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ABSTRACT. Let A be an exact category, that is, an extension-closed full sub-
category of an abelian category. First, we give new characterizations of an
almost split sequence in A, which yields some necessary and sufficient condi-
tions for A to have an almost split sequence with prescribed end terms. Then,
we study when an almost split sequence in A induces an almost split sequence
in an exact subcategory C of A. In case A has almost split sequences and C is
Ext-finite and Krull-Schmidt, we obtain a necessary and sufficient condition
for C to have almost split sequences. Finally, we show some applications of
these results.

INTRODUCTION

The Auslander-Reiten theory of almost split sequences has been playing a fun-
damental role in the representation theory of artin algebras with a great impact
in other areas such as algebraic geometry and algebraic topology; see [6, 3, 15].
It is a long standing problem to determine which categories have almost split se-
quences. In the module category over an artin algebra, the existence of almost split
sequences is derived from the Auslander-Reiten duality. In a general Hom-finite
Krull-Schmidt exact category, Gabriel and Roiter showed that the existence of the
Auslander-Reiten duality is necessary for the existence of almost split sequences;
see [11], which is later proved to be sufficient by Lenzing and Zuazua in case the
category is in addition Ext-finite; see [21]. On the other hand, it is natural to study
when a subcategory of a category having almost split sequences has almost split
sequences. A pioneering work in this direction by Auslander and Smalg shows that
functorially finite subcategories of a module category have almost split sequences;
see [8]. This has been further studied by other authors; see, for example, [17, 18].
Rather recently, Jgrgensen considered the analogous problem for Hom-finite Krull-
Schmidt triangulated categories, and proved that if the ambient category has almost
split triangles, then the almost split triangles in a subcategory are linked to those
in the ambient category by minimal approximations; see [16]. By passing through
the homotopy category, this result is applied to obtain a necessary and sufficient
condition for a subcategory of the module category of an artin algebra to have
almost split sequences; see [22].
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Contrary to the cases mentioned above, almost split sequences appear naturally
in abelian categories which are not Hom-finite; see, for example, [4, (4.1)] and [9,
(2.8)]. This motivates us to study the two problems mentioned above in the most
general setup. First, working with an arbitrary exact category, we shall character-
ize an almost split sequence in terms of linear forms on the stable endomorphism
algebras of its end terms; see (2.2). This yields necessary and sufficient condi-
tions for an exact category to have an almost split sequence with two prescribed
end terms; see (2.3). Specializing to Hom-finite exact categories, we recover the
result mentioned above by Gabriel-Roiter and Lenzing-Zuazua; see (2.6). Then,
we investigate the relation between the almost split sequences in an exact cate-
gory and those in its exact subcategories. The result says in particular that if the
ambient category has almost split sequences, then the almost split sequences in a
Hom-finite Krull-Schmidt exact subcategory are precisely the minimal projectively
or injectively stable approximations of the almost split sequences in the ambient
category; see (3.5) and (3.7). This is a strengthened analogous version, by means of
a very different approach, of Jgrgensen’s result stated in [15]. Since our categories
do not necessarily have projective or injective objects, one can not simply apply
Jorgensen’s result in our situation as is done in [22]. As an application, given any
torsion theory in an exact category having almost split sequences, we show that
the torsion subcategory has right almost split sequences and the torsion-free sub-
category has left almost split sequences. Finally, we shall apply our results to give
a new proof of the existence theorem of almost split sequences in the category of
finitely presented representations of an infinite quiver.

1. PRELIMINARIES

Throughout the paper, R stands for a commutative ring, which is not necessarily
artinian unless otherwise explicitly stated. An R-category is a category in which
the morphism sets are R-modules and the composition of morphisms is R-bilinear.
Let A be an additive R-category, which will be called Hom-finite if its morphism
modules are all of finite R-length. An idempotent endomorphism e : X — X is
said to split in A if there exist morphisms p : X — Y and ¢ : Y — X such that
e = gp and pgq = 1y. Moreover, a non-zero object X is called strongly indecompo-
sable if Enda(X) is local, and Krull-Schmidt if it is a finite direct sum of strongly
indecomposable objects. Now, A is called Krull-Schmidt if every non-zero objects
is Krull-Schmidt. The following characterization of Krull-Schmidt objects is due to
Gabriel and Roiter; see [11, (3.3)]. Since their approach is functorial, we present
here an alternative elementary proof.

1.1. PROPOSITION. If X is an object in A, then X = X1®--- & X,, with X; strongly
indecomposable if and only if Enda(X) is semiperfect and all its idempotents split;
and in this case, each direct summand of X admits a decomposition as a direct sum
of objects of a subfamily of {X1,...,Xn}, which is its unique (up to isomorphism
and permutation) decomposition into a direct sum of indecomposable objects.

Proof. Put E = End4(X). Suppose that E is semiperfect. Then E has a complete
set {e1,...,e,} of orthogonal primitive idempotents such that the e;Ee; are local;
see [1, (27.6)]. If the idempotents in E split in A, then X = X; & --- & X,, with
Enda(X;) & e;Ee;, that is, the X; are strongly indecomposable.
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Suppose now that X = X7 & --- & X,,, with canonical injections ¢; : X; — X,
canonical projections p; : X — X;, and local rings End4(X;). Setting e; = ¢;p;,
we get a complete set {ej,...,e,} of orthogonal primitive idempotents in E such
that e;Fe; = Ends(X;). In particular, E is semiperfect; see [1, (27.6)]. Then, a
classical result says that the complete sets of orthogonal primitive idempotents in
E are pairwise conjugate up to permutation; see [14, (II1.10.2)].

Let f be a non-zero idempotent in E. Since E/radF is semi-simple, every non-
zero idempotent in F is a sum of orthogonal primitive idempotents. In particular,
there exists a complete set {f1,..., fn} of orthogonal primitive idempotents in E
such that f = f1 +--- 4+ fr, with 0 < r < n. Then, there exists a permutation
o and an invertible a € F such that f; = aeg(i)a_l, fort=1,...,n; Set L =
Xa(l) b ---D Xa(r)a and

P = (Po(1), ,pg(r))Ta_l : X — L, and ¢ =algoqy,- - 4oy) : L — X.
Then f = gp and pg = 1. That is, f splits.

