AUSLANDER-REITEN THEORY IN A KRULL-SCHMIDT CATEGORY

SHIPING Li1u

ABSTRACT. We first introduce the notion of an Auslander-Reiten
sequence in a Krull-Schmidt category. This unifies the notion of
an almost split sequence in an abelian category and that of an
Auslander-Reiten triangle in a triangulated category. We then de-
fine the Auslander-Reiten quiver of a Krull-Schmidt category and
describe the shapes of its semi-stable components. The main result
generalizes those for an artin algebra and specializes to an arbi-
trary triangulated categories, in particular to the derived category
of bounded complexes of finitely generated modules over an artin
algebra of finite global dimension.

INTRODUCTION

Since its introduction in the early seventies; see [3, 4], the Auslander-Reiten
theory, that is the theory of irreducible morphisms and almost split sequences,
has been playing a fundamental role in the modern representation theory of artin
algebras. It has also an important impact to many other areas of mathematics
such as algebraic geometry and algebraic topology; see, for example, [1, 13, 14].
Indeed, it appears naturally in abelian categories such as the module category of
an artin algebra; see [4], additive categories with an exact structure such as the
representation category of a bocs; see [7], and triangulated categories such as
the derived category of bounded complexes in an abelian category; see [10, 13]
and cluster categories; see [9]. In order to unify the various existent versions, we
shall introduce and study this theory in a general Krull-Schmidt category. The
results generalize those, with some new ones, for a module category and are
applicable to general abelian categories and triangulated categories. We now
outline the content of the paper section by section.

While irreducible morphisms have been thoroughly studied in [6], we intro-
duce in Section 1 the notion of an Auslander-Reiten sequence in a Krull-Schmidt
category. Compared with those in categories with an exact structure and those
in triangulated categories, the Auslander-Reiten sequences in a Krull-Schmidt
category behave nicely under taking subcategories and quotients by an admis-
sible ideal; see (1.6). This has an interesting application on extensions between



indecomposable modules over an artin algebra; see (2.11). In subsequent pa-
pers, we shall provide more applications in problems involving the stable module
category of an artin algebra.

In Section 2, we define as usual the Auslander-Reiten quiver of a Krull-
Schmidt category. One of the important features of the Auslander-Reiten quiver
of an artin algebra is that it does not contain any sectional oriented cycle; see
[8]. We shall prove that the same holds true for a left or right Auslander-Reiten
category; for definition, see (2.6).

In Section 3, we recall the notion of degrees of an irreducible morphism,
which is originally introduced in a module category; see [17]. This is a powerful
tool in handling oriented cycles in an Auslander-Reiten quiver, the hardest task
in describing the shapes of Auslander-Reiten components.

Section 4 is purely combinatorial which deals with semi-stable valued trans-
lation quivers. If such a valued translation quiver contains no oriented cycle,
then it embeds in ZA with A some valued quiver without oriented cycles. On
the other hand, the typical examples of semi-stable valued translations quivers
containing oriented cycles are ray tubes and co-ray tubes. A characterization
of these semi-stable tubes was implicitly used in [18] and was explicitly stated
in [19, Section 2] but with no proof. Later, a rigorous proof first appeared in
a master thesis [15] written under the author’s supervision. Since it has never
been published, we include an improved version here.

Section 5 contains the main results of the paper. For many special kinds
of categories, a complete description of the Auslander-Reiten components has
been obtained; see, for example, [10, 13, 16, 22, 24]. For the module category
of an artin algebra, a general description of these components can be found
in [11, 18, 28]. Using the theory of degrees of irreducible morphisms as we
did in [17, 18], we shall show that most of these results hold true for Krull-
Schmidt categories, except that loops may show up in general. Fortunately, if
the category is a connected left or right Auslander-Reiten category, then we can
determine completely the Auslander-Reiten quiver in case it contains a loop.

In Section 6, we specialize our results to a triangulated category which is
triangle-connected but not triangle-simple. If such a triangulated category ad-
mits a left or right Serre functor; see [21], then each of its Auslander-Reiten
components is either a stable or semi-stable tube, or of shape ZA/G with A a
Dynkin quiver and G a group of automorphisms containing a positive power of
the translation, or embeds in ZA with A a locally finite valued quiver containing
no oriented cycle, where the semi-stable tubes will not appear if the functor is a
Serre functor. Applying this to the bounded derived category of an artin algebra
of finite global dimension, we show that every Auslander-Reiten component is
a stable tube or of shape ZA where A is a locally finite valued quiver with no
oriented cycle.



1. AUSLANDER-REITEN SEQUENCES

All categories considered in this paper are skeletally small. Morphisms in a
category are composed from the left to the right. Let R denote a fixed commu-
tative artinian ring. An R-category is a category in which the morphism sets are
R-modules and the composition of morphisms is R-bilinear. Such an R-category
is Hom-finite if the morphism sets are finitely generated as R-modules. Further,
one says that an idempotent e : X — X in an R-category splits if there exist
morphisms f : X — YV and g : Y — X such that e = fg and gf = 1y. In
a Hom-finite R-category, it is well known that idempotents split if and only if
indecomposable objects have a local endomorphism algebra.

Throughout, A stands for a Krull-Schmidt R-category, that is a Hom-finite
additive R-category in which idempotents split. The Jacobson radical rad(.A)
of A is the ideal generated by the non-isomorphisms between indecomposable
objects. For n > 1, rad"(A) denotes the ideal generated by the morphisms
which are composite of n morphisms lying in the radical. Finally, rad™(A) =
Np>1rad”(A) is called the infinite radical of A.

Let f: X — Y be a morphism in A. Recall from [4, 5] that f is irreducible
if f is neither a section nor a retraction while every factorization f = gh implies
that g is a section or h is a retraction. One calls f a source morphism, originally
called minimal left almost split morphism [4, 5], if f is not a section such that
every non-section morphism X — M factors through f and every factorization
f = fhimplies that h an automorphism of Y. In this case, X is indecomposable,
and if f is non-zero, then g : X — M is irreducible if and only if g = fh with
h:Y — M aretraction. One defines a sink morphism, originally called minimal
right almost split morphism [4, 5], in a dual manner. If f is a sink morphism,
then Y is indecomposable, and if f is non-zero, then g : N — Y is irreducible if
and only if g = hf with h: N — X a section.

We begin with two easy results concerning sink morphisms, which are known
in a module category; see, for example, [5]. Note that the dual results for source
morphisms also hold true.

1.1. LEMMA. If g:Y — Z is a sink morphism in A, then g = 0 if and only
if Y =0.

Proof. If g : Y — Z is a zero sink morphism, then g = Oy g. Thus Oy is an
automorphism of Y, that is Y = 0. The proof of the lemma is completed.

1.2. LEMMA. Given a commutative square
f

Y

ui

Y

g



in A, where f,g are non-zero sink morphisms. Then u is an automorphism of
Y if and only if v is an automorphism of Z.

Proof. Assume that u is an automorphism of Y, while v is not an automor-
phism of Z. Since Z is indecomposable, End 4(Z) is local. Thus v" = 0 for some
r > 0. This yields u"g = fv” = 0, and hence g = 0, a contradiction. Suppose
now that v is an automorphism of Z. Then gv~! is not a retraction. Hence
gv~t = wf for some w € End(Y). This gives rise to f = f(uw) and g = g(wu).
Hence, uw and wu are automorphisms of Y. Therefore, u is an automorphism
of Y. The proof of the lemma is completed.

Recall that a short exact sequence 0 — X —— Y —— Z — 0 in an abelian
category is an almost split sequence if u is a source morphism and v is a sink
morphism; see [3, 5]. We shall generalize this notion to a Krull-Schmidt cate-

gory. Let X Ty 2 Zbea sequence of morphisms in A. One says that

f is a pseudo-kernel of g if Hom4(M, X) LN Hom4(M,Y) 2% Homyu (M, Z)
is an exact sequence for every object M in A, and that g is a pseudo-cokernel

of f if Hom4(Z, N) <= Hom (Y, N) EAR Homy (X, N) is exact for every N in

A. Now we call the sequence X Loy 9. Z short exact if f is the kernel of g
while g is the cokernel of f, and short pseudo-exact if f is a pseudo-kernel of g
while g is a pseudo-cokernel of f.

