soc(I>¢) = socl.
Hence, ¢ co-restricts to a graded essential monomorphism ¢>; : socL — I>; in
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GMod4; see (2.11.1). Since I, is finite dimensional and L is injective in gmod %4,
there exists a graded morphism f : I>; — L such that j = f o ¢>¢. Since ¢> is
graded essential, f is a monomorphism. And since L; = 0, we have I; = 0. This
shows that I is finite dimensional. In particular, I € gmod™?A. Therefore, L = I.
The proof of the proposition is completed.

Applying Proposition 2.12.6, we obtain the following interesting statement.

2.12.7. PROPOSITION. Let A = kQ/R be a graded algebra with Q a locally finite

quiver. The following statements hold.

(1) Every S, with x € Qo has an injective envelope in gmod™?A if and only if A
is locally right bounded if and only if gmod A = gmod¥.

(2) Every S, with x € Qo has a projective cover in gmod ‘A if and only if A is
locally left bounded if and only if gmod™?A = gmodb/l.

Proof. We shall only prove Statement (1). Clearly, A is locally right bounded if
and only if A° is locally left bounded, or equivalently, ginj4 C gmodA. By Lemma
2.12.5, the last condition is equivalent to gmod A = gmodbA. In this case, it is
evident that I, is the injective envelope of S, in gmod™ A, for every = € Q.

Next, suppose that S, has an injective envelope j, : S, — L, in gmod™?A, for
every ¢ € Qg. As argued in the proof of Proposition 2.12.6, we see that L, = I,.
Thus, I, is finite dimensional. So, A is locally right bounded. The proof of the
proposition is completed.

3. GRADED ALMOST SPLIT SEQUENCES

The objective of this section is to study the existence of almost split sequences for
graded modules. We shall first construct a graded Nakayama functor, which allows
us to establish directly a graded Auslander-Reiten formula for finitely presented
graded modules and a generalized Auslander-Reiten formula for finitely copresented
graded modules. From these formulas we derive two existence theorems for almost
split sequences in the category of all graded modules, one for finitely presented
graded modules and one for finitely copresented graded modules. Finally, we shall
study when the category of finitely presented graded modules and that of finitely
copresented graded modules have almost split sequences.

3.1. GRADED TRANSPOSE. In the locally finite dimensional graded case, Marinez-
Villa has introduced the transpose of a graded A-module; see [34, (1.4)]. In our
setting, we need to take more caution in the construction. We start with defining a
contravariant functor (=)' : GModA — GModA° as follows. Given M € GModA,
we define M* = @®;ez(M"); € GModA°, where (M"); = @y, GHomy (M (—i), P,),
as follows. Given ¢ € GHomx(M(—1), P,) and u € e, A e,, considering the graded
morphisms ¢(—j) : M(—i —j) — Py(—j) and Pu] : Py(—j) — P,, the right
multiplication by u, we set u® - ¢ = Plu|o¢(—j) € GHom,(M(—i—j),P,). In
particular, we have M!(z) = GHom (M (i), P,) for all (i,z) € Z x Qo. Given
a morphism f : M — N in GMod4, setting (f*); , = GHomy(f(—i), P,) for all
(i,2) € Z x Qp, we obtain a morphism f¢: Nt — M?* in GModA°.

3.1.1. LEMMA. Let A =kQ/R be a graded algebra with Q a locally finite quiver.
(1) If M € GModA and s € Z, then M(s)" = M'(—s).
(2) If M € GModA and V € modk, then (M @ V)t = M"' @ DV.
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Proof. We shall only prove Statement (2). Let M € GModA and V € modk. For
any z € o, applying first the adjunction isomorphism; see [37, (2.4.9)] and then
Lemma 1.1.2(1), we obtain

GHom, (M ® V, P,) =2 Homy(V, GHom, (M, P,)) = GHomx (M, P,) ® DV.
Now, in view of the definition of (—)!, we see that (M ® V)! & M!' @ DV. The
proof of the lemma is completed.

The following statement is essential for our later investigation.

3.1.2. PROPOSITION. Let A = kQ/R be a graded algebra with @Q a locally finite
quiver. The contravariant functor (=)' : GModA — GModA°® is left exact and
restricts to a duality (—)* : gprojA — gprojA° such that Pt = P° for all a € Q.

Proof. Since the functors GHom4(—, P,) with = € Qq are left exact, so is (—)'. Fix
a € Qo. Given (i,z) € Zx Qo, by Proposition 2.3.3, we have a k-linear isomorphism

Ii: (P2)i(z) = e A%e, — GHom (P, (i), P,) = (P,)i(z) : v° — Pv).

It is easy to verify that f* = @ a)ezxqofis * Py — Py is an isomorphism in
GModA°. Similarly, we may construct an isomorphism g% : (P?)! — (P2)° = P, in
GModA. This yields an isomorphism (, = g% o (f%)! : P!* — P, in gprojA.

Fix u € e Asep. We consider the graded morphisms Plu] : P, — Py(s) and
Plu°] : PP(—s) — P2, the right multiplications by w and u°, respectively. Given
v € epd;_se,, we have Pluv] = Pv] o P[u], that is,

% (P[u®)i o(v%)) = GHom (Plul(~i), Po) (i, » (v°)).

i,T i—S,T

So, fi, o Plu’i. = P[u]fz o fb(—s); 4, and hence, f*o P[u°] = Plu]t o f(-s).
Similarly, P[u]og® = g®(s)oP[u°]t. This implies that P[u]o(® = ¢*(s)oP[u]*!. Since
every morphism in Hom 4 (P,, Py(s)) is of the form Plu]; see (2.3.3), ¢ is natural
in P,. It is easy to see that (, extends to a natural isomorphism ¢, : P — P for
every module P € gprojA. Thus, id = (=)o (—)*. Similarly, idgprojae = (=) 0 (=)
The proof of the proposition is completed.