Next, assume that M is a non-zero direct summand of X with a canonical
injection v : M — X and a canonical projection v : X — M. Set f = wv, a non-
zero idempotent in E. As seen above, there exists a permutation o and morphisms
p: X = Xo)®- DXy and q: Xp1) @+ Xo(r) — X such that f = gp and
pq=1x,, @& &Xx,,- This ylelds an isomorphism pu : M — X;1) & - & X5 ().

Finally, in order to show the uniqueness of the decomposition of M, we need
only to consider the case where M = X. Suppose that X = Y] & --- @ Y,
with canonical injections u; : Y; — X, canonical projections v; : X — Y;, and
indecomposable objects Y;. This yields a complete set {w1,...,w,,} of orthogonal
idempotents in F, where w; = w;v;. Since the idempotents split in A, the w; are
primitive. Therefore, n = m and we may assume that there exists b € A such
that w; = be;b~1, for i = 1,...,n. Hence, v;bg; : X; — Y; is an isomorphism,
i=1,...,n. The proof of the proposition is completed.

The following easy observation is needed for our later investigation.

1.2. LEMMA. Let T be an ideal of A, and let X be an object in A.

(1) If Enda(X) s local, then T(X,X) = Enda(X) or Z(X, X) C rad(End4(X)).
(2) If A is Krull-Schmidt, then so is A/T.

Proof. If End 4(X) is local, then Z(X, X) = End 4(X) or Z(X, X) C rad(End 4 (X)),
and consequently, X is zero or strongly indecomposable in A/Z. Now, if X is a
finite direct sum of strongly indecomposable objects in A, then it is zero or a finite
direct sum of strongly indecomposable objects in A/Z. The proof of the lemma is
completed.

We conclude this section with a brief recall of some classical terminology which
will be needed for our later investigation. A morphism f : X — Y in A is right
minimal if any endomorphism g : X — X such that fg = f is an automorphism;
and left minimal if any endomorphism h : Y — Y such that Af = f is an au-
tomorphism. Let C be a full subcategory of A, and let X be an object in A. A
morphism f : M — X with M € C is called a right C-approximation of X if the
map Homyu(L, f) : Homy(L, M) — Homy(L, X) is surjective for any L € C; and a
minimal right C-approzimation if, in addition, f is right minimal. Dually, a mor-
phism g : X — N with N € C is called a left C-approzimation of X if the map
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Homy(f, L) : Homy(N, L) — Homy(X, L) is surjective for any L € C; and a mini-
mal left C-approzimation if, in addition, f is left minimal. Moreover, one says that
C is contravariantly finite in A if every object in A has a right C-approximation, co-
variantly finite in A if every object in A has a left C-approximation, and functorially
finite if it is both contravariantly finite and covariantly finite in A4; see [7].

2. EXISTENCE OF ALMOST SPLIT SEQUENCES

For the rest of the paper, let A stand for an exract R-category, that is, an
extension-closed full subcategory of an abelian R-category 7. Clearly, the idem-
potents in A split if and only if A is closed under direct summands in <. The
objective of this section is to study the existence of almost split sequences in A.

Letd: 0— X N Y % Z —= 0 be a short exact sequence in A. We shall call
f a proper monomorphism and g a proper epimorphism in A. Given any morphisms
uw:X — Mand v: N — Z in A, since A is extension-closed in <7, we have a
pushout diagram

d: 0—X—Y —=7—0
ud : Oﬁﬂi%i%ZHO

as well as a pullback diagram

ov : 0—X—F—N—0
SIS N S et

Thus, the equivalence classes of short exact sequences 0 — X —> F — 7 — 0
in A form an abelian group Ext;(Z, X) under Baer sum, which is an Ends(X)-
Ends(Z)-bimodule under the multiplications illustrated in the above diagrams.
Since Endq(X) is an R-algebra, Ext;(X,Z) is an R-module. We shall say that
Ais Ext-finite if Extj(X,Y) is of finite R-length for all X,Y € A.

The stable categories of A introduced by Gabriel and Roiter are essential for our
investigation; see [11, (9.2)], and also [21, (2.1)]. A morphism u: X — Y in A is
called injectively trivial if the map

Exti(L,u) : Exti(L,X) — Exti(L,Y):n— un

is zero for any L € A, or equivalently, u factors through any proper monomorphism
v:X — M in A. Dually, v : X — Y is called projectively trivial if the map

Exty(u, L) : Extg(Y,L) — Exty(X,L): ¢~ Cu

is zero for any L € A, or equivalently, u factors through any proper epimorphism
w: N — Y in A. It is easy to verify that the injectively trivial morphisms in .4
form an ideal, denoted as I, ; and the projectively trivial morphisms form an ideal,
as denoted as P,. Now, the quotient category A = A/I, is called the injectively
stable category of A, while A = A/P, is called the projectively stable category.
In the sequel, for a morphism v : X — Y in A, we shall denote by @ and w its
images in Hom 4(X,Y’) and Hom 4(X,Y’), respectively. Finally, an object X € A
is called FEaxt-injective if every proper monomorphism f : X — Y is a section; and
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Ezt-projective if every proper epimorphism g : Y — X is a retraction. It is easy to
see that X is Ext-injective if and only if 1x is injectively trivial, or equivalently, X
is zero in A. Dually, X is Ext-projective if and only if 1x is projectively trivial, or
equivalently, X is zero in A.

Next, we recall from [5] some terminology and facts for the Auslander-Reiten
theory. Let f: X — Y be a morphism. One says that f is right almost split if f is
not a retraction and every non-retraction morphism g : M — Y factors through f;
and minimal right almost split if f is right minimal and right almost split. In a dual
manner, one defines f to be left almost split and minimal left almost split. Note that
if f:X —Y is left or right almost split, then X or Y is strongly indecomposable,
respectively; see [5]. A short exact sequence

§: 00— X 1oy Iz 0

is called almost split if f is minimal left almost split and ¢ is minimal right al-
most split; see [5]. In this case, both the End4(X)-socle and the Endu(Z)-socle
of Extj‘(Z,X ) are simple generated by . Moreover, since ¢ is unique up to iso-
morphism for X and for Z, we may write X = 7,Z and Z = 7, X. We shall say
that A has right almost split sequences if every indecomposable object is either
Ext-projective or the ending term of an almost split sequence, A has left almost
split sequences if every indecomposable object is either Ext-injective or the starting
term of an almost split sequence, and A has almost split sequences if it has both
left and right almost split sequences.