1.3. DEFINITION. A short pseudo-exact sequence X oy 4 Znm A with
Y # 0 is called an Auslander-Reiten sequence if f is a source morphism and g
is a sink morphism.

It follows from Lemma 1.1 that an Auslander-Reiten sequence contains no
zero morphism. This property ensures that the following classical result for
almost split sequences in an abelian category holds true in a general Krull-
Schmidt category; compare [5].

1.4. THEOREM. Let A be a Krull-Schmidt R-category with X Ty 2.z
an Auslander-Reiten sequence.

(1) Up to isomorphism, the sequence is the unique Auslander-Reiten sequence
starting with X and the unique one ending with Z.

(2) Fach irreducible morphism f1 : X — Y1 or 1 : Y1 — Z fits into an
Auslander-Reiten sequence

X(fle)YlLIYQ ( ) IS

Proof. Let X Ly 25 7 be another Auslander-Reiten sequence in A.
By the uniqueness of source morphisms, there exist isomorphisms v : ¥ — Y’
and v/ : Y — Y such that f/ = fu and f = f'v/. Now f(ug’) = f'g =0
and f'(u'g) = fg = 0. Since the sequences are short pseudo-exact, we get a



commutative diagram as follows:

Since uu’ is an automorphism of Y, by Lemma 1.2, vv’ is an automorphism of
Z. Similarly, v'v is an automorphism of Z’, and hence v is an isomorphism.
This proves the uniqueness for X, and dually we have the uniqueness for Z.

Now let f; : X — Y7 be an irreducible morphism in A. Since f: X — Y is
a source morphism, f; fits in a source morphism (f, f2) : X — Y7 11 Y5. Hence
there exists an isomorphism u : Y — Y7 I Y3 such that (f1, fa) = fu. Setting
(91) = u~"g, we get the following commutative diagram :

x—Jt oy 2 .y

u
i J/ (91)

X (f1.f2) Y 11Y, 92 7
Since u is an isomorphism, the lower row is an Auslander-Reiten sequence.
Dually, each irreducible morphism g¢g; : Y7 — Z fits in a desired Auslander-
Reiten sequence. The proof of the theorem is completed.

1.5. PROPOSITION. If A is abelian, then a sequence X Ty L ZinA

is an Auslander-Reiten sequence if and only if 0 — X Loy L7 S 0isan
almost split sequence.

Proof. Let A be abelian with an Auslander-Reiten sequence X Ty 2z
Let h : Y — M be the cokernel of f. Then h = gu and g = hv for some
morphisms v : Z — M and v: Z — M. Since h = hvu, we get vu = 1j; and uv
is an idempotent in End4(Z). If wv = 0, then g = guv = 0, which is absurd.
Since End4(Z) is local, vu = 1z. This shows that g is also a cokernel of f.
Dually, f is a kernel of g. The proof of the proposition is completed.

Next, we shall investigate how Auslander-Reiten sequences behave under
taking quotients of A. Let Z be an ideal of A. One defines the quotient A/Z of
A modulo T as follows. The objects of A/T are those of A, and the morphisms
are given by Hom 4,7(X,Y) = Hom4(X,Y)/Z(X,Y). It is evident that A/Z is
an additive Hom-finite R-category. If X is an indecomposable object in A, then
either 1x € Z(X, X) or Z(X, X) C rad(X, X). Hence X, as an object in A/Z, is
either null or indecomposable with a local endomorphism algebra. Hence A/Z
is also a Krull-Schmidt R-category.



1.6. DEFINITION. An ideal Z of A is called admissible provided that it
satisfies the following conditions.

(1) If X,Y are indecomposable objects in A with 1x ¢ Z(X,X) and 1y ¢
Z(Y,Y), then Z(X,Y) C rad®(X,Y).

(2) If f: X — Y is a source morphism in A with 1y ¢ Z(X, X), then every
g € Z(X, M) can be written as g = fh with h € Z(Y, M).

(3) If f: X — Y is a sink morphism in A with 1y ¢ Z(Y,Y), then every
g € Z(M,Y) can be written as g = hf with h € Z(M, X).

1.7. LEMMA. Let Z be an admissible ideal A. For f € Homy(X,Y), write
f=f+Z(X,Y) € Homy,7(X,Y).

(1) If f : X =Y is an irreducible morphism in A with X, Y indecomposable,
then f: X —Y is irreducible in A/T whenever X,Y are non-zero in A/T.

(2) If f : X — Y is a source (epi)morphism in A, then f: X — Y is a
source (epi)morphism in A/T whenever X is non-zero in A/T.

(3) If f : X — Y s a sink (mono)morphism in A, then f : X —Y is a sink
(mono)morphism in A/Z wheneverY is non-zero in A/T.

Proof. Firstly, let X, Y be indecomposable objects in A with 1x ¢ Z(X, X)
and 1y ¢ Z(Y,Y). By definition, Z(X,Y) C rad*(X,Y). This gives rise to
rad4/7(X,Y) = rad(X,Y)/Z(X,Y), and rad’ ,7(X,Y) = rad*(X,Y)/Z(X,Y).
Hence, if f € rad(X,Y)\rad*(X,Y), then f € rad 4/7(X,Y)\rad% 7(X,Y).

Next, let f : X — Y be a source morphism in A with 1x € Z(X, X). We
claim that f is a not section. If this not the case, then there exists a morphism
f':Y — X in Asuch that 1x — ff' € Z(X, X). However, 1x — ff’ is invertible
since f € rad(X,Y). Hence 1x € Z(X, X), a contradiction. Let h : X — M
be a morphism in A such that A is not a section. Then h is not a section, and
hence factors through f. As a consequence, h factors through f. Moreover, let
u:Y — Y be a morphism in A such that f = fa. Then f — fu € Z(X,Y). By
definition, f — fu = fv with v € Z(Y,Y). This yields f = fw with w = u + v.
Then w is an automorphism of Y in A4, and hence @ = w is an automorphism
of Y in A/Z. This shows that f is a source morphism. Assume now that f is
an epimorphism. If ¢ : ¥ — N is a morphism in A such that fq € Z(X, N),
then fq = fq¢ with ¢’ € Z(Y, N). Since f is an epimorphism, we have ¢ = ¢'.
Thus f is an epimorphism. This proves Statement (2). In a dual manner, one
can prove Statement (3). The proof of the lemma is completed.

1.8. PROPOSITION. Let I be an admissible ideal of A. If X Ty 2.

is an Auslander-Reiten sequence in A, then X Ty Lz s a pseudo-exact
sequence in AJT, which is an Auslander-Reiten sequence whenever X,Y, and Z
are non-zero in A/ZL.

Proof. Let X .y %5 Z be an Auslander-Reiten sequence in A. If
h:Y — M is a morphism in A such that fh = 0 then, since Z is admissible,
there exists some hy € Z(Y, M) such that fh = fhy, that is f(h—hq) = 0. Thus
h — hy = ghy for some hy : Z — M. As a consequence, h = Ghs. This shows



that g is a pseudo-cokernel of f. Dually, f is a pseudo-kernel of g. If XY, Z

are all non-zero in A/Z, it follows from Lemma 1.7 that X Ly % Zisan
Auslander-Reiten sequence in A/Z. The proof of the proposition is completed.

We conclude this section with two examples of admissible ideals which are
important in our future application.

1.9. LEMMA. (1) The infinite radical of A is an admissible ideal.
(2) If B is a subcategory of A closed under summands, then the ideal of the
morphisms factoring through objects in B is admissible.

Proof. (1) The condition stated in Definition 1.6(1) is clearly satisfied. Let
f: X — Y be asource morphism in A, and let g : X — M be a morphism lying
in the infinite radical. Note that rad® (Y, M) = rad" (Y, M) for some r > 0.
Write g = Zle gi0gi1 - - - Gir, Where the g;; lie in the radical. Then g;0 = fhs,
i =1,...,s. Hence g = fh, where h = >0 higi1---gir € rad" (Y, M) =
rad® (Y, M). This verifies Definition 1.6(2), and one can verify Definition 1.6(3)
in a dual manner.