Recall that the exact category gmod™?A is Hom-finite and Krull-Schmidt; see
(2.12.5). A morphism f : M — N in gmod™?A is called radical if it lies in the

Jacobson radical of gmodt"?A. The following statement is interesting.
3.1.3. LEMMA. Let A = kQ/R be a graded algebra with @ a locally finite quiver.
Consider M € gmod™?A with a finitely generated graded projective presentation

p-14 po_ 4y 0.

(1) If M is indecomposable and not graded projective, then d~" is left minimal.
(2) The epimorphism d° is a graded projective cover if and only if d=1 is radical.

Proof. (1) Suppose that M is indecomposable and not graded projective. Let
j : N — P be the kernel of d° : P* — M. Since N = Im(d™ 1), there exists a
graded epimorphism v : P~! — N such that d~! = jv. Suppose that fd=! = d~!
for some graded morphism f : P® — PO, Since v is an epimorphism, fj = j. This
yields a commutative diagram with exact rows

0 N PO 0

bk

0 N—opo_ 0

J
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in GModA. Assume that g is not a graded automorphism. Since M is indecom-
posable and GEnd4 (M) is finite dimensional, g°* = 0 for some s > 1. Thus,
d°f* = ¢g°d® = 0. Therefore, f* = jh, for some h : Py — N. So, jhj = f*j = j,
and hence, hj = idy. As a consequence, M is graded projective, a contradiction.
Thus, g is a graded automorphism, and so is f. That is, d~' is left minimal.

(2) By Lemma 2.8.1(2), d" is a graded projective cover of M if and only if
Im(d—!) C rad P°. Since PV is graded projective, this is equivalent to d~! being
radical. The proof of the lemma is completed.

We are ready to define the graded transpose. Let M € gmodt ?A. By Lemma
2.11.3, M admits a minimal graded projective presentation

P po gy 0
over gprojA. Applying the left exact functor (=)' : GModA — GModA®P; see
(3.1.2) yields an exact sequence
dO t
0— at 2L (PY) (P~1)" —— Coker(d!) ——=0
in gmodA°. Write TrM = Coker(d—1)¢, called the graded transpose of M.

3.1.4. LEMMA. Let A = kQ/R be a graded algebra with Q a locally finite quiver.
(1) If M,N € gmod™?A, then Tr(M & N) = TrM & TrN.

(2) If M € gmod™?A, then M is graded projective if and only if TtM = 0.

Proof. Statement (1) follows from the fact that the functor (—)! is additive. Let
M € gmod™?A with a minimal graded projective presentation

P po gy 0

over gprojA. The necessity of Statement (2) is evident. Suppose that TrM = 0.
Then (d~—1)! is a retraction, and by Proposition 3.1.2, d=! is a retraction. In view
of Lemma 3.1.3(2), d~! = 0. So, M = PY. The proof of the lemma is completed.

The following statement is well-known in the finite dimensional ungraded setting.
Our approach is different and the proof is shorter; compare [7, (IV.1.7)].

3.1.5. PROPOSITION. Let A = kQ/R be a graded algebra with Q a locally finite
quiver. Consider M € gmod™?A with a minimal graded projective presentation

p-1_ po_d 0

over gprojA. If M is indecomposable and not graded projective, then TrM is inde-
composable and not graded projective with a minimal graded projective presentation

oye @ paye e
(P ——= (P71 TrM 0.

Proof. Suppose that M is indecomposable and not graded projective. By Lemma
3.1.3, d=! is left minimal and radical, and by Proposition 3.1.2, (d~!)! is right
minimal and radical. Then, ¢ is a graded projective cover of TrM by Lemma
3.1.3(2). So, the graded projective presentation of TrM stated in the proposition is
minimal. Now, applying the duality (=) : gprojA° — gprojA yields a commutative
diagram with exact rows and vertical isomorphisms
dO

. (dfl)t

d—l

p! PO M 0
i l~ -
—1\tt ONtt
(P—l)tt% (POYt G T2 0.
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Assume that TrM = X' @ X2, where X', X? are non-zero. If X' or X2 is
graded projective, then the co-restriction of (d~!)! to a non-zero direct summand
of (P71)t is zero. So (d~1)! is not left minimal; see (1.4.1), and hence, d~! is not
right minimal, a contradiction. Thus, X? is not graded projective, for i = 1,2.
By Lemma 3.1.4, M = Tr’M = TrX! @ TrX? with TrX? # 0 for i = 1,2, a
contradiction. The proof of the proposition is completed.

3.2. THE GRADED NAKAYAMA FUNCTOR. Composing the contravariant functors
(=) and D, we obtain two covariant functors v = ® o (—)* : GModA — GModA
and v~ = (=)' o ® : GMod4 — GModA. By Propositions 2.2.2 and 3.1.2, they
restrict to two functors v : gprojA — ginjA and v~ : ginj4 — gprojA respectively.

3.2.1. THEOREM. Let A = kQ/R be a graded algebra with Q a locally finite quiver.
(1) The functors v : gprojA — ginjA and v~ : ginjA — gprojA are mutually quasi-

inverse such that v(Pu(s) @ V) = I,(s) @ V, for (s,a) € Z X Qo and V €modk.
(2) Given M € GModA and P € gprojA, we have a binatural k-linear isomorphism

®p s : GHomy(M,vP) — DGHom, (P, M).