From now on, fix an injective co-generator I for the category ModR of all R-
modules, which will be minimal if R is artinian. Then we have an exact endofunctor
D = Hompg(—, I) : ModR — ModR. For U,V € ModR, an R-bilinear form
<, >: UxV — I is called non-degenerate provided that, for any non-zero element
u € U, there exists some v € V such that <u,v>%# 0, and for any non-zero element
v € V, there exists some u € U such that <u,v>7# 0. Observe that every R-linear
form ¢ : Exty(Z, X) — I determines, for each L € A, two R-bilinear forms:

<, >g: Homy(L, X) x Exty(Z,L) — I : (f,n) — o(fn),

and
o<, > Exty(L,X)x Homu(Z, L) = 1: (¢, g) — ¢(Cg).

On the other hand, if § is a non-zero extension in Extj(Z, X), then there exists
always an R-linear form ¢ : Extg(Z, X) — I such that ¢(8) # 0. We are now ready
to state the following result of Gabriel and Roiter, which is implicitly stated in [11,
(9.3)]; see also [21, (3.1)]. We include their proof for the reader’s convenience,

2.1. PROPOSITION. Let 6: 0—= X —Y —= Z — 0 be an almost split sequence

mn A, and let ¢ : Ext}‘(Z,X) — I be an R-linear form. If p(8) # 0, then the
R-bilinear forms

<, >4 Homy(L,X) x Ext}(Z,L) — I
and
o<, > Exty(L,X) x Hom4(Z,L) — T

are both non-degenerate, for every L € A.
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Proof. Suppose that ¢(§) # 0 and L € A. We shall prove only that , <, > is
non-degenerate. Let ¢ : Z — L be a morphism in A which is not projectively
trivial. Then A admits a pullback diagram

n: 0—M-—>N—>7—>0
-
¢: 0—M-—FE—L—0
with non-split rows. Since § is almost split, there exists a pushout diagram
n: 0—M-—>N—=7—0
ol
O 0—X—Y —>7—0

in A. This yields 6 = hnp = h(Cg) = (h({)g. As a consequence, h( € Extj(L,X)
is such that , < h{,g >= @((h{)g) = ©(d) # 0. On the other hand, consider a
non-split short exact sequence ( : 00— X —>F —L—0 in A. Since 0 is
almost split, there exists a pullback diagram

§: 0—=X—>Y—>Z2Z—0
v
(: 0—=X-—>E—L—0

in A. Thus g € Hom 4(Z, L) is such that , <(, g>= ¢(¢g) = ©(d) # 0. The proof
of the proposition is completed.

Our first result will be a characterization of an almost split sequence. We need to
introduce some terminology. Let F': A — ModR and G : A — ModR be covariant
or contravariant R-linear functors. A functorial monomorphism ¢ : F — G is a
natural transformation with ¢x : F(X) — G(X) being injective for all X € A.
Moreover, if A is an R-algebra, then a non-zero R-linear form ¢ : A — I is called
almost vanishing if it vanishes on the Jacobson radical of A.

2.2. THEOREM. Let A be an exact R-category, which has a short exact sequence

0: 0—X—=Y —=27—0 with X,Z being strongly indecomposable. The

following statements are equivalent.

(1) The sequence § is an almost split sequence in A.

(2) There exists a functorial monomorphism ¢ : Exty(Z, —) — DHomgz(—, X)
such that ¢x (6) is almost vanishing on Endz(X).

(3) There exists a functorial monomorphism 1 : Extj(—, X) — DHomy(Z, —)
such that ¥ z(0) is almost vanishing on Enda(Z).

Proof. We shall prove only the equivalence of Statements (1) and (2). Since 6 # 0

in each of the statements, we may assume that X is not Ext-injective, that is, X is

non-zero in A. By Lemma 1.2(1), rad(Endy (X)) = rad(Enda(X))/La(X, X).

Assume first that 6 is an almost split sequence. In particular, there exists an
R-linear form ¢ : Ext'(Z, X) — I such that (8) # 0. Fix L € A. By Proposition
2.1, we have a non-degenerate bilinear form

<, ><,D: HOHlﬁ(L,X) X EXt,éll(Z7L) —1I: (.fan) = <P(f77)
This induces an R-linear monomorphism

¢r, : Exty(Z, L) — DHomg(L, X) : 7 — <—,1>,,
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which is clearly natural in L. Since ¢ is injective, ¢x (6) # 0. If f € rad(Endz(X)),
then f € rad(End4(X)). Since ¢ is almost split, we have f§ = 0. As a consequence,
dx(0)(f) =<f,6>,= @(fd) = 0. Thus, ¢x(J) is almost vanishing on End4(X).

Conversely, let ¢ : Ext}‘(Z, —) — DHomjz(—, X) be a functorial monomorphism
such that ¢x(0) is almost vanishing on End;(X). Then, § # 0. Let u : X — L be
a morphism in 4 which is not a section. For any morphism v : L — X, we have
vu € rad(End, (X)), and hence, o € rad(Endz(X)). Thus ¢x (4)(vua) = 0, that is,
(DHomz(u, X) 0 ¢x)(6) = 0. In view of the commutative diagram

Exti(Z,u
Ext}(Z, X) Az Exti(Z, L)
¢Xi \L¢L
DHom 3 (u,X
DHomy (X, X) atX) DHomy(L, X),

we see that (¢, 0Ext’(Z,u))(d) = 0. Since ¢y, is injective, ud = Ext’y(Z,u)(5) = 0.
That is, u factors through the monomorphism X — Y in §. As a consequence, ¢ is
an almost split sequence; see [2, (4.4)]. The proof of the theorem is completed.

If X,Y € A, then DHomyz(X,Y) is an Ends(X)-End4(Y)-bimodule with multi-
plications defined, for f € End4(X), # € DHomy4(X,Y), g € End4(Y), by

fbg : Homz (X,Y) — I : h 0(ghf).

Similarly, DHom 4(X,Y") is an End4(X)-End4(Y')-bimodule. As promised, we have
the following existence theorem of an almost split sequence with prescribed end
terms.

2.3. THEOREM. Let A be an exact R-category, and let X,Z be strongly indecom-

posable objects in A. The following statements are equivalent.

(1) There exists an almost split sequence 0 — X —Y — 7 — 0 in A.

(2) The Enda(X)-socle of Exti(Z, X) is non-zero and there exists a functorial
monomorphism ¢ : Exty(Z, —) — DHomy(—, X).

(3) The Enda(Z)-socle of Exty(Z,X) is non-zero and there exists a functorial
monomorphism 1 : Ex’cj‘(—7 X) — DHom 4(Z, —).