(2) Let B be a subcategory of A closed under summands, and let Z be the
ideal of the morphisms factoring through objects in B. Let X,Y be indecom-
posable objects in A not isomorphic to any objects in B. If f € Z(X,Y), then
f =wuv, where u : X — L and v : L — Y are morphisms with L € B. Since B
is closed under summands, u is not a section and v is not a retraction. Hence
f erad®(X,Y). This verifies Definition 1.6(1). Let now g : X — Y be a source
morphism in 4 with X not isomorphic to any object in B. If h € Z(X, M), then
h = hihg, where h1 : X — N and ho : N — M are morphisms with N € B.
Note that h; is not a section. Hence hy = fhg for some h3 : Y — N. This yields
h = f(hghs), where hzhs factors through N. Thus Definition 1.6(2) is verified.
Dually, one can verify Definition 1.6(3). The proof of the lemma is completed.

2. THE AUSLANDER-REITEN QUIVER

The objective of this section is to define the Auslander-Reiten quiver of a
Krull-Schmidt category. We begin with a brief recall of some combinatorial
background. Firstly, a quiver I' consists of a set I'g of vertices and a set I'y of
arrows between vertices. If z — y is an arrow in I", we say that x is an immediate
predecessor of y while y is an immediate successor of x. For a vertex x in I,
the set of immediate predecessors of x I' and that of immediate successors are
denoted by z+ and z7, respectively. We say that I" is left (respectively, right)
locally finite if x~ (respectively, x™T) is finite for all x € I'g, and locally finite if
it is left and right locally finite. A subquiver X' of a quiver I' is called full if all
arrows x — y in I' with z,y € Xy lie in X and conwvez if every path in I with
its end-points lying in X' lies entirely in X



Next, a valued quiver consists of a pair (I',v), where I' is a quiver without
multiple arrows and v is a valuation for the arrows, that is, each arrow = — vy is
endowed with a pair of positive integers (vyy, v}, ). We say that an arrow z — y
has trivial valuation if vy, = v;y =1, and I has trivial valuation if all arrows
have trivial valuation. A valued quiver (X, u) is a valued subquiver of (I',v) if
X’ is a subquiver of I' in which the arrows have the same valuation as in I

Moreover, a wvalued translation quiver consists of a triple (I, p,v), where
(I',v) is a valued quiver, and p is a bijection, called the translation, from one
subset of I'y to another one such that if x is a vertex with px defined, then % =
(pr)~ # 0 and (Ve y, v, ) = (Vg Vye) for every y € 2. We should point
out that valued translation quivers considered in this paper are not necessarily
locally finite and may contain loops; compare [11, Section 2]. A vertex x in
(I, p,v) is called projective or injective if px or p~x is not defined, respectively.
Finally, a valued translation quiver (X, o, u) is a valued translation subquiver of
(I, p,v) if (X, u) is a valued subquiver of (I',v) such that each non-projective
vertex x in X' is not projective in I' and ocx = px.

We now turn our attention back to a Krull-Schmidt R-category A. If X,Y
are indecomposable objects in A, then irr(X,Y) = rad(X,Y)/rad*(X,Y) is a
kx-ky-bimodule, where kz = End(Z)/rad(Z, Z). The dimension of irr(X,Y)
over kx and that over ky are written as d'yy and dxy, respectively. It follows
from Bautista’s result in [6, (3.4)] that if irr(X,Y") # 0, then d- is the maximal
integer such that A4 admits an irreducible morphism from X dxy to Y, while dxvy
is the maximal integer such that 4 admits an irreducible morphism from X to
Y4xv where Z™ denotes the co-product of n copies of Z. As a consequence, if
M — Y is a sink morphism, then d’y is the multiplicity of X as a summand
of M, and if X — N is a source morphism, then dxy is the multiplicity of Y
as a summand of V.

We are ready to define the Auslander-Reiten quiver I’y of A as follows. The
vertex set is a complete set of representatives of the isomorphism classes of
indecomposable objects in A. For vertices X,Y, there exists an unique arrow
X — Y with valuation (dxy,dxy) if and only if irr(X,Y") # 0. The translation
7, called the Auslander-Reiten translation, is such that X = 77 if and only if
A has an Auslander-Reiten sequence X — Y — Z.

2.1. PROPOSITION. If A is a Krull-Schmidt R-category, then the Auslander-
Reiten quiver I’y of A is a valued translation quiver.

Proof. Let A be a Krull-Schmidt R-category, and let Y be an object in Ig
with 7Y defined. Then A has an Auslander-Reiten sequence 7Y oLy
Since M is non-zero, Y has at least one immediate predecessor in I4. Now let
X — Y be an arrow in I4. Then X is a summand of M. Since f is a source
morphism, A admits an irreducible morphism from 7Y to X, that is I4 contains
an arrow 7Y — X. This shows that 7 is a translation for I'4. Moreover, both



d'yy and dry,x are equal to the multiplicity of X as a summand of M. It
remains to show that dy y = dxy. Indeed, by definition, each h € End 4(Y)
induces a commutative diagram

vty

bk

7Y — M —Y

in A, and every A’ € End(7Y) can be induced in this way. Applying Lemma
1.2 and its dual, we see that h is an automorphism of Y if and only if A’ is an
automorphism of 7Y. This shows that ky = k.y as R-algebras. In particular,
Ir(ky) = lgr(kry), where [g(U) denotes the R-length of a finitely generated
R-module U. Therefore, Ig(irr(7Y, X)) = lr(kry)d,y x = Ir(ky)d,y x. On
the other hand, one has

lR(irI'(TY,X>) = ZR(kx)dTy’X = lR(kX>d{XY = ZR(iI‘I‘(X, Y)) = lR(k/’y)dX’y.

This yields d’TY’ x = dxy. The proof of the proposition is completed.

2.2. DEFINITION. An object X in A is called pseudo-projective if there
exists a sink monomorphism M — X, and dually, pseudo-injective if there
exists a source epimorphism X — N.

2.3. LEMMA. If X is a pseudo-projective object in A, then there exists
no Auslander-Reiten sequence ending with X. Dually, if X is pseudo-injective,
then there exists no Auslander-Reiten sequence starting with X .

Proof. Assume that A admits an Auslander-Reiten sequence Z Ty Sx
as well as a sink monomorphism h : M — X. Then g = uh, where u is an
isomorphism. In particular, g is a monomorphism. Hence f = 0, a contradiction.
The proof of the lemma is completed.

2.4. PROPOSITION. If A is abelian, then an object X in A is pseudo-
projective if and only if X is indecomposable projective with a unique mazximal
subobject, and X is pseudo-injective if and only if X is indecomposable injective
with a unique maximal quotient object.

Proof. Let A be abelian with X an indecomposable object. It suffices to
prove the first part of the lemma, for which the sufficiency is well-known; see,
for example, [21]. Suppose that A has a sink monomorphism f : M — X. If
g : N — X is a monomorphism which is not an isomorphism, then g is not
an epimorphism. Hence g = uf for some morphism v : N — M. This shows
that M is the unique maximal subobject of X. If there exists an epimorphism
h : L — X which is not a retraction, then h = vf for some v : L - M. In
particular, f is an epimorphism, and hence an isomorphism. This contradiction
shows that X is projective. The proof of the proposition is completed.



The following easy result will play an important role in our investigation. It
was first formulated in a module category [17, (1.2)], and its validity in A4 can
be established by an easy adaption of the argument given in [19, (1.4)].

2.5. LEMMA. Let f :Y — Z be an irreducible morphism in A with Z
indecomposable. If there exists 0 : M — Y with 6 € rad"(M,Y)\rad" ' (M,Y)
for some n > 0 such that 0f € rad™ (M, Z), then

(1) Z is not pseudo-projective, and s
(f'9) ()

(2) if A admits an Auslander-Reiten sequence X ——=Y 1Y — Z,

then there existsn : M — X such thatn & rad™ (M, X), 0+nf" € rad" ™ (M,Y),
and g € rad" (M, Y").

2.6. DEFINITION. A Krull-Schmidt R-category A is called a left Auslander-
Reiten category if each indecomposable object in A is either pseudo-projective
or the end-term of an Auslander-Reiten sequence; a right Auslander-Reiten cate-
gory if each indecomposable object in A is either pseudo-injective or the starting
term of an Auslander-Reiten sequence; and an Auslander-Reiten category if it
is a left and right Auslander-Reiten category.

REMARK. It is easy to see that if A is a left or right Auslander-Reiten
category, then I’y is left or right locally finite, respectively.

EXAMPLE. (1) If A is an artin algebra then modA, the category of finitely
generated right A-modules, is an Auslander-Reiten category; see [3, 5].