Proof. (1) By Propositions 2.2.2 and 3.1.2; the functors v : gproj4 — ginjA and
v~ : ginjA — gprojA are mutually quasi-inverse. Given V' € modk, by Lemmas 3.1.1
and 2.2.1(2) and Proposition 3.1.2, v(P,(s) @ V) X D(P(—s) @ DV) = I,(s) @ V.

(2) Consider P,(s) with (s,a) € Zx Qo and M € GModA. By Proposition 3.1.2,
we obtain natural graded isomorphisms f%(—s) : P2(—s) — P!(—s) in gprojA° and
D(f)s) : (VPy){(s) = I,(s) in ginjA. So, we have a k-linear isomorphism

po® = GHom, (M, D(f*)(s)) : GHoma (M, (vPy,)(s)) — GHom 4 (M, I,(s)),

which is natural in M and P,(s). Next, by Proposition 2.3.1, we obtain a k-linear
isomorphism 7%% : GHom 4 (Py(s), M) — M_,(a), which is clearly natural in M
and P,(s). This yields a binatural k-isomorphism
D(n*) : DM_(a) = DGHom 4 (Py(s), M).

Finally, we have a k-linear isomorphism 6, : D(e,AGes) — k : h — h(ey).

Applying Proposition 2.4.1 for the case V = k, we get a k-linear isomorphism
P GHomp (M, 14(s)) — D(M_g(a)) : g = 040 9_s.a,

which is clearly natural in M. Fix u € e, A;—sep. Consider Plu] : Py(s) — Py(t) and
Plu°] : P2(—t) — P2(—s), the right multiplications by w and by u° respectively.
Setting I[u] = D (P[u’]), we claim that

s,a

GHom 4 (M, I,(s)) L D(M_g(a))

GHomA(]V[,I[u])l J{D(M(U))
t,b

GHom 4 (M, I(t)) ——=D(M_,(b))
commutes. Indeed, given g € GHomx (M, I,(s)) and m € M_,(b), it is a routine
verification that (0 0 g_s,q 0 M(w))(m) = g_ips(m)(u®) = (Op o I{u]—tp 0 g_1p)(m).
Since every morphism in Hom 4 (PP(—t), P?(—s)) is of the form P[u°]; see (2.3.3),
Y2 is natural in Py(s). Thus, we obtain a binatural k-linear isomorphism

Pp sy, = D(0") 0% 0 p¢ . GHom (M, vPy(s)) — DGHom 4 (Py(s), M).

It is easy to see that ®p () ns extends to a binatural k-linear isomorphism ®p 5
for ever P € gprojA. The proof of the theorem is completed.
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REMARK. By Theorem 3.2.1, the functor v : gprojdA — GModA is a Nakayama
functor as defined in [30, (5.4)].

3.3. GRADED AUSLANDER-REITEN TRANSLATIONS. Given M € gmod™?A and
N € gmod A, we put TM = DTrM and 7~ N = TrDN, called the right and
the left Auslander-Reiten translate of M and N, respectively.

3.3.1. LEMMA. Let A =kQ/R be a graded algebra with Q a locally finite quiver.

(1) If M € gmod™PA is indecomposable not graded projective, then M € gmod ™A
is indecomposable not graded injective such that 7= (7M) = M.

(2) If Ne gmod " is indecomposable not graded injective, then 7~N € gmod ™74
is indecomposable not graded projective such that T(17N) = N.

Proof. We shall only prove Statement (2). Let N € gmod ™4 be indecomposable
and not graded injective with a minimal graded injective copresentation

0 N oo & n

over ginjA. Applying the duality ®© : gmodA — gmodA° yields a minimal graded
projective presentation
D! 10 2L 9N 0

over gprojA°, where DN is indecomposable and not graded projective. By Propo-
sition 3.1.5, TrON is indecomposable and not graded projective with a minimal
graded projective presentation

1 uf(dl)

v v 10— 71N 0

over gprojA. So, 7-N € gmod™?A. Dually, we deduce from Proposition 3.1.5 and
Theorem 3.2.1(1) a commutative diagram with exact rows and vertical isomorphism

d° d*

0 N 1° It
o a _i ) l_
0——71(1"N) ——— v 1) ——=v(vI

in gmod“A. The proof of the lemma is completed.

3.4. GRADED AUSLANDER-REITEN FORMULAE. The classical approach to estab-
lish an Auslander-Reiten formula involves the tensor product and the adjunction
isomorphism; see [3, (I1.3.4)], [12, (VL.5.1)], [24] and [34, (1.6.1)]. We shall take a
novel approach by using the graded Nakayama functor. The key ingredient is the
following exact sequence for a finitely presented graded module M, which relates
the functors GHom/(—,7M) and DGHom (M, —) in a surprising way.

3.4.1. LEMMA. Let A = kQ/R be a graded algebra with Q a locally finite quiver.

Consider a short exact sequence 0 X ! y 2- 7 0 in GModA. Given
M € gmod™ A, there exists an exact sequence of k-linear maps

0 —— GHomy (Z, 7M) — GHom 4 (Y, ™M) AN GHomy (X, 7M)

—~ DGHom (M, Z) 2%~ DGHom (M, Y) —> DGHom (M, X) —= 0,

where f* = GHom,(f, ™M) and g. = GHom (M, g).
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Proof. Consider M € gmod™?A with a minimal graded projective presentaion

dO

', po M 0.

P—l
In view of Proposition 3.1.5, we obtain a minimal graded injective copresentation

0—>7M ——>ypp! £> v PV,

Fix L € GModA. We shall compute the kernel and the cokernel of the morphism
GHom (L, vd™1). Firstly, applying GHom (L, —) to the minimal graded injective
co-presentation of 7M, we obtain an exact sequence

GH L,vd™?!