Proof. We shall prove only the equivalences of Statements (1) and (2). Assume first

that A has an almost split sequence 6 : 0 — X —Y — Z — (0. By Theorem

2.2, there exists a functorial monomorphism ¢ : Extflt(Z, —) — DHomyz(—, X).

Being almost split, § is a non-zero element in the Endy(X)-socle of Ext;(Z, X).

Conversely, suppose that § : 0 — X —Y — Z — ( is a non-zero extension

lying in the End 4(X)-socle of Extj(Z ,X). In particular, X is not Ext-injective and

Z is not Ext-projective. Let ¢ : Extj(Z, —) — DHomgy(—, X) be a functorial

monomorphism. Since ¢ is natural, ¢x : Extjt(Z,X) — DEndz(X) is End 4(X)-

linear. Hence, 6 = ¢x () is a non-zero element of DEnd4(X), which is annihilated

by rad(Enda(X)). If f € rad(End;(X)), then f € rad(End(X)) by Lemma 1.2(1),

and hence, 6(f) = (f0)(1) = 0. That is, 6 is almost vanishing. By Theorem 2.2, §
is almost split in 4. The proof of the theorem is completed.
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REMARK. Let A be an artin R-algebra with R being artinian. If M € modA is

indecomposable and non-projective, then DTrM € modA is indecomposable and

non-injective with a natural isomorphism DExt} (M, L) = Homy (L, DTrM) for

every module L € ModA; see [2, (II1.4.3)], and also [19]. As a consequence, we

have a natural monomorphism ¢, : Exty (M, L) — DHomy (L, DTr M), for every

module L € ModA. By Theorem 2.3(1), there exists an almost split sequence
0—DI'rM —N—>M—0

in ModA, which is also an almost split sequence in modA. This is a well known
result of Auslander and Reiten; see [4, (4.1)]. Note that ¢, is not an isomorphism in
general. This shows that Theorem 2.3 is a genuine generalization of the Auslander-
Reiten duality.

For the rest of this section, we shall concentrate on the case where R is artinian
and [ is the minimal injective co-generator for Mod R. In this case, there exists a
well known duality

D =Hompg(—,I) : modR — modR,

where mod R denotes the category of finitely generated R-modules. The following
easy observation is useful in our study.

2.4. LEMMA. Let R be artinian, and let < , >: U xV — I be a non-degenerate
R-bilinear form, where U,V € ModR. If U orV is of finite R-length, then we have
two R-linear isomorphisms
V-DU:v—<—,v> and U— DV :uw—<u, —>.
Proof. Since <, > is non-degenerate, we have two R-linear monomorphisms :
¢o:V—->DU:v—<—,v> and v:U — DV :u—<u, —>.

Suppose that V has finite R-length £g(V). Then £r(DV) = ¢r(V). Since ¢
is injective, {g(U) < ¢r(V). On the other hand, since ¢ is injective, we have
Lr(V) < Lr(DU) = br(U) < Lr(V). This yields ¢g(V) = ¢r(DU), and hence,
Lr(U) = Lr(DV). As a consequence, ¢ and v are isomorphisms. Similarly, the
result holds true if ¢g(U) is finite. The proof of the lemma is completed.

2.5. LEMMA. Let A be an exact R-category where R is artinian, which has an almost

split sequence 0 — X —Y — Z — 0.

(1) If L € A, then Exty(Z, L) is of finite R-length if and only if so is Homjy (L, X);
and in this case, Exty(Z, L) = DHomy(L, X).

(2) If L € A, then Exty(L, X) is of finite R-length if and only if so is Hom 4(Z, L);
and in this case, Extj(L, X) = DHomy(Z, L).

Proof. We shall prove only Statement (1). For any L € A, by Proposition 2.1,
there exists a non-degenerate R-bilinear form

<, >: Homz(L, X) x Ext}(Z,L) — I.
If Homz(L, X) or Ext(Z, L) is of finite R-length, then it follows from Lemma 2.4
that Exty(Z, L) = DHom (L, X). The proof of the lemma is completed.

The following result is a local version, but under weaker hypotheses, of the main
result stated in [21].
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2.6. THEOREM. Let A be an exact R-category where R is artinian, and let X, Z € A
be strongly indecomposable with X not Ext-injective and Z not FExt-projective.

(1) If Homyz(L,X) € modR for all L € A, then A has an almost split sequence
0—=X—>Y —=2Z—=0 if and only if Exty(Z, —) = DHomy(—, X).

(2) If Homu(Z,L) € modR for all L € A, then A has an almost split sequence
0—=X—>Y —>2Z—=0 if and only if Extj(—, X) = DHom4(Z, —).
Proof. We shall prove only Statement (1). Suppose that Homyz(L, X) is of finite
R-length for any L € A. Let ¢ : Extj(Z, —) — DHomjz(—, X) be a functorial
isomorphism. Since Z is not Ext-projective, Endz(X) # 0. Since ¢x is bijective,
Exti(Z, X) is non-zero of finite R-length. In particular, the Endj(X)-socle of

Ext}‘(Z, X) is non-zero. By Theorem 2.3, A has a desired almost split sequence.
Conversely, let 0 — X —Y — Z — 0 be an almost split sequence in A. By

Theorem 2.2, we have a functorial monomorphism ¢ : Extjl(Z7 —) — DHomyz(—, X).

For each L € A, by Lemma 2.5(1), Ext;(Z, L) = DHomy(L, X), and hence, the

monomorphism ¢y, : Ext}‘(Z, L) — DHomgy (L, X) is an isomorphism. The proof of

the theorem is completed.

REMARK. As an example, the situations described in Theorem 2.6 occur in the

category of locally finite dimensional representations of a strongly locally finite
quiver; see (4.1).

We conclude this section with the following easy consequence.

2.7. COROLLARY. Let A be a Krull-Schmidt exact R-category where R is artinian.
If A has almost split sequences, then A is Ext-finite if and only if A is Hom-finite,
if and only if A is Hom-finite.

Proof. Let X,Y € A be indecomposable. Suppose first that 4 is Hom-finite. If X
is Ext-projective, then Ext;(X,Y) = 0. Otherwise, since Homz (Y, 7, X) is of finite
R-length, so is Ext4(X,Y) by Lemma 2.5(1). Thus A is Ext-finite.