(2) If k is an algebraically closed field, then the category of coherent sheaves
over P"(k) with n > 1 can be exhausted an ascending chain of left Auslander-
Reiten subcategories; see [20].

(3) The finite dimensional representations of the infinite quiver
- = —2 =1
over a field form a right Auslander-Reiten category; see [21].

Let p: 29 — 21 — -+ — x, with n > 0 be a path in a valued translation
quiver (I', p,v). A hookin p is an index ¢ with 0 < ¢ < n such that x;_1 = px;41.
We say that p is sectional if p admits no hook; and pre-sectional if, for each hook
¢ in p, one has vy, 4, ., > 1, or equivalently ’U"/L’i—lyxi > 1. Clearly, a sectional
path is pre-sectional. Furthermore, an oriented cycle zy — 1 — -+ — =, = xg

is called sectional or pre-sectional if the augmented path
Lo — Ty — "7 Tp-1 7 To L1

is sectional or pre-sectional, respectively. Specializing to the Auslander-Reiten
quiver Iy, note that a path Xo — X; — -+ — X, is pre-sectional if and only
if, for each hook i, there exists an irreducible morphism X;_; II X;_; — X, or
equivalently an irreducible morphism X; — X, I1 X;,4, in A.
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2.7. LEMMA. Let A be a left or right Auslander-Reiten category, and let
Xo— X1 — - — X, withn >0 be a path in I4.

(1) If the path is sectional and f; : X;_1 — X; is irreducible, i = 1,...,n,
then fy--- fn & rad" ™ (X, X,).

(2) If the path is pre-sectional, then A admits some irreducible morphisms
fi: Xi1—> X, i=1,....n, such that f1--- f, & rad”Jrl(Xo,Xn).

Proof. We consider only the case where A is a left Auslander-Reiten category.
For i = 2,...,n, set Y; = 7X; if X; is not pseudo-projective and Y; = 0
otherwise, and put Y, +; = 0. In both cases, A has irreducible morphisms from
Xi—l H)/i-i-l to Xi7 1= 1,...,n.

Assume first that the path is sectional. Let f; : X;_ 1 — X;, i =1,...,n, be
irreducible morphisms. Applying Lemma 2.5, one can show by induction that
if (g) : X;_1 Y41 — X, is irreducible, then fi --- fi — nigs & rad™™(Xo, X5),
for every n; : Xo — Yiy1; for details, see [12, (13.3)]. Setting 1, = 0, we get
fi-o f €rad™ (X0, X,).

Assume next that the path is pre-sectional. Applying Lemma 2.5, one can
find by induction irreducible morphisms (gb) X Y — X5, 0=1,...,n,
such that fi--- f; — migi & rad"™ (X, X;) for every n; : Xo — Yiy1; for details,
see [17, (1.15)]. The proof of the lemma is completed.

The following theorem generalizes a well known result of Bautista and Smalg
saying that the Auslander-Reiten quiver of an artin algebra has no sectional
oriented cycle; see [8].

2.8. THEOREM. If A is a left or right Auslander-Reiten category, then I4
contains no pre-sectional oriented cycle.

Proof. We consider only the case where A is a left Auslander-Reiten category.
Let Xg — -+ — X1 — X, = Xo be an oriented cycle in I4. Suppose
that Xg — -+ —» X,_1 — Xo — Xj is a pre-sectional path. Let r be the
nilpotency of the radical of End(X;). Repeating the preceding path, we get
a pre-sectional path Yy — -+ = Y,y —= Y, — -+ = Y., 1 — Y., in [}y,
where Yj4; = X;, 0 < j <rand 0 <i < n. By Lemma 2.7(2), there exist
irreducible morphisms f; : Y;_1 — Y; such that f;--- fi., # 0. On the other
hand, f--- frn € rad" (X1, X1) = 0, a contradiction. The proof of the theorem
is completed.

Next, we shall study the quotient categories of a left or right Auslander-
Reiten category modulo an admissible ideal.

2.9. PROPOSITION. Let T be an admissible ideal of A. If A is a (left,
right) Auslander-Reiten category, then A/T is a (left, right) Auslander-Reiten
category, and I’z 1is the full translation subquiver of I'a generated by the objects
X with 1x ¢ T.

Proof. We consider only the case where A is a right Auslander-Reiten cate-
gory. First of all, the objects X in I4 with 1x ¢ Z form a complete set of
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representatives of the isomorphism classes of indecomposable objects in A4/Z.
Fix an object X in Iy with 1x & Z. If X is pseudo-injective in A then, by
Lemma 1.7(2), X is pseudo-injective in A/Z. Otherwise, A has an Auslander-

Reiten sequence X Sy 4oz By Proposition 1.8, X Ty L7
short pseudo-exact in .A/Z, where f is a source morphism by Lemma 1.7(2).
If 1y € T or 1z € T, then it is easy to see that f is an epimorphism, that is
X is pseudo-injective in A/Z. If 1y ¢ 7 and 1z ¢ T then, by Proposition 1.9,

X L. v 2. 7 is an Auslander-Reiten sequence in A/Z. Thus, A/Z is a right
Auslander-Reiten category.

Next, if Y is another object in Iy with 1y ¢ 7 then, as we have seen before,
rad4,z(X,Y) = rad(X,Y)/Z(X,Y) and rad’ (X, Y) = rad*(X,Y)/Z(X,Y).
As a consequence, we have irr4,7(X,Y) = irr(X,Y) as R-modules. Moreover,
kX = EndA/I(X)/radA/I(X,X) = kx, and ky = EndA/I(Y)/radA/I(Y, Y) =
ky as R-algebras. This concludes that I" 4/7 contains an arrow X — Y if and
only if so does I4, and in this case, X — Y has the same valuation in I' 4 /7 and
in I4. Finally, let A/Z have an Auslander-Reiten sequence M — N — X. We
may assume that M, N € Iy with1); € Zand 1y € Z. As seen previously, A has
an Auslander-Reiten sequence M —— U —— V, where U,V € I’y with 1y ¢ T
and 1y ¢ Z, which induces an Auslander-Reiten sequence M — U —— V in
A/Z. By Theorem 1.4(1), X = V. Hence the Auslander-Reiten translate of X
in A and that in A/Z coincide. The proof of the proposition is completed.

EXAMPLE. (1) If A is an artin R-algebra then, by Lemma 1.9(2) and Propo-
sition 2.9, the projectively stable category mod A of modA, as well as the injec-
tively stable category modA, is an Auslander-Reiten R-category.

(2) Let S be a complete regular local commutative k-algebra with residue
field k, and let A be an S-algebra which is free of finite rank as an S-module. If
A is an isolated sigularity or nonsingular, then the projectively stable category
of finitely generated A-modules which are free as S-modules is an Auslander-
Reiten k-category; see [2], [27, (3.4.5)].

2.10. THEOREM. Let A be a left or right Auslander-Reiten category, and
let Xg — X1 — -+ — X, be a sectional path in I'y. If there exist irreducible
morphisms f; : X;_1 — X; such that fy--- f, factors through some object Y,
then one of the X; is a summand of Y.

Proof. We consider only the case where A is a left Auslander-Reiten category.
Let Y be an object in A, and let Z be the ideal of the morphisms factoring
through summands of Y. By Lemma 1.9(2), Z is admissible, and for an object
X in I4, we see that 1x € 7 if and only if X is isomorphic to a summand
of Y. By Proposition 2.9, A/Z is a left Auslander-Reiten category. Assume
that 1x, ¢ Z,4 = 0,1,...,n. By Proposition 2.9, Xg - X; — --- — X,, is a
sectional path in I' 4/7. If fi : X;—1 — X; are irreducible in A then, by Lemma
1.7(1), fi : X;—1 — X, is irreducible in A/Z, i = 1,...,n. By Lemma 2.7(1),
fi-- fu#0. Thatis, f; - - - f, does not factor through any summand of Y. The
proof of the Theorem is completed.
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As an application, we have the following interesting result concerning the
extensions between indecomposable modules over an artin algebra.

2.11. PROPOSITION. Let A be an artin algebra. Assume that the Auslander-
Reiten quiver of A has a sectional path Xg — X1 — -+ — X,,.

(1) If the X; are all non-projective, then Ext!(X,,7X;) # 0 for 0 <i <n.

(2) If the X; are all non-injective, then ExtYy(Xo, 7~ X;) # 0 for 0 <i < n.