Gltoma(l,vd ) GHom (L, vPY).
Secondly, applying DGHom (—, L) to the minimal graded projective presentation
of M, we deduce from Theorem 3.2.1(2) a commutative diagram with exact lower
row and vertical isomorphisms

0—— GHomy (L, 7M)——— GHomy(L,vP™1)

GHom (L, vd™?!
GHom (L, vP~1) _Gltomallvd ) GHom (L, vPY)

| |

DHom,(d" Y, L D(d%)*
DGHom (P~ L) e (@)

DGHom 4 (P° L) — DGHom (M, L) — 0,
where (d°)* = GHom 4 (d°, L). This yields an exact sequence

GHom (L, vd ™!

GHomy (L, vP~1) L GHom (L, vP®) —> DGHom (M, L) —> 0.

Combining the above two exact sequences for each of Z,Y and X, we obtain a
commutative diagram with exact rows and exact columns

0 0 0
0 — > GHom(Z, M) — > GHom (Y, 7M) — > GHom (X, 7 M)
0 —= GHom 4 (Z,vP~1) — GHom (Y, vP~!) —= GHom (X, vP~1) —= 0
GHom (Z,vd™1) GHom, (Y,vd™1) GHom, (X,vd™ 1)

0 — GHom,(Z,vP%) —— GHom 4 (Y, vP°) —— GHom, (X, vP%) ——=0

DGHom (M, Z) 2%~ DGHom (M, Y) —> DGHom (M, X) — 0,

0 0 0

where the two middle rows are exact because vP~! and vP° are graded injective.
Using the Snake Lemma, we obtain the desired exact sequence stated in the lemma.
The proof of the lemma is completed.

Similarly, for a finitely copresented graded module M, the right exact functor
DGHom 4 (—, M) and the left exact functor D?GHom 4 (7~M, —) are nicely related.
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3.4.2. LEMMA. Let A = kQ/R be a graded algebra with Q a locally finite quiver.

Consider a short exact sequence 0 X ! y -7 0 in GModA. Given

M € gmod ™A, we have an ezact sequence

2
0 —> D2GHom 4 (7~M, X) — D2GHom (7~ M,Y) 242 D2GHom A (+~M, 7)
—~ DGHom(X, M) 2> DGHom (Y, M) —> DGHom(Z, M) — 0,
where f* = GHomy(f, M) and g. = GHom, (7~ M, g).

Proof. Since gmod A is Krull-Schmidt, we may assume that M € gmod A is
indecomposable and not graded injective. By Lemma 3.3.1(2), 7°M € gmod ™A
with M 2 7(7"M). And by Lemma 3.4.1, we have an exact sequence

0 — > GHom(Z, M) — GHom (Y, M) —> GHom (X, M) —

DGHom (1M, Z) 2% DGHom s (r~M,Y) —> DGHom(r~M, X) — 0.

Now, applying the exact functor D = Homy(—, k) yields the desired exact se-
quence stated in the lemma. The proof of the lemma is completed.

We shall denote by GModA and GModA the quotient categories of GModA
modulo the ideal P of morphisms factoring through graded projective modules and
the ideal Z of those factoring through graded injective modules, respectively. Given
M, N € GModA, we write

GHom ,(M,N) = GHom,(M,N)/P(M,N)

and
GHom (M, N) = GHom, (M, N)/Z(M,N).

Moreover, put GEnd 4, (M) = GHom 4 (M, M) and GEnd (M) = GHom, (M, M).
We are ready to obtain the promised Auslander-Reiten formulae as follows.

3.4.3. THEOREM. Let A = kQ/R be a graded algebra with Q a locally finite quiver.
(1) Given M € gmod™?A and X € GModA, we have a natural k-linear isomorphism

DGHom (M, X) = GExt!, (X, 7M).

(2) Given M € gmod ™A and X € GModA, we have a natural k-linear isomorphism
DGHom (X, M) = D?>GExt! (7™M, X).

Proof. (1) Let M € gmod™?A and X € GModA. By Proposition 2.3.4, there exists

a short exact sequence 0 L-t-p-tox 0 in GModA, where P is
graded projective. Applying GHom 4 (—,7M) yields an exact sequence

0 — GHom (X, 7M) — GHom (P, 7M) —— GHom (L, M)
— GExt} (X, TM) —0,

where ¢* = GHomy (g, 7M). Thus, Coker(q*) = GExt} (X, 7M), which is clearly
natural in X. On the other hand, by Lemma 3.4.1, we have an exact sequence

0 — GHom (X, 7M) —> GHom (P, M) —— GHom (L, 7M)

"+ DGHom (M, X) 22 DGHom (M, P) — DGHom (M, L) — 0,



GRADED ALGEBRAS 27

where p, = GHom (M, p). Therefore, Ker(D(p.)) = Im(n) = Coker(¢*). It is not
hard to see that this isomorphism is natural in X. Since P is graded projective, we
have an exact sequence
GHom (M, P) —2> GHom (M, X) — GHom , (M, X) — 0.
So, we have an isomorphism DGHom (M, X) = Ker(D(p.)), which is clearly nat-
ural in X. As a consequence, we obtain a natural isomorphism
DGHom , (M, X)=GExt} (X, 7M).