Suppose next that A is Ext-finite. If ¥ is Ext-injective, Homz(X,Y) = 0.
Otherwise, since EXt_}‘(T;Y, X) is of finite R-length, so is Homz(X,Y’) by Lemma
2.5(1). This shows that A is Hom-finite. Similarly, A is Ext-finite if and only if A
is Hom-finite. The proof of the corollary is completed.

3. MINIMAL APPROXIMATIONS

Throughout this section, A stands for an exact R-category, and C for an exact
subcategory of A, that is, C is an extension-closed full subcategory of A. The
objective of this section is to study when an almost split sequence in A induces an
almost split sequence in C. For this purpose, we need to introduce some notation
and terminology. Let C and C stand for the full subcategories generated by the
objects in C of A and A, respectively. Observe that the injectively stable category
C of C is a quotient category of a while the projectively stable category C is a
quotient category of C.

3.1. DEFINITION. Let X € A. A morphism f: M — X in A with M € C is called
a right injectively stable C-approzimation of X if f is a right C-approximation of
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X in A; and a minimal right injectively stable C-approzimation if, in addition, fis
right minimal in A and M has no non-zero summand which is Ext-injective in A.

In a dual manner we define, for an object in 4, the notions of left projectively
stable C-approzimation and minimal left projectively stable C-approzimation.

3.2. LEMMA. Let X € A with a right injectively stable C-approximation f : M — X.
If M is Krull-Schmidt, then f decomposes as f = (g,h) : N@® L — X, where g is
a minimal right injectively stable C-approximation of X.
Proof. Let M be Krull-Schmidt. Then f = (f1,...,fr) : M =M1 ®---® M, — X,
where the M; are strongly indecomposable in C. If f is injectively trivial in .4, then
0:0 — X is a minimal injectively stable C-approximation of X. Otherwise, we may
assume that there exists some 1 < s < r such that M; is Ext-injective in A if and
onlyifs<i<r.PutU=M® - -®dM;andu= (f1,...,fs) :U — X. Thenu is a
right E—approximation of X in A. By Lemma 1.2, the M; with 1 <4 < s are strongly
indecomposable in A. Hence, by Proposition 1.1, the idempotents in Endz(U) split
in A. Therefore, there exists a decomposition @ = (7,0) : U = Ve W — X,
where ¥ is right minimal in A; see [20, (1.4)]. Then o : V — X is a minimal
right E—approximation of X in A. Since V is a direct summand of M in A, by
Proposition 1.1, we may assume that A has an isomorphism p : N — V., where
N =M &---&® M, for some 1 <t < s. Setting g = vp, we get a minimal right
E—approximation G: N — X of X in A. Therefore, g : N — X is a minimal right
injectively stable C-approximation of X. The proof of the lemma is completed.
The following result characterizes the Ext-projective objects and the Ext-injective
objects in C which admit an almost split sequence in A.

3.3. LEMMA. Let 0— X —Y — Z —0 be an almost split sequence in A.

(1) If Z € C, then Z is Ext-projective in C if and only if 0 — X is a right injectively
stable C-approzimation of X.

(2) If X € C, then X is Ext-injective in C if and only if Z — 0 is a left projectively
stable C-approximation of Z.

Proof. We shall prove only Statement (1). For each L € C, by Proposition 2.1,

there exists a non-degenerate R-bilinear form

<, >:Homgyz(L, X) x Ext}(Z,L) — I.

If Z € C, then Extj(Z, L) = Ext}(Z, L). Therefore, Z is Ext-projective in C if and
only if Extg(Z, L) = 0 for all L € C, if and only if Hom4(L,X) = 0 for all L € C,
that is, 0 — X is a right injectively stable C-approximation of X. The proof of the
lemma is completed.

We shall now show that minimal C-approximations of almost split sequences in A

are almost split sequences in C. For this purpose, the following preparatory lemma
will be useful.

3.4. LEMMA. Let Z € C with an almost split sequence 0 — X —Y — 7 —(
in A, and let X have a minimal right injectively stable C-approximation f : M — X.
(1) For L € C, the map Exty(L, f) : Exty(L, M) — Exty(L, X) is injective.

(2) Ifu: L — M lies in C, then u € Ic(L, M) if and only if fu € I4(L,X) .
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(3) If Z is not Ext-projective in C, then M is indecomposable.
Proof. (1) Let L € C, and consider a pushout diagram

n: 0—M—>E—L—0
N
¢: 0—X—F—L—0

in A. If ¢ splits, then ts = 1 for some ¢t : F' — X, and hence f = (tg)r. Since E € C,
there exists some h : E — M such that tg = fh. This gives rise to f = f - hr.
Since f is right minimal in A, we see that hr is an automorphism of M in A.
Therefore, wr = 1, for some w : E — M. That is, 1 — wr is injectively trivial in A.
In particular, 1 — wr factors through r. Then r is a section, that is, ) splits.

(2) Let u: L — M be a morphism in C. Assume first that fu is not injectively
trivial in A. Let ¢ : Exty(Z,X) — I be an R-linear form such that o(8) # 0.
In view of Proposition 2.1, there exists { € Extj‘(Z,L) such that p(ful) # 0. In
particular, u ¢ # 0. Since ( lies in C, we see that u & I¢(L, M). Suppose conversely
that fu is injectively trivial in A. If n : 0— L —=F — N —( is a short
exact sequence in C, then (fu)n = 0, that is, f(un) = 0. By Statement (1), we have
un = 0. Therefore, u € I¢(L, M).

(3) Since the right Endy(Z)-module Ext)(Z, X) has a simple socle, every non-
zero Endy(Z)-submodule of Ext;(Z, X) is indecomposable. Suppose that Z is not
Ext-projective in C. In particular, it is not Ext-projective in .A. By Lemma 3.3(1),
f is not injectively trivial in A. By Proposition 2.1, Ext;(Z, M) # 0. Observe
that Extf(Z, f) : Exti(Z, M) — Extj(Z, X) is Enda(Z)-linear and injective by
Statement (1). Thus, Exty(Z, M) is isomorphic to a non-zero End4(Z)-submodule
of Exty(Z, X), and hence, it is an indecomposable right End4(Z)-module. Assume
that M = M; & M, with non-zero injections ¢; : M; — M, ¢ = 1,2. By the
hypothesis, M; and M, are non-zero in A. Since f is right minimal in A, we have
fqi# 0, and by Proposition 2.1, Exty(Z, M;) # 0, i = 1, 2. Since

Exty(Z, M) = ExtY(Z, My) ® ExtYy(Z, M>),

we get a desired contradiction. The proof of the lemma is completed.