Proof. Tt suffices to prove the first statement. If none of the X; is projec-
tive, then 7Xg — 7X; — --- — 717X, is a sectional path in the Auslander-
Reiten quiver of A. Let f; : 7X;_1 — 7X, be irreducible maps in mod A,
j=1,...,n. By Theorem 2.10, f;--- f,, does not factor through any injective
module in mod A. Therefore, Extl(X,,,7X;) = DHoma(1X;,7X,) # 0, for
i=0,1,...,n. The proof of the proposition is completed.

3. DEGREES OF IRREDUCIBLE MORPHISMS

Let A be a Krull-Schmidt category. We shall introduce the notion of degrees
of irreducible morphisms in A and collect some of their properties. This was
originally introduced and studied in a module category; see [17]. In most cases,
we shall refer the details of a proof to [17, 19].

3.1. DEFINITION. Let f : X — Y be an irreducible morphism in A with
X or Y indecomposable. We define the left degree d;(f) of f to be the minimal
integer n > 1, if such an integer exists, for which there exists a morphism
6 € rad" (M, X)\rad" " (M, X) such that 6f € rad"(M,Y); and to be infinity
if such an integer does not exist. In a dual manner, we define the right degree

d-(f) of f.
The following result follows immediately from the definition.

3.2. LEMMA. Let f: X — Y be an irreducible morphism in A with X or
Y indecomposable. If p :' Y — Y1 is a retraction, then di(fp) < di(f) and if
q: X1 — X is a section, then d,.(qf) < d,(f).

We now state the following key observation.

3.3. LEMMA. Let X LN X1 — - — X, =, X, be a chain of
irreducible morphisms between indecomposable objects in A. If Xo & X,,, then
at least one of the f; has finite left degree and at least one has finite right degree.

Proof. Assume that Xy = X,,. Then f;---f, € rad(Xo, Xo), and hence
(fi--fn)" = 0 for some r > 0. Setting X4, = X; and fjn4s = fi, for
i=1,...,n; 7 =1,...,r — 1. Suppose that d;(f;) = 0o, i = 1,...,n. Then
di(f;) = 00,4 =1,2,...,rn. Since f1 & radQ(Xo,Xl), it follows by induction
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that f1--- f; & raudiJrl(X(LXi)7 1=1,2,...,rn. In particular, f1fo--- frn # 0.
This contradiction shows that one of the f; is of finite left degree. Dually, one
of the f; is of finite right degree. The proof of the lemma is completed.

As an immediate consequence of Lemma 2.5, we have the following result.

3.4. LEMMA. Let f :Y — Z be an irreducible morphism in A with Z
indecomposable. If f is of finite left degree, then

(1) Z is not pseudo-projective, and ., )

(2) if A admits an Auslander-Reiten sequence X (f—’le]_[Y’ s 7z
with Y’ #£ 0, then di(g') < di(f).

In the sequel, we shall collect some properties of the left degree of irreducible
morphisms in a left Auslander-Reiten category. The dual results hold for the
right degree of irreducible morphisms in a right Auslander-Reiten category.

3.5. LEMMA. Let A be a left Auslander-Reiten category, and let f : X — Y
with Y indecomposable be an irreducible morphism of finite left degree in A. If

Y,—= - =Y —-Yy=Y

is a pre-sectional path in I’y such that A admits an irreducible morphism from
X1Y: toY, then the Y; are not pseudo-projective and there exist irreducible
morphisms f; : 7Y;_1 — Y; such that di(f,) < -+ < di(f1) < di(f), and
consequently, n < d;(f).

Proof. The result follows from a recursive application of Theorem 1.4(2),
Lemmas 3.2 and 3.4. The proof of the lemma is completed.

3.6. LEMMA. Let A be a left Auslander-Reiten category. If X — Y is an
arrow in Ix, then the irreducible morphisms from X to'Y have the same left
degree which is infinite in case dxy > 1 and d'yy > 1.

Proof. Let f,g: X — Y be irreducible morphisms in A. If dxy > 1 and
d'sy > 1, using Lemma 3.5, one deduces that d;(f) = d;(g) = oo; for details, see
[19, (1.6)]. Otherwise, f = ga+h or f = bg+h, where a € Aut(Y'), b € Aut(X),
and h € rad*(X,Y). Tt follows then from the definition that d;(f) = d;(g). The
proof of the lemma is completed.

Let A be a left Auslander-Reiten category. By Lemma 3.6, we may define
the left degree of an arrow X — Y in I4 to be that of any irreducible morphism
f: X =Y. It follows from Lemma 3.3 that an oriented cycle in I4 contains at
least one arrow of finite left degree.

3.7. LEMMA. Let A be a left Auslander-Reiten category, containing an
irreducible morphism f : X — Y1 1'Ys, where X,Y1,Ys are indecomposable. If
di(f) < oo, then there exists an irreducible morphism g : 71 1 7Ys — X such
that di(g) < di(f).
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Proof. The result follows from Lemmas 2.5 and 3.6; for details, see [19,
(1.10)]. The proof of the lemma is completed.

A vertex x in a valued translation quiver (I, p,v) is called left stable if p'x is
defined for every i > 0, right stable if p~*x is defined for every i > 0, and stable
if p'x is defined for every integer i. If X — Y is an arrow in Iy with X,Y left
stable, then we define the global left degree of X — Y to be the minimum of the
left degrees of the arrows of the form 7Y — 7¢X and 7' X — 7'Y with i > 0.

3.8. LEMMA. Let A be a left Auslander-Reiten category, and let I'4 have
two infinite pre-sectional paths containing only left stable objects

=X, == X — X
and
=Y, —--=Y =Y

with Xo = Yy. If A has an irreducible morphism from X1 1Y, to Xq, then
Xn+1 — Xy and Y1 — Y, are of infinite global left degree for every n > 0.

Proof. Assume that A has an irreducible morphism from X;I1Y; to Xg. Fix
an integer 7 > 0. For each j > 0, since the X,, are left stable, I’ has an infinite
pre-sectional path

c— Tan — e TjXH_Q —>7'in+1
such that A has an irreducible morphism from 771 X; 1177 X;,5 to 77 X, 1. By
Lemma 3.5, 791X, — 77 X;41 is of infinite left degree. Consider now the arrow
X401 — ™ X;. If i =0, then 77X, — 77X is of infinite left degree since I4
has an infinite pre-sectional path

=Y, = =17 - 7Y

such that A has an irreducible morphism from 77 X; I 77Y; to 77Y,. If i > 0,
then I’4 has an infinite pre-sectional path

Co Y, Y, S X - P S X

such that A has an irreducible morphism from TinH I 771X, to 7 X;.
Hence 77 X; 1 — 77 X; is of infinite left degree. This shows that X;;; — X; is
of infinite global left degree. By symmetry, Y;11 — Y; is of infinite global left
degree. The proof of the lemma is completed.

3.9. COROLLARY. Let A be a left Auslander-Reiten category, and let
o Xy — = X1 = Xg = X X, e

be a double infinite pre-sectional path in I'x. If the X, are all left stable, then
Xnt1 — X, is of infinite global left degree for every integer n.
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Proof. Assume that the X,, are all left stable. Then, for each integer i, there
exist in A two infinite pre-sectional paths containing only left stable objects

=X~ Xy — = X = X

and
o T Xy o = TX g o X

such that A has an irreducible morphism from 7.X;_; I X;;11 to X;. Now the
result follows from Lemma 3.8. The proof of the corollary is completed.

3.10. LEMMA. Let A be a left Auslander-Reiten category, and let I’y have
an infinite sectional path containing only left stable objects as follows:

—>Xn—>—>X1—>X0

If there exists some i > 1 such that X; — X;_1 is of finite global left degree,
then Xy has at most two left stable immediate predecessors in Ix, moreover,
X1 — Xy s trivially valued in case v > 1.