(2) Let M € gmod A and X € GModA. By Proposition 2.4.5, there exists a

short exact sequence 0 ) Gy Ny § 0 in GModA, where [ is graded

injective. Applying D2GHom 4(7~M, —), we obtain an exact sequence

2
0 — > D2GHom s (r~M, X) —— D2GHoma(r~M, T) -2 D2GHom (r—M, L)

—— D?GExth (™M, X) —=0,

where p, = GHom(7~M,p). Thus, Coker(D?(p,)) & D2GExt!(7~M, X), which
A

is clearly natural in X. And by Lemma 3.4.2, we have an exact sequence

D?(p..
0 — D?GHomy (7™M, X ) — D*GHom,(77M, I) i>)D2GHornA(7"M, L)

" DGHom (X, M) 2L DGHom A (I, M) —> DGHom (L, M) — 0,

where ¢* = GHom(q, M). Thus, Ker(D(q*)) = Im(n) = Coker(D?(p.)), which is
natural in X. Since [ is graded injective, we have an exact sequence
GHom (I, M) — GHom (X, M) — GHomy (X, M) — 0.
This yields a natural isomorphism DGHomx (X, M) = Ker(D(g*)). As a conse-
quence, we obtain a natural isomorphism
DGHom (X, M) = D*GExt} (17M, X).
The proof of the theorem is completed.

REMARK. (1) We call the formula stated in Theorem 3.4.3(2) the generalized
Auslander-Reiten formula.

(2) In case @ is finite, Theorem 3.4.3(1) was established by Martinez-Villa for
graded modules M in gmod™?A and X in gmod/; see [34, Page 42].

3.5. GRADED ALMOST SPLIT SEQUENCES. To the best of our knowledge, there
exists no existence theorem for almost split sequences starting with finitely copre-
sented (graded) modules in the category of all (graded) modules. over a general
(graded) algebra. Using our generalized Auslander-Reiten formula and the result in
[30, (3.7)]; see also [31, (2.3)], we are able to fill up this gap in our graded setting.

3.5.1. THEOREM. Let A = kQ/R be a graded algebra with @ a locally finite quiver.

(1) If Me gmod ™A is indecomposable and not graded projective, then there exists
an almost split sequence 0 TM E M 0 in GModA.

(2) If M e gmod ™A is indecomposable and not graded injective, then there exists
an almost split sequence 0 M E TM 0 in GModA.

Proof. We shall only prove Statement (2), since the proof for Statement (1) is similar
and shorter. Let M € gmod A be indecomposable and not graded injective. Then,
GEnd (M) # 0. By Lemma 3.3.1, 7-M € gmod™? is indecomposable. Thus, M
and 7™M are strongly indecomposable; see (2.12.5). And by Theorem 3.4.3(2),
we have a functorial isomorphism ® : D2GExt), (r—M, —) — DGHom,(—, M). In
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particular, D2GExt}, (=M, M) = DGEnd (M), which is finite dimensional. So,
GExt! (1= M, M) = D>*GExt) (1= M, M) # 0. As a consequence, GExt} (7~ M, M)
has a nonzero socle as a left GEnd 4 (M )-module.

Composing the canonical monomorphism GExt (1=M, —) — D>*GExt} (r—M, —)
with ® : D?GExt} (1M, —) — DGHom 4(—, M), we obtain a functorial monomor-
phism ¥ : GExt! (1~ N, —) — DGHom(—, M). In view of Theorem 2.3(2) in [31],
we have a desired almost split sequence as stated in Statement (2). The proof of
the theorem is completed.

REMARK. In case @ is finite, an existence theorem in gmodA for almost split se-
quences ending with finitely presented modules was obtained in [34, (1.6.1), (1.7.1)].

Next, we shall study the existence of almost split sequences in the exact categories
gmod™?A and gmod™A. As shown below, their almost split sequences are also
almost split sequences in GModA; compare [9, (3.6)].

3.5.2. THEOREM. Let A = kQ/R be a graded algebra with Q a locally finite quiver.
(1) If M € gmod™?A is indecomposable not graded injective, then there exists an

almost split sequence 0 M N L 0 in gmod™ A if and only
if M € gmod®; and in this case, the sequence is also almost split in GModA.
(2) If M € gmod A is indecomposable not graded projective, then there exists an
almost split sequence 0 L N M 0 in gmod_’i/l if and only if
M e gmodb/l; in this case, the sequence is an almost split sequence in GModA.

Proof. We shall only prove Statement (1). Let M € gmod™?A be indecomposable
and not graded injective. If M € gmodbA, then M € gmod ™A, and by Theorem
3.5.1(2), there exists an almost split sequence 0 M E M 0 in
GModA, where 7~M € gmod™PA. Since gmod ™%/ is extension-closed in GMod;
see (2.12.5), this is an almost split sequence in gmod™?A. Conversely, suppose that

0 M N L 0 is an almost split sequence in gmodt*?A. Then,
L is indecomposable and not graded projective. In view of Theorem 3.5.1, we can
construct a commutative diagram

f g

0 M N L 0
.
0 Xty -2.op 0,

where the lower row is an almost split sequence in GModA with X € gmod™A.
Note that there exists an integer n such that M = M>,; N = N>, and L = L>,,.
Since X, is finite dimensional, gmod™"?A contains a commutative diagram

0 M—L N2 0
T
0 Xop 220 e, 2255 L 0.

Since p is not a retraction and L; = 0 for all i < n, neither is p>,,. Thus, vs, is
a section, and consequently, u>,, is a monomorphism. So, M is finite dimensional.

As has been shown, 0 M N L 0 is isomorphic to the almost
split sequence 0 M E M 0 in GModA. The proof of the
theorem is completed.
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3.6. SUBCATEGORIES HAVING ALMOST SPLIT SEQUENCES. In this subsection, we
shall study when gmod™?4, gmod ™ and gmod’ have almost split sequences.

3.6.1. THEOREM. Let A = kQ/R be a graded algebra with @Q a locally finite quiver.
If A is locally left (respectively, right) bounded, then gmod™?A and gmod A both
have almost split sequences on the left (respectively, right).