3.5. PROPOSITION. Let Z be an object in C, which admits an almost split sequence
0: 0—X—=Y —=27—0 in A. Suppose that X has a minimal right injec-
tively stable C-approximation f: M — X. If M is Krull-Schmidt in C, then A has
a pushout diagram

n: 0—M-—N—>2—0

RN

0: 0—X—Y—=7—0;

and in any such pushout diagram, n is an almost split sequence in C.

Proof. Assume that M is Krull-Schmidt in C. Being non-zero, by definition, M
is not Ext-injective in \A. That is, M is non-zero in A. Being right minimal, f is
non-zero in A. By Lemma 3.3(1), Z is not Ext-projective in C. In view of Lemma
3.4(3), M is strongly indecomposable. Now, for each L € C, we deduce from Lemma
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3.4(2) that there exists an exact sequence

0 — I¢(L, M) —= Home(L, M) > Hom (L, X) —> 0

of R-modules, where f* is the map induced from the left multiplication by f. This
yields an R-linear isomorphism

Homg (L, M) — Homz (L, X) : @ +— fu,
which is clearly natural in L. That is, we have a functorial isomorphism
DHomyz(—, X)|¢c — DHomg(—, M).
On the other hand, by Theorem 2.2, there exists a functorial monomorphism
Ext)(Z, —) — DHomg(—, X).
Since Extg(Z, —) = Exty(Z, —)|c, we get a functorial monomorphism
¢ : Ext(Z, —) — DHomg(—, M).

Observe that f is not injectively trivial. By Proposition 2.1, there exists a non-

zero extension ¢ € Exty(Z, M) such that f¢ # 0. Since § is almost split in A, there

exists g € End4(Z) such that 6 = (f¢)g = f(Cg). This establishes the existence of
a commutative diagram as stated in the proposition.

Now, let n € Ext;(M,Z) be such that fn = 6. Suppose that un # 0 for
some u € rad(End¢(M)). Since d is almost split, there exists some v : M — X
such that v(un) = 6. Since f is a right 5—approximation of X, there exists some
w: M — M such that o = fw. This yields fn = § = f(wun). By Lemma 3.4(1),
17 = (wu)n. Since wu € rad(Ende(M)), we get n = 0, a contradiction. This proves
that 7 lies in the Ende(M)-socle of Exty(M, Z). Since ¢y is an Ende(M)-linear
monomorphism, ¢az(7) is almost vanishing on Endg(M). By Theorem 2.2, 7 is an
almost split sequence in C. The proof of the proposition is completed.

The following statement generalizes the main results stated in [8]; see also [11].
Observe that we impose no finiteness assumption.

3.6. COROLLARY. Let A have almost split sequences. If C is Krull-Schmidt and
functorially finite in A, then C has almost split sequences.

Proof. Assume that C is Krull-Schmidt and functorially finite in A. Let Z € C be
indecomposable but not Ext-projective. In particular, Z is not Ext-projective in
A, and hence there exists an almost split sequence 0 — X —Y — 7 —0 in
A. By the assumption and Lemma 3.2, X has a minimal right injectively stable
C-approximation f : M — X. By Lemma 3.3(1), f is non-zero, and hence, M is
Krull-Schmidt. By Proposition 3.5, C has a almost split sequence ending with Z.
This shows that C has right almost split sequences. Dually, C has left almost split
sequences. The proof of the corollary is completed.

Next, we shall establish the converse of Proposition 3.5. For this purpose, some

finiteness assumptions are required.

3.7. PROPOSITION. Let R be artinian, and let § : 0 — X —Y — 7 —(0 and
n: 0—M—>=N—Z7—=0 be almost split sequences in A and in C, respec-



ALMOST SPLIT SEQUENCES 13

tively. If Homg (L, M) € modR for any L € C, then n embeds in a pushout diagram
n: 0—M-—=N—>27—>0

AR
0: 0—X—=Y—=7—0
in A; and in any such pushout diagram, f is a minimal right injectively stable
C-approximation of X, and g is a right injectively stable C-approximation of Y.
Proof. Suppose that Homg (L, M) is of finite R-length, for every L € C. Since § is
almost split, A has a commutative diagram

n: 0—>M—>N->7—0
oo
5 0— X >y 7 —=0.

Fix an R-linear form ¢ : Extj(Z, X) — I such that ¢(5) # 0. This yields an
R-linear form
v Bxte(Z, M) = 1: ¢ ¢(fC)
such that ¢ (n) = ¢(d) # 0. Let L € C. By Proposition 2.1, we have non-degenerate
R-bilinear forms

<, >4t Homz(L,X) x Exty(Z,L) — I : (3,¢) — ¢(q¢)
and
<, >y Homg (L, M) x Exte(Z, L) — I : (5,¢) — $(p¢).

Let ¢ : L — X be a morphism in A. Since Ext}y(Z, L) = Ext}(Z, L), we have an
R-linear form
<G, —>pt Exte(Z,L) = 1:(—<q, (> .

Since Homg (L, M) is of finite R-length, by Lemma 2.4, there exists p : L — M
in C such that <q, —>,=<p, —>y. That is, for any ¢ € Extfll(Z, L), we have

<q, (> =<p, (>p=1»(p¢) = o(fp¢) =<fp,(>, .

Since <, >, is non-degenerate, ¢ = fp. This shows that f is a right injectively
stable C-approximation of X, which is minimal since M is strongly indecomposable
in both A and A; see (1.2).

Next, consider a morphism h : L — Y in A with L € C. Since vh is not a
retraction, there exists w : L — N such that vh = sw = vgw. Thus h — gw = ut
for some ¢t : L — X. Using what we have just proved, there exists some morphism
j: L — M such that £ = fj, and hence h — gw = ufj = grj. This yields that
h = g(w +rj). That is, g is a right injectively stable C-approximation of Y. The
proof of the proposition is completed.

We are ready to obtain the main result of this section.

3.8. THEOREM. Let A be an eract R-category where R is artinian, and let C be an

exact subcategory of A which is Ext-finite and Krull-Schmidt.

(1) If A has right almost split sequences, then C has right almost split sequences
if and only if 17,Z has a right injectively stable C-approzimation, for any inde-
composable not Ext-projective object Z in C.
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(2) If A has left almost split sequences, then C has left almost split sequences if and
only if T X has a left projectively stable C-approzimation, for any indecompos-
able not Ext-injective object X in C.