Proof. Assume that X; — X, 1 with ¢ > 1 be of finite global left degree.
It follows from Lemma 3.8 that d’ = 1. We claim that the middle term
of the Auslander-Reiten sequence ending with Xy has at most two (including
multiplicity) left stable indecomposable summands. Indeed, let 5 > 0 be such
that 77 X; — 77X,_1 or 71X, 1 — 77X, is of finite left degree. Note that I’y
contains an infinite sectional path

o X, == T X - T X

By Lemma 3.5, 7/ t'X,_; — 77X, is of infinite left degree, and consequently,
7 X; — 7/ X,;_1 is of finite left degree. Applying Lemma 3.5 to the sectional
path 771X, — 77H72X; — ... — 79F1X, » — 77X, ; (which is trivial in
case i = 1), we see that 7/ 7"1X; — 77771X, is of finite left degree. If the
claim is false, then the middle term of the Auslander-Reiten sequence ending
with 79t~1 X, has a summand of the form 77+~1 X, I1Y; I1Y>, where Y;, Y are
left stable and indecomposable. By Lemma 3.4(2), there exists an irreducible
morphism f : 77Xy — Y; I1 Y, of finite left degree, and by Lemma 3.7, we
have an irreducible morphism g : 7Y; Il 7Yy — 7911 X, with d;(g) < di(f). On
the other hand, I contains an infinite sectional path

N SALD (R AL Sl S ALY, €

such that A has an irreducible morphism from 7Y; II 7Y II 794X, to 794 X,.
By Lemma 3.5, d;(g) = oo. This contradiction establishes the claim. In parti-
cular, Xy has at most two left stable immediate predecessors in I4. If ¢ > 1,
applying the above claim to X, we get dlrxo,xl =1, that is dx,x, = 1. The
proof of the lemma is completed.

If P is a path in a valued translation quiver (I', p,v) containing only left
stable vertices then, for each i > 0, we denote by p'P the path in I' obtained
by applying p’ to P.
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3.11. LEMMA. Let A be a left Auslander-Reiten category, and let I’y have
an infinite sectional path containing only stable objects

P = X, - — Xy — X

If P contains infinitely many arrows of finite global left degree, then so does
TP for every m > 0.

Proof. Assume that P contains infinitely many arrows of finite global left
degree. Fix a positive integer m. To show that 7P contains infinitely many
arrows of finite global left degree, it suffices to show that if X1 — X is of finite
global left degree for some s > m, then there exists some ¢ with s —m <7< s
such that 7 X117 — 7™X; is of finite global left degree. Indeed, let » > 0
be such that 7" X1 — 77X, or 7"t X, — 77X, is of finite left degree.
Applying Lemma 3.5 to the infinite sectional path

> 7'TAX7L+1 - TTXn e TTX3+2 - TTXs—i—la

we see that it is 7" Xsy1 — 7" X, which has finite left degree. If » > m, then
T X1 — 7 X, is of finite global left degree. Otherwise, applying Lemma 3.5
to the sectional path

Tmefm%»r - Tmefm+r+1 T TT—HXsfl — 7" X,

we see that 7" Xs_ary1 — 77 Xs_mir is of finite left degree with s — m <
s —m+r < s. The proof of the lemma is completed.

4. SEMI-STABLE VALUED TRANSLATION QUIVERS

The objective of this section is to describe semi-stable valued translation
quivers. Let (I, p,v) be a valued translation quiver. We say that (I, p,v) is
left stable (respectively, right stable, stable, p-periodic) if each vertex in I is
left stable (respectively, right stable, stable, p-periodic). Given a valued quiver
(A,v) with no oriented cycle, one defines a stable valued translation quiver
ZA as follows. The vertices are pairs (n,z), where n € Z and = € Ag; each
arrow ¥ — y with valuation (vgy,v,) in A induces, for each integer n, two
arrows (n,r) — (n,y) and (n+1,y) — (n,z) in ZA with valuations (vsy, vy, )
and (v}, vy ), respectively; and the translation is defined by sending (n, ) to
(n+1,x2), for all n € Z and = € Aj. Next, we recall the definition of the orbit
graph O(I') of I'. For each vertex = in I', the p-orbit o(x) of = is the set of
vertices of the form p"z with n € Z. Now the vertices in O(I") are the p-orbits in
I', and O(T") contains an edge 01 — 05 if and only if I" contains an arrow x1 — x5
or 9 — x1 with z; € 0;, 1 = 1,2. Note that O(I") is not necessarily locally finite
even if I' is locally finite. Furthermore, a valued translation quiver morphism
v (X,0,u) = (I',p,v) is a quiver morphism ¢ : X — I' such that ¢(X) is a
valued translation subquiver of I'. Such a morphism is called an embedding if its
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action on the vertices is injective, and an embedding ¢ : (X, 0,u) — (I, p,v) is
called orbit-complete if (X)) meets each p-orbit in I'. Finally, a full connected
valued subquiver A of I' is called a section if A is convex, contains no oriented
cycle, and meets exactly once each p-orbit in I'. In this case, there exists an
orbit-complete embedding I' — ZA sending p™x to (n,x), which we call the
canonical embedding; see [19, (2.1),(2.3)].

4.1. LEMMA. Let (I', p,v) be a valued translation quiver which is connected
and left stable.

(1) If z,y € Ty, then there exists r > 0 such that p"x is a predecessor of y.

(2) If I' contains a non-trivial path from x to y, then x = p™y withn > 0 or
I' contains a sectional path x =x9 — -+ — Ts — Ts41 = p'y with r,s > 0.

Proof. (1) Being connected, I" contains a walk y = zg—x1 —- - —x¢ = 2.
Since p is defined everywhere, an easy induction on ¢ shows that I' contains a
path p"x =ys — -+ — yo =y with r, s > 0.

(2)Let x =yp — -+ = ys—1 — y =y with ¢t > 0 be a path in I". If t = 1,
then z — y is a sectional path. Assume that ¢ > 1 and that either x = p"y;_1
for some n > 0 or there exists a sectional pathx =29 — -+ — 25 — 2541 = p'
with s,7 > 0. In the first case, x — p"y is a sectional path. In the second
case, I' contains a path x = 29 — -+ — 24 — 2541 — p"y. If this path is not
sectional, then zy = p"+y. If s = 0, then 2 = p" Ty with r +1 > 0. Otherwise,
T =2zy— - — zs_1 — zs = p'y is a sectional path. The proof of the lemma
is completed.

The following result describes the left stable valued translations with no
oriented cycle. This is a generalization of Theorem 3.4 stated in [18], where the
condition that I" contain at most finitely many injective vertices is imposed.

4.2. THEOREM. Let (I',p,v) be a connected left stable valued translation
quiver. If I' contains no oriented cycle, then there exists an orbit-complete
embedding I' — ZA, where A is a valued quiver with a unique sink but no
oriented cycle, and if in addition the paths in I' with injective end-points have
bounded number of hooks, then A can be chosen to be a section in I.

Proof. Assume that I' contains no oriented cycle. We shall first construct
the valued quiver A from the orbit graph O(I") with the canonical orientation
and valuation. For this purpose, fix arbitrarily a vertex a in I'. For n > 0, let
A™ be the full valued subquiver of I' generated by the vertices x for which
there exists some 7 > 0 such that p"z is a predecessor of p"™"a while there
exists no s > 0 such that p°z is a predecessor of p*t"*+1q. Since I' contains no
oriented cycle, p"a € A™ for every n > 0. Now we divide the proof into several
sub-lemmas.

(1) For each n > 0, A™ s convex in I'. Let z,z be vertices in A™ and y
a vertex lying on a path from x to z. If r > 0 is such that p"z is a predecessor
of p"t™a, then p"y is a predecessor of p"+"a. If there exists some s > 0 such
that p®y is a predecessor of p*t"*+1lq, then p°z is a predecessor of p*t"*lq, a
contradiction. Thus y € A™.
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(2) If z € A™ for some n > 0, then pmz & A™ for every m # 0. Let
r > 0 be such that p"z is a predecessor of p"t"a. If m > 0, then p"(p™x)
is a predecessor of p"t"*™q, and hence a predecessor of p"T"*'a. Therefore,
pme & A Since 2 € A" this in turn implies that p™z ¢ A™ for m < 0.