Proof. We only prove the first part of the statement. Let A be locally left bounded.
By Lemma 2.12.3(2), gmod ™24 = gmod® C gmod ™. Consider an indecompos-
able and not Ext-injective module M in gmod™?A. Then, M is finite dimensional
and not graded injective. By Theorem 3.5.2(1), gmod™?4 has an almost split se-
quence starting with M. So, gmod™?4 has almost split sequences on the left.

Next, let N € gmod_’i/l be indecomposable and not Ext-injective. In par-
ticular, N is not graded injective. By Theorem 3.5.1(2), there exists an almost
split sequence 0 N E TN 0 in GModA, where 7N lies in
gmod™?A C gmod ™ “A. Since gmod A is extension-closed in GModA; see (2.12.5),
this is an almost split sequence in gmod™“A. So, gmod ™ has almost split se-
quences on the left. The proof of the theorem is completed.

ExaMPLE. Consider the locally right bounded graded algebra A = kQ/R, where

o 2"
Q: 1= =y 5 6

and R = (ya — 03). By Theorem 3.6.1, gmod™?A has almost split sequences on
the right. On the other hand, S; has a minimal graded projective resolution

0—=P, &P, ——=P,dP; P S 0.

Thus, radP; € gmod™?A. Since rad’P; = P; and soc(radPy) = 0, radP; is
indecomposable and not graded injective. Being infinite dimensional, radP; is
not the starting term of any almost split sequence in gmod™"?4; see (3.5.2). Thus,
gmod A does not have almost split sequences on the left.

We conclude this section with the following statement, which generalizes the
result stated in [15, (3.5)].

3.6.2. THEOREM. Let A = kQ/R be a graded algebra with Q a locally finite quiver.
If A is locally (left, right) bounded, then gmod®d has almost split sequences (on the
left, on the right).

Proof. If A is locally left or right bounded, then gmod® coincides with gmod™?4
or gmod™?A; see (2.12.7), which has almost split sequences on the left or right
respectively; see (3.6.1). The proof of the theorem is completed.

4. GRADED ALMOST SPLIT TRIANGLES

The objective of this section is to study the existence of almost split triangles
in various derived categories of graded modules. The graded Nakayama functor
constructed in Section 3 allows us to apply the results in [30, Section 5] for this
purpose. Some of our results are analogous to those of Happel for finite dimensional
ungraded algebras in [20, 21]. Throughout this section let 4 = kQ/R be a graded
algebra, where @ is a locally finite quiver and R is a relation ideal in kQ).
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4.1. THE EXISTENCE IN GENERAL. The bounded complexes of projective objects
and those of injective objects in an abelian category play an essential role in the
study of almost split triangles in their derived categories; see [20, 21, 30].

4.1.1. LEMMA. Let A = kEQ/R be a graded algebra with @ a locally finite quiver.
(1) The categories K°(gprojA) and K°(ginjA) are Hom-finite and Krull-Schmidt.
(2) The Nakayama functor induces two mutually quasi-inverse triangle equivalences
v: Kb(gprojA) — K®(ginjA) and v~ : K®(ginjA) — K®(gprojA).

Proof. (1) Since gprojA is Hom-finite and Krull-Schmmidt; see (2.12.2), C®(gprojA)
is a Hom-finite additive subcategory of C®(gmodA), which is closed under direct
summands. Therefore, C*(gprojA) is Krull-Schmidt, and consequently, K°(gprojA)
is Hom-finite and Krull-Schmidt; see [28, page 431]. Similarly, K®(ginjA) is Hom-
finite and Krull-Schmidt.

(2) The Nakayama functor v : gproj4 — GModA induces two mutually quasi-
inverse equivalences v : gprojA — ginjA and v~ : ginj4 — gproj4; see (3.2.1). Ap-
plying them component-wise, we obtain two mutually quasi-inverse triangle equiv-
alences v : K®(gprojA) — K°(ginjA) and v~ : K?(ginjA) — K®(gprojA). The proof
of the lemma is completed.

It is well-known that K°(gprojA) and K®(ginjA) are full triangulated subcate-
gories of D?(gmodA) and D*(GModA); see [38, (10.4.7)], while Db(gmodA) and
D®(GModA) are full triangulated subcategories of D(gmodA) and D(GModA) re-
spectively; see [36, (I11.3.4.5)]. Note, however, that D(gmodA) is not necessarily a
triangulated subcategory of D(GModA).

4.1.2. THEOREM. Let A =kQ/R be a graded algebra with @ a locally finite quiver.
If P* € K%(gprojA) is indecomposable, then D®(gmodA), D(gmodA), D’ (GModA)
and D(GModA) each have an almost split triangle vP*[—1] I pr vP"
Proof. Let P* € K®(gprojA) be indecomposable. By Lemma 4.1.1, P* and vP" are
strongly indecomposable. Considering the Nakayama functors v : gproj4 — gmodA
and v : gprojAd — GMod4; see (3.2.1), we deduce from Theorem 5.8 in [30] a
desired almost split triangle in each of D% gmodA), D(gmodA), D®(GModA) and
D(GModA). The proof of the theorem is completed.

4.2. THE EXISTENCE IN THE LOCALLY NOETHERIAN CASE. The bounded derived
category of finitely generated graded modules over noetherian graded algebras is
important in geometry; see, for example, [10, (2.12.6)].