Proof. We shall prove only Statement (1). Assume that A has right almost split

sequences. As seen in the proof of Corollary 3.6, the sufficiency follows from Propo-

sition 3.5 and Lemmas 3.2 and 3.3. Suppose now that C has right almost split
sequences. Let Z € C be indecomposable and not Ext-projective. Then C has an al-
most split sequence 0 — M —= N —= Z —= (0. For any L € C, since Exté(Z,L)
is of finite R-length, by Lemma 2.5(1), so is Homg(L, M). Thus, by Proposition

3.7, 7,7 has a minimal right injectively stable C-approximation. The proof of the

theorem is completed.

We conclude this section with an application. First, following [10], we shall say
that a pair (7, F) of full subcategories of A is a torsion theory if the following two
conditions are satisfied :

(1) For any objects T' € T and F € F, we have Homy(T, F') = 0.
(2) For any object X € A, there exists a canonical short exact sequence

0‘>t(X)‘>X‘>f(X)‘>0,
where ¢(X) € T and f(X) € F.

REMARK. If (7,F) is a torsion theory in A, then it is easy to see that 7 and F
are exact subcategories of A.

The following statement generalizes some of Hoshino’s results formulated for
modules over an artin algebra; see [13, Section 1]. Note that we do not impose any
finiteness conditions.

3.9. PROPOSITION. Let A be an exact R-category with a torsion theory (T, F), and
let 0— X —=Y —Z —0 be an almost split sequence in A.

(1) If Z € T is not Ext-projective, then T has an induced almost split sequence
0—tX)—=t(Y)—=Z—0.
(2) If X € F is not Ezt-injective, then F has an induced almost split sequence
0—X—f(Y)— f(Z)—0.
Proof. We shall only prove Statement (1). Suppose that Z € T is not Ext-
projective. Consider the canonical short exact sequence
0 —> t(X) > X —> f(X) —0.

Observe that g is a right 7-approximation, and hence a right injectively stable
T-approximation, of X. By Lemma 3.3(1), ¢ is not injectively trivial in A. In
particular, ¢(X) is not Ext-injective in A. Moreover, since ¢ is a monomorphism,
we have an R-linear isomorphism

Hom(#(X), 4) : Enda(t(X)) —= Hom4(t(X), X),
On the other hand, Hom 4(Z, f(X)) = 0 since Z € T, and thus, Ext;(f(X), X) =0

by Proposition 2.1. Applying Hom4(—, X) to the canonical short exact sequence
yields an R-linear epimorphism

Hom 4(g, X) : Enda(X) — Hom4(¢(X), X).
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Composing this with the inverse of Hom 4 (¢(X), ¢), we get an R-linear epimorphism
¢ : Enda(X) — End4(t(X)), which is a ring morphism. Since End4(X) is local,
so is Ends(t(X)). Hence, ¢ : ¢(X) — X is a minimal right injectively stable 7 -
approximation of X. By Proposition 3.5, A has a pushout diagram

0—t(X)—>N—Z—0

R

0— X —Y —27—0,

where the upper row is an almost split sequence in 7. Using the Snake Lemma, we
infer that N 2 ¢(Y). The proof of the proposition is completed.

The following statement is an immediate consequence of the preceding result.

3.10. COROLLARY. Let A be an exact R-category with a torsion theory (T,F).
(1) If A has right almost split sequences, then T has right almost split sequences.
(2) If A has left almost split sequences, then F has left almost split sequences.

4. REPRESENTATION CATEGORIES OF INFINITE QUIVERS

The purpose of this section is to illustrate some results obtained in the previous
sections. Let k a field, and let () be an infinite strongly locally finite quiver. The
category rep(Q) of locally finite dimensional k-representations of @) is hereditary,
abelian, but not Hom-finite. To a vertex x € @, one associates an indecomposable
projective representation P, and an indecomposable injective representation I, of
Q. As in the finite case, we have a Nakayama equivalence

v : proj(Q) — inj(Q),
where proj(Q) and inj(Q) are the full additive subcategories of rep(Q)) generated by
the P, and by the I, respectively. Furthermore, let rep™(Q) be the full subcategory
of rep(Q) generated by the representations with a projective presentation lying in
proj(Q), and let rep~(Q) be the one generated by the representations with an
injective co-presentation lying in inj(Q). If M € rep™(Q) is indecomposable and
non-projective with a minimal projective presentation

()‘>P1‘f>PO%-M‘>O,

then the kernel of v(f), written as DIr M, is an indecomposable non-injective object
in rep~(Q) such that Hom(L,DTrM) is finite dimensional for every object L €
rep(Q). Dually, if M € rep~(Q) is indecomposable and non-injective with a minimal
injective co-presentation

04>M4>],049>114>07

then the co-kernel of v~ (g), written as TrD M, is an indecomposable non-projective
object in rep™(Q) such that Hom(TrD M, L) is finite dimensional for every object
L € rep(Q). In [9, (2.8)], by showing that Ext'(M, —) = DHom(—, DTrM) and
Ext'(—, M) = DHom(TrD M, —), one obtained the following result; compare 2.6.

4.1. THEOREM. Let M be an indecomposable representation in rep(Q).

(1) If M € rep™(Q) is not projective, then rep(Q) has an almost split sequence
0—DItM —FE—M —0.
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(2) If M € rep™ (Q) is not injective, then rep(Q) has an almost split sequence
00— N—=F—TtrDN —0.

Now, it has been shown that rep*(Q) and rep(Q) are exact subcategories of
rep(Q)) which are Hom-finite, hereditary, abelian, and have as intersection the cat-
egory of finite dimensional representations; see [9, (1.15)]. As another application
of the results of the previous section, we give a short proof of the following result
which is obtained in [9, Section 3].

4.2. THEOREM. Let M be an indecomposable representation in rep(Q).

(1) If M € rep™(Q) is not projective, then rep*(Q) has an almost split sequence
0—L—=N— M —0 if and only if DTt M is finite dimensional; and in
this case, L = DTrM.

(2) If M € rep=(Q) is not injective, then rep—(Q) has an almost split sequence
00— M — N —L—=0 if and only if TxDM 1is finite dimensional; and in
this case, L = TrD M.

Proof. We prove only Statement (1). Let M € rep™(Q) be not projective. Then,

rep(Q) has an almost split sequence § : 0 — DTrM —= N — M —> 0, where

DIrM € rep (Q); see [9, (2.8)]. If DIrM is finite dimensional, then ¢ lies in

rep(Q), and hence it is an almost split sequence in rep™(Q).