(3) If z € A for some n > 0, then pr € A"V and p=x € A"
whenever n > 0 and x is non-injective. Let r > 0 be such that p"z is a
predecessor of p"t"a. Then p"(pz) is a predecessor of p"t(*+Na, If s > 0,
then p*(pz) = p**1x is not a predecessor of plst+ntly — pst(n+D+1g  Thys
pxr € A" Suppose now that n > 0 and # is not injective. Then p™(p~z) =
p"z is a predecessor of p"T"a = prtD+H(=1 g Moreover, if there exists some
s > 0 such that p*(p~z) is a predecessor of p*T("=D+lg = pstng then p°z is a
predecessor of pstnt! n=1),

(4) If 2 — y is an arrow with y € A™ | then x lies in A™ or A+ Let
r > 0 be such that p"y is a predecessor of p"t"a. Then p"x is a predecessor
of p™t"a. Suppose that z & A"™. Then p°z is a predecessor of p*tntlg =
p* T+t g for some s > 0. If p'a is a predecessor of p!+(*+D+1g for some t > 0,
then pi*tly is a predecessor of ptttD+n+1g a contradiction. Hence z € AHY,

a, a contradiction. Thus p~x € Al

(5) For each vertez x in I, there exist some s,n > 0 such that pz € A™.
Moreover, ¢(x) = n — s is well-defined such that (px) = ¢(x) + 1. By Lemma
4.1(1), there exists some s > 0 such that p°x is a predecessor of a. Since
a € A9 we deduce from (4) that p*z € A™ for some n > 0. Furthermore,
let »,m > 0 be such that p"z € A We may assume that m > n. By
(3), ptsg e A and by (2), r = m —n+s. Thatisn—s = m —r.
Thus ¢(z) is well-defined. Finally, by (3), p*(pz) = p(p*z) € A"V, Hence
Lpr)=(n+1)—s=(n-—s)+1=4Lz)+1

(6) Let © — y be an arrow in I'. If r,s > 0 are such that p"z, p°y € A
for somen >0, thenr =s orr =s—1. By (4), p°z lies in AM or AFY On
the other hand, by (3), p"*'z € A"V By (2), r=sorr+1=s.

(7) If 01 — 02 is an edge in O(I"), then o1 # 02, and some A with n >0
contains an arrow x — y ory — x with x € 01 and y € o3. By the definition of
O(I'), we may assume that I" contains an arrow = — y with = € 01 and y € 0s.
Suppose that 01 = 03. Then y = p"z for some integer r. Since I' contains no
oriented cycle, we have r < 0. Thus z is a predecessor of p"*'z. This yields
an oriented cycle from p"t'z from p"t'x passing through z, a contradiction.
Therefore, 0; # 02. Furthermore, by (3) and (5), there exist r,s,n > 0 such
that p"z, p*y € AM™. By (6), either r = s or r = s — 1. Note that p"z — p"y
and p"tly — p"x are arrows in I'. Thus either p"z — p°y or p°y — p"x is an
arrow in A,

Now, let 01 — 02 be an edge in O(I"). By (7), there exists some n > 0 such
that A™ contains an arrow z — yory — x with € 0; and y € 05. We orient
the edge 01— 02 from 07 to oy with valuation (vxwv;y) in the first case, and
from o0 to oy with valuation (vys,v;,) in the second case. It follows from (3)

and (2) that this orientation and the valuation do not depend on the choice of
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n. Hence, we have a well-defined orientation and valuation for O(I"), and we
denote by A the resulted valued quiver.

(8) A contains no oriented cycle and has o(a) as an unique sink. Assume
that 04 — -+ — o, is a path in A. It follows from (3) and (5) that there
exists some n > 0 such that A™) contains vertices z; € 0;, 1 =1,...,t. By the
definition of the orientation on A, there exists a path x1 — z9 — --+ — x4 in
AM In particular, A contains no oriented cycle. Now let o = o(y) be a vertex
in A. By (5), there exist s,n > 0 such that p°y € A Thus there exists some
r > 0 such that I' contains a path p" Sy = yg — y1 — -+ — Ym = p" " "a. By
(3), p" oy, p"a € At By (1), the preceding path lies entirely in A,
This gives rise to a path o(y) — o(y1) — -+ — o(a) in A. Hence o(a) is the
unique sink in A.

(9) There exists an orbit-complete embedding ¢ : I' — ZA. For x € Iy, we
define po(z) = (£(z), ofx)). By (5), po(pz) = (€(p), o(p)) = (€(x) + 1,0(x)).
Thus ¢ is compatible with the translations. Let z,y be vertices in I'. We
claim that I' contains an arrow « : x — vy if and only if ZA contains an
arrow o : (£(z),0(x)) — (£(y),o0(y)) and we define ¢1(a) = o'. First, assume
that o exists. By construction, A contains either an arrow o(z) — o(y) with
L(x) = L(y) or an arrow o(y) — o(z) with £(z) = £(y) + 1. By the definition
of the orientation on A, there exists ¢ > 0 such that A® contains an arrow
pPx — ply with £(x) = £(y) or an arrow ply — pPx with £(z) = £(y) + 1 where
p,q are integers. If the first situation occurs, then t —p = £(x) = l(y) =t — ¢
that is p = ¢, and hence x — y is an arrow in I'. If the second situation occurs,
then t —p = l(z) = L(y) + 1 =t — ¢+ 1 that is ¢ = p + 1, and consequently,
x — gy is also an arrow in I'. Conversely, assume that « exists. Let s,n > 0 such
that p°y € A™ | Since p°cr — p°y is an arrow in I, by (4), p°z lies in AM or
AT Tn the first case, A contains an arrow o(z) — o(y) with £(z) = £(y), and
hence o' exists. In the second case, {(z) = (n+1)—s=(n—s)+1=~0(y)+ 1.
By (3), p*tly € AV and hence AV contains an arrow p*tly — px.
By definition, o(y) — o(z) is an arrow in A, and hence ZA has an arrow
(U(y)+1,0(z)) — (£(y),o(y)), that is, o’ exists. This establishes our claim, and
yields a valued translation quiver morphism ¢ = (g, 1) from I' to ZA such
that ¢(I") is a valued translation subquiver of ZA which meets every translation
orbit. Finally, let x,y be vertices in I' such that (¢(x),o0(z)) = (£(y),o(y)). We
may assume that y = p™x with m > 0 and p°y € A™ with s,n > 0. Then
p" 5 € A Hence n — (m + s) = £(z) = {(y) = n — s, and consequently
m = 0. This shows that ¢ is an orbit-complete embedding.

To conclude the proof, assume that the paths in I" with injective end-points
have bounded number of hooks. We shall show that there exists some ¢t > 0
such that A™ with n > ¢ contains no injective vertex. Suppose that this is
not the case. Let go be an injective vertex in A0) with ng > 0. Since I is
connected and contains no projective vertex, there exists some mgy > ng such
that I' contains a non-sectional path from p™°a to qo. Now there exists some
ny > mg such that AT™) contains an injective vertex ¢}. Let > 0 be minimal
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such that I" contains a path ¢ from p"q} to p"T"1a. By the minimality of r, the
path ¢ contains an injective vertex g;. Therefore, I' contains a non-sectional
path from ¢ to gp. Repeating this argument, I contains paths with injective
end-points which have arbitrarily many hooks, a contradiction.

Let o be an p-orbit in I'. By (5) and (3), there exists some n > ¢ such
that A™ contains a vertex z lying in o. If n > t, by (3), p=z € A=),
Using induction, we see that p!™"z € AW Thus A® meets every p-orbit in
I'. Furthermore, let x be a vertex in AD | Tet r > 0 be minimal such that p"z
is a predecessor of p"tta. Since p"z, p" T "a € AT with r 4t > ¢, any path
from p"z to p"tta contains no injective vertex. Thus r = 0 by the minimality
of r. This shows that A® is connected and has pla as an unique sink. Since
I' contains no oriented cycle, by (1) and (2), A% is a section in I'. Now the
canonical embedding I' — ZA® is a desired embedding. The proof of the
theorem is completed.

A valued translation quiver is called smooth if it is trivially valued and each
vertex has at most two immediate predecessors and at most two immediate
SUCCESSOTS.

4.3. LEMMA. Let (I, p,v) be a connected left stable valued translation quiver
which is smooth and contains a path p"x1 — x5 — --- — x1 with r > s. If the
p-orbits of x1,...,xs are pairwise different and not p-periodic, then they are the
only p-orbits in I.