4.2.1. LEMMA. Let A = kQ/R be a graded algebra with Q a locally finite quiver.
If A is locally left or right noetherian, then Db(gm0d+’Z)/1) or Db(gmod_’b/l) s a
Hom-finite Krull-Schmidt full triangulated subcategory of D®(gmodA), respectively.
Proof. Assume that A is locally left noetherian. Then, gmod™ is an Ext-finite
abelian subcategory of gmodA; see (2.12.4). By Corollary B in [26], D®(gmod ™)
is Hom-finite and Krull-Schmidt. Since gmod™ has enough graded projective
modules; see (2.8.2), Db(gmod+’l’/1) is a full triangulated subcategory of D®%(gmodA);
see (1.7.1). The proof of the lemma is completed.

In case A is locally left and right noetherian, both Db(gm0d+’l’/1) and Db(gmod_’b/l)
are full triangulated subcategories of D®(gmodA).

4.2.2. THEOREM. Let A =kQ/R be a locally left and right noetherian graded alge-
bra, where Q) is a locally finite quiver.
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(1) If M* € D*(gmod ™) is indecomposable, then DP(gmodA) has an almost split
triangle N* L M- N[1] if and only if M" admits a finite graded
projective resolution over gprojA; and in this case, N* € Db(gmodf’b/l).

(2) If M" e D¥gmod™"A) is indecomposable, then D*(gmodA) has an almost split
triangle M* I N-* M[1] if and only if M" admits a finite graded
injective coresolution over ginjA; and in this case, N* € Db(gmod+’l’/1).

Proof. We shall only prove Statement (1). Consider an indecomposable complex
M- in D¥gmod™"). If M" has a graded projective resolution P* in C(gprojA),
then M* =2 P* in D%(gmodA). By Theorem 4.1.2, D(gmodA) has an almost split
triangle vP7[—1] L M- vP*, where vP'[—1] € D"(gmod ).

Conversely, suppose that N* r M N°[1] is an almost split tri-
angle in D¥(gmodA). Since gmod™ is abelian with enough graded projective mo-
dules, M* has a graded projective resolution in C~(gproja); see [18, (7.5)]. Now,
it follows from Theorem 5.2 in [30] that M* has a graded projective resolution in
C*(gprojA). The proof of the theorem is completed.

EXAMPLE. Theorem 4.2.2 holds for graded special multi-serial algebras.

4.3. EXISTENCE IN THE LOCALLY BOUNDED CASE. In this subsection, we shall con-
centrate on the bounded derived category of finite dimensional graded A-modules.
Although our results are analogous to those of Happel in [20, 21], they do exhibit
some particular features of the locally bounded graded setting.

4.3.1. PROPOSITION. Let A = kQ/R be a locally bounded graded algebra, where Q

is a locally finite quiver. If M* € Db(gmodb/l) is indecomposable, then

(1) D(gmod®A) has an almost split triangle N L M- N*[1] if and
only if M* has a finite graded projective resolution over gprojA;

(2) DY(gmod®) has an almost split triangle M L N- M[1] if and
only if M* has a finite graded injective coresolution over ginjA.

Proof. Since A is locally bounded, gprojA and ginjA are contained in gmodb/l. Thus,
gmodb/l is a Hom-finite Krull-Schmidt abelian k-category with enough projective
objects and enough injective objects. In view of Theorem 3.2.1, we have a Nakayama
functor v : gprojA — gmodb/l. Now, the result follows directly from Theorem 5.12
in [30]. The proof of the proposition is completed.

We are ready to obtain the sufficient and necessary conditions for the bounded
derived category of finite dimensional graded modules to have almost split triangles.

4.3.2. THEOREM. Let A = kQ/R be a locally bounded graded algebra, where @ is
a locally finite quiver. Then Db(gmodb/l) has almost split triangles on the right
(respectively, left) if and only if every graded simple module in modA is of finite
graded projective (respectively, injective) dimension.

Proof. Since A is locally bounded, gmod is a Hom-finite Krull-Schmidt abelian
k-category with enough projective objects and enough injective objects. So, every
complex in Cb(gmodli/l) has a graded projective resolution in C~ (gmodb/l) and a
graded injective coresolution in C*(ginjA); see [18, (7.5)]. Then, it is not hard
to see that every complex in Cb(gmodb/l) has a finite graded projective resolution
over gprojA if and only if every module in gmodb/l is of finite graded projective
dimension, or equivalently, every graded simple module in gmodb/l is of finite graded
projective dimension. Dually, every complex in C’b(gmodb/l) has a finite graded
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injective coresolution over ginjA if and only if every simple module in gmod®d is
of finite graded injective dimension. Now, the statement follows immediately from
Proposition 4.3.1. The proof of the theorem is completed.

REMARK. The bounded derived category of finite dimensional modules over a finite
dimensional ungraded algebra has almost split triangles on either side if and only
if it has almost split triangles on both sides; see [21, (1.5)]. As shown below, this
is not the case in the locally bounded graded setting.

ExAMPLE. Consider the locally bounded graded algebra A = kQ/R, where

Q: ... n—"en -1 ... 2 0
and R = k{aja;pq | ¢ > 1). Given n > 0, we see that S, is of graded projec-
tive dimension n and of infinite graded injective dimension. By Theorem 4.3.2,
Db(gmodb/l) has almost split triangles on the right but not on the left.

a2 a1

1

5. GRADED REPRESENTATIONS OF QUIVERS

In this section, we shall specialize to graded representations of an arbitrary locally
finite quiver @. In this case, we shall strengthen some of the results obtained in
Sections 3 and 4, which are analogous to those for ungraded representations of
strongly locally finite quivers stated in [9].

5.1. GRADED ALMOST SPLIT SEQUENCES. We shall restrict our attention to finitely
presented graded representations and finitely co-presented graded representations.