Conversely, assume that 0 — [ — N —= M — ( is an almost split sequence
in rep™(Q). By Proposition 3.7, DTrM has a right injectively stable rep™(Q)-
approximation f : L — DTrM. Suppose that DTrM is infinite dimensional. Then
supp(DTr M) contains a left infinite path; see [9, (1.7)], which does not lie in supp L;
see [9, (1.6)]. In particular, there exists a vertex x in supp(DTrM) which does not
lie in supp L. Then Hom,ep(q) (P, L) = 0, but there exists a non-zero morphism
g: P, — DITM. Write g = jh, where j : X — DIrM is a monomorphism and
h: P, — X is an epimorphism. Then, we have Hom,e,(g)(X, L) = 0. Moreover,
supp X is contained in the intersection of supp P, and supp(DTrM). Note that
supp(DTr M) has some vertices ay, ..., a, such that every vertex in supp(DTrM)
is a predecessor of some of the a;; see [9, (1.6)]. Since @ is interval-finite, supp X
is finite. Thus X is finite dimensional. In particular, X has an injective envelope
q: X — J with J € inj(Q). Observe that j factors through f. Then j = 0, since
Hom,epq) (X, L) = 0. That is, j is injectively trivial, and hence j factors through
g. On the other hand, since rep(Q) is hereditary and DTrM is indecomposable,
Hom,epy(J, DIrM) = 0. This yields j = 0, a contradiction. The proof of the
theorem is completed.

REFERENCES

[1] F. W. ANDERSON AND K. R. FULLER, “Rings and Categories of Modules”, Graduate Text
Books 13 (Springer-Verlag, New York, 1973).

[2] M. AUSLANDER, “Functors and morphisms determined by objects”, Representation theory of
algebras (Proc. Conf. Temple Univ., 1976); Lecture Notes in Pure Appl. Math. 37 (Dekker,
New York, 1978) 1 - 244.

[3] M. AUSLANDER, “Almost split sequences and algebraic geometry”, Representations of algebras
(Durham, 1985); London Math. Soc. Lecture Note Series 116 (Cambridge University Press,
Cambridge, 1986) 165 - 179.



ALMOST SPLIT SEQUENCES 17

[4] M. AUSLANDER AND I. REITEN, “Representation theory of artin algebras III”, Comm. Alebra
3 (1975) 239 - 294.

[5] M. AUSLANDER AND I. REITEN, “Representation theory of artin algebras IV”, Comm. Alebra
5 (1977) 443 - 518.

[6] M. AUSLANDER, I. REITEN, AND S. O. SMAL®, “Representation Theory of Artin algebras”,
Cambridge studies in advanced mathematics 36 (Cambridge University Press, Cambridge,
1995).

[7] M. AUSLANDER AND S. O. SMAL®, “Preprojective modules over artin algebras”, J. Algebra
66 (1980) 61 - 122.

[8] M. AUSLANDER AND S. O. SMAL®, “Almost split sequences in subcategories”, J. Algebra 69
(1981) 426 - 454.

[9] R. BautisTa, S. Liu, AND C. PAQUETTE, “Representation theory of strongly locally finite
quivers”, Proc. London Math. Soc. (to appear).

[10] S. E. DICKSON, “A torsion theory for abelian categories”, Trans. Amer. Math. Soc. 121 (1966)
223 - 235.

[11] P. GABRIEL AND A. V. ROITER, “Representations of Finite Dimensional Algebras”, Algebra
VIII, Encyclopedia Math. Sci. 73 (Springer, Berlin, 1992).

[12] D. HAPPEL, “On the derived category of a finite dimensional algebra”, Comment. Math. Helv.
62 (1987) 339 - 389.

[13] M. HOSHINO, “On splitting torsion theories induced by tilting modules”, Comm. Algebra 11
(1983) 427 - 439.

[14] N. JACOBSON, “Structure of Rings”, American Mathematical Society Colloquium Publica-
tions 37 (American Mathematical Society, Providence, RI, 1956).

[15] P. JORGENSEN, “Calabi-Yau categories and Poincaré duality spaces”, Trends in Representa-
tion Theory of Algebras and Related Topics, EMS Ser. Congr. Rep. (European Mathematical
Society Publishing House, Ziirich, 2008) 399 - 431.

[16] P. JORGENSEN, “Auslander-Reiten triangles in subcategories,” J. K-Theory 3 (2009) 583 -
601.

[17] M. KLEINER, “Approximations and almost split sequences in homologically finite subcate-
gories”, J. Algebra 198 (1997), 135 - 163.

[18] M. KLEINER AND E. PEREZ, “Computation of Almost Split Sequences with Applications to
Relatively Projective and Prinjective Modules”, Algebr. Represent. Theory 6 (2003) 251 -

284.
[19] H. KRAUSE, “A short proof for Auslander’s defect formula,” Linear Algebra Appl. 365 (2003)
267 - 270.

[20] H. KRAUSE AND M. SAORIN, “On minimal approximations of modules”, Trends in the repre-
sentation theory of finite-dimensional algebras (Seattle, 1997); Contemp. Math. 229 (Amer.
Math. Soc., Providence, RI, 1998) 227-236.

[21] H. LENZING AND R. ZuAzua, “Auslander-Reiten duality for abelian categories”, Bol. Soc.
Mat. Mexicana 10 (2004) 169 - 177.

[22] P. N@, “Existence of Auslander-Reiten sequences in subcategories”, J. Pure Appl. Algebra
215 (2011) 2378 - 2384.

SHIPING L1U, DEPARTEMENT DE MATHEMATIQUES, UNIVERSITE DE SHERBROOKE, SHERBROOKE,
QUEBEC, CANADA
E-mail address: shiping.liu@usherbrooke.ca

PuiMAN NG, DEPARTEMENT DE MATHEMATIQUES, UNIVERSITE DE SHERBROOKE, SHERBROOKE,
QUEBEC, CANADA, J1K 2R1
E-mail address: pui.man.ng@usherbrooke.ca

CHARLES PAQUETTE, DEPARTMENT OF MATHEMATICS AND STATISTICS, UNIVERSITY OF NEW
BRUNSWICK , FREDERICTON, NEW BRUNSWICK, CANADA
E-mail address: charles.paquette@usherbrooke.ca