5.1.1. LEMMA. Let Q be a locally finite quiver. Then gmod ?kQ and gmod ~'kQ
are hereditary abelian k-categories, which are Hom-finite and Krull-Schmidt.

Proof. By Lemma 2.12.5, gmod™?kQ and gmod_’ikQ are Hom-finite Krull-Schmidt
and extension-closed in GModk@. Note that the category of all unitary left kQ-
modules is hereditary; see [14, (8.2)]. In particular, GExtiQ(M, N) = 0 for all
M, N € GModkQ. So, GModkQ is hereditary. Since GModk@ has enough projec-
tive objects; see (2.4.5), a subobject of a projective object in GModkQ is projective.

Consider a morphism f : P — P’ in gprojkQ. Since Im(f) is graded projec-
tive, P = Ker(f) ® Im(f). So, Ker(f) € gprojk@. By Proposition 2.1 in [2],
gmodPkQ is closed under kernels and cokernels, and consequently, it is abelian.
Since GModkQ is hereditary, so is gmod™?kQ. Finally, by Lemma 2.12.5(1),
gmod ™ "kQ is also hereditary and abelian. The proof of the lemma is completed.

Note that £Q is locally left bounded if and only if @ has no infinite path with a
starting point, and it is locally right bounded if and only if @ has no infinite path
with an end point.

5.1.2. THEOREM. Let Q be a locally finite quiver. The following statement holds.

(1) The abelian category gmodtPkQ has almost split sequences on the left if and
only if Q contains no infinite path with a starting point.

(2) The abelian category gmod™"kQ has almost split sequences on the right if and
only if Q contains no infinite path with an end point.

(3) Both gmod™?kQ and gmod™'kQ have almost split sequences if and only if Q
contains no infinite path.

Proof. The sufficiency of Statement (1) follows from Theorem 3.6.1. Suppose
that @ has an infinite path with a starting point, say it starts with an arrow
a — b. Then, P, is infinite dimensional and not graded injective. By Theorem
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3.5.2(1), gmod™"PkQ has no almost split sequence starting with P,. This estab-
lishes Statement (1). And Statement (2) follows dually. Finally, the necessity of
Statement (3) follows from Statements (1) and (2). If @ contains no infinite path,
then gmod ™ ?kQ = gmod_’ikQ = gmodka, which has almost split sequences by
Theorem 3.6.2. The proof of the theorem is completed.

5.2. GRADED ALMOST SPLIT TRIANGLES. First of all, by Lemma 5.1.1 and Propo-
sition 1.7.1, both D*(gmod™"kQ) and D®(gmod "'kQ) are Hom-finite and Krull-
Schmidt full triangulated subcategories of D% gmodkQ).

5.2.1. THEOREM. Let Q be a locally finite quiver. The following statements hold.
(1) If M* € D*(gmod™?kQ) is indecomposable, then D®(gmodkQ) has an almost
split triangle N* L M N°[1], where N* € D*(gmod™'kQ).

(2) If M* € D*(gmod™'kQ) is indecomposable, then D*(gmodkQ) has an almost
split triangle M* r N- M[1], where N°* € D*(gmod™?kQ).
Proof. We shall only prove Statement (1). Let M* € D% gmod*?kQ) be indecom-

posable. Since gmod™PkQ is hereditary; see (5.1.1), M* has a graded projective
resolution P* € C®(gprojA). Since M* = P*in Db(gmodA), by Theorem 4.1.2, there
exists an almost split triangle v P*[—1] r M vP* in D%(gmodA),
where vP*[—1] € D’(gmod™’kQ). The proof of the theorem is completed.

The following statement is analogous to Theorem 7.11 in [9], which contains a
partial converse of

5.2.2. THEOREM. Let Q be a locally finite quiver. Then, the following statements
are equivalent:

(1) Db(gmodJr”l’kQ) has almost split triangles (on the left, on the right);
(2) D®(gmod™"kQ) has almost split triangles (on the left, on the right);
(3) @ has no infinite path (with a starting point, with an end point).

Proof. In view of the duality ® : gmod™PkQ° — gmod 'kQ, we shall only prove
the equivalence of Statements (1) and (3). Suppose first that D®(gmod™?kQ) has
almost split triangles on the left. By Corollary 7.3(1) in [9], gmod™?kQ has almost
split sequences on the left; and by Theorem 5.1.2(1), @ has no infinite path with a
starting point. Suppose conversely that @) has no infinite path with a starting point.
Then, gmod™?kQ = gmod’kQ; and by Theorem 5.1.2(1), gmod™?kQ has almost
split sequences on the left. Moreover, by Proposition 2.12.6, every indecomposable
injective object in gmod™PkQ is isomorphic to a finite dimensional module I, in
ginjkQ for some = € Qp, whose socle S, is simple and admits a projective cover P,
in gmod™PkQ. By Corollaries 2.2(2) and 7.3(1) in [9], D*(gmod™?kQ) has almost
split triangles on the left.

Next, suppose that Db(gmod+’P k@) has almost split triangles on the right. By
Corollary 7.3(1) in [9], every S, with x € Qp admits an injective envelope in
gmodTPkQ. By Proposition 2.12.7(1), @ has no infinite path with an end point.
Suppose conversely that ¢ has no infinite path with an end point. By Proposition
2.12.7, every S, with € Qo has an injective envelope I, in gmod™?kQ, and by
Theorem 3.6.1, gmod™PkQ has almost split sequence on the right. By Corollary
7.3(2) in [9], D*(gmod™PkQ) has almost split triangles on the right. Finally, com-
bining what has been shown, we see that D?(gmod*?kQ) has almost split triangles
if and only if @) has no infinite path. The proof of the theorem is completed.
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