Proof. Assume that the p-orbits o(x1),...,0(xs) are pairwise different and
not p-periodic. Applying repeatedly p”, we get an infinite path

el e R R A

in I', which is sectional since the x; are not p-periodic. Let x be a vertex in I.
By Lemma 4.1(1), there exists some ¢ > 0 such that p'z is an predecessor of
x1. It suffices to prove the following claim: if I" contains a path of length n > 0
from a vertex y to z1, then y lies in one of o(z1),...,0(zs). This is trivially
true if n = 0. Assume that n > 0 and the claim holds for n — 1. Then y is
an immediate predecessor of some p/z;, where 1 < i < s and j is an integer.
If j < 0, then p~Jy is an immediate predecessor of x;. Thus we may assume
with no loss of generality that 7 > 0. Suppose first that ¢ = 1. Let m > 0 be
such that j +m = rq with ¢ > 1. Then p™y is an immediate predecessor of
p"9x1. If s > 1 then, since I' is smooth, p™y = p"@=DHlg, or pmy = prix,.
If s = 1, then p™y = p" @tz or pmy = p"(@=DHlg,  Therefore, y lies in one
of o(z1),...,0(zs). Suppose now that 1 < ¢ < s. Since I' is left stable, there
exists another infinite sectional path

R p2r+3x1 —p Ve, == p ey = play— = Py

in I'. Ifi < s, theny = plx;, ory = pTla; . Ifi = s, then y = p!* "z or
y = pPTlz,_1. This proves our claim. The proof of the lemma is completed.
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Next we shall deal with semi-stable valued translation quivers containing
oriented cycles. Recall that a vertex x in I' is a coray vertex if I' has an infinite
sectional path, called a coray,

T Ty 7 Tp—1 > T2 X1 =X,

with pairwise different vertices and trivially valued arrows such that, for each
i > 1, the path x;41 — x; — --- — x9 — 27 is the only sectional path of length
¢ in I' ending with x. Let this be the case. For each positive integer n, we
construct a valued translation quiver I'[z,n] as follows. The vertices of I'[z,n]
are those of I' plus the new vertices (i,7), where ¢ > 1 and 1 < j < n. The
arrows of I'[x, n| are the arrows in I" with the same valuation which are different
from the arrows y — x; with y # ;1 and ¢ > 1, plus the following new arrows
with trivial valuation:

(1) (¢ +1, 5) — (4, j), wherei > 1 and 1 < j <mn;

(2) (4, j+1)— (i+1, j), where i > 1T and 1 < j < n;

(3) (n+i—1, 1) — z;, where i > 1;

(4) y — (i, n), where i > 1 and y — x; is an arrow in I" with y # x;41.

The translation o of I'[x, n] is defined so that, for z € I'g, we have oz = pz
in case pz is defined and z # x; for every i > 1, and 0z = (n + ¢, 1) in case
z = x; for some ¢ > 1, and o(4, j) = (4, j+ 1) fori>1and 1 < j <mn, and
finally, o (¢, n) = px; whenever pz; is defined. We say that I'[z,n] is obtained
from I' by inserting n co-rays at x. Note that if I" is left stable, then I'[z,n]
is left stable and contains n new injective vertices (1,1),...,(n,1). Dually, we
have the notions of a ray vertexr and a ray, and construct a valued translation
quiver [z,n]I" from I' by inserting n rays at a ray vertex x. If I" is right stable,
then [x,n]I" is right stable and contains n new projective vertices.

One calls I' a stable tube if I' =& ZA,/<o™>, where o is the translation
of ZA and n is a positive integer called the rank of I'. We shall say that I’
is a coray tube (respectively, ray tube) if it is obtained from a stable tube by a
finite number of successive coray-insertions (respectively, ray-insertions). The
ray tubes and co-ray tubes do appear as Auslander-Reiten components of artin
algebras; see [23]. They can be characterized by the following result and its
dual.

4.4. THEOREM. A connected valued translation quiver (I', p,v) is a coray
tube if and only if it is left stable, smooth, and contains a path

PG — g — = p Mg — ™M,
where 1 < s<r,and 0 <m; <mg < --- <mg <r+mq, and q1,...,qs are
pairwise distinct injective vertices.
Proof. For the necessity, let I’(O), F(l), e '™ = I be valued translations
quivers, where I'¥) is a stable tube of rank n while I'®) with k > 0 is obtained
from I*~1) by inserting sp (> 1) corays. By construction, the '™ are left
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stable and smooth. We shall prove by induction that I’ (%) with k > 0 contains a
desired path. Indeed, the injective vertices in 'Y are g1=(,1),5=1,...,51,
and '™ contains a path p"t51q11 — g5, 1 — @s,—11 — -+ — qu1 withn+s; >
s1 > 1. Suppose that I'®) with k > 1 contains a path

Prq1r = P sk = s = P = P T s k-1
— P12 — Q51 = 1 — Q11
where 0 <ng <--- <np <r,and s +---+ s, <r, and the gj;; with 1 <¢ <k
and 1 < j <'s; are the injective vertices in I'®) Then the coray-vertices in )
are the plql)l with 0 <[ <r —ny — 2 and the plqli withl <i<kand 0<I[<
n; —n;_1 —2. We consider only the case where kD — F(k)[pl_lqli, Sk+1] with
l<i<kand1l<I[<mn;—n;_1— 1, since the case where i = 1 is similar. Let
q1,k+15- -+ {spyq,k+1 De the new injective vertices of kD, By construction,
I'**Y contains paths /J'qui,i B plqui = Qopir kb1 — 0 = QL1 and

i—ni—1—1 i—ni—1—1
portitiTia Tty kg1 = e pSERETR g g —
— (s, _q,i—1 7 " (1,4-1-
Thus I'**1) contains a desired path
pT+5k+1 Q1 — p5k+l+nkq8k7k e p5k+1+nkq17k — ..
— pSEREig e PRI gy
Sk i—l E i—l
—  ptrtiTlg k1 e pSE T g
= pMTIqs, i1 e o PTq —
- gs;1 0 (11

Conversely, assume that I is left stable, smooth and contains a path
(x): plxy — x5 — - —> 1

as stated in the theorem. Applying repeatedly p” to this path, we get an infinite
sectional path

P: ..._>p2’rz1_)prxs_>..._>prxl_>$s_>..._>xl
in I'. Rewrite the path (x) in the following form:

(%) PTG = P G = = LR = P sy k1
= P2 = P s = = P,

where 0 < nj <ng < --- < np <r+mny,and sg+ -+ s = s < r, and the
gji with 1 <4 <k and 1 < j < s; are pairwise different injective vertices. Set
Ng+1 =1 +ny and sk = 1. If ny —n;—1 < s; for every 2 < i < k+ 1, then
r= Zfizl(nz —ni—1) < Zlesi, which is a contradiction. Hence ny —ns_q1 > st
for some t with 2 <t < k+ 1. If t <k, then I" contains a path

pnk+1q1t pnk+1—nt+nt—1q5til’t71 e — pnk+1—m+nt71q1’t71 ...
n —n Tk —n

PTG 1 e Pl TN gy

qik — "

n —n
P QY t41 > st — 0 > Qe

—
—
T —N¢ . N —"Nt
= PTGk p
—
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where ngy1 — (ngy1 — ng +ne—1) = ny — ng—1 > s;. Therefore, with no loss of
generality, we may assume that ny = 0 and r — ng > s; in the path (xx). In
particular, » — nj > 2. If y is an immediate predecessor of p"~"*~2¢;;, then
py is an immediate predecessor of p" ™ ~lg;;. Since I' is smooth, we have
PY = Qs O Py = p" "™~ lz where z is the immediate predecessor of ¢i; in
the path (x). The first case does not happen since g,  is injective. This shows
that p"~™2¢;; has exactly one immediate predecessor p" ™2z in I'. Since
I is left stable, for each 1 < I < r — ny — 2, the vertex p'q;; has exactly one
immediate predecessor plz in I'. Since s1 — 1 < r —ng — 2, we get s; co-rays
p' P ending with p'qy1, 1 =0,...,s; — 1. Since P is a co-ray, we see that ¢;; has
no successor in case s; > 1, and ¢;; with 1 < j < s; has exactly one immediate
successor gj_1,1. Set Y1 = p"lqi1 if k =1, and otherwise y1 = p™? " 'qi2, that
is 91 is the non-injective immediate successor of gs, 1. Let

(k%%) S Yp D Y1 = = Y2 — U
be the infinite sectional path with ys # ¢, 1, and let
C2p > Zpm1 & > 22 — 21 = p0l g

be the infinite sectional path p*' P. We shall construct a new valued translation
quiver (7,0) with trivial valuation. The vertices in 7 are the vertices in I’
which do not belong to any of the corays p'P, 1 =0,...,s; — 1. The arrows in
T are the arrows a — b in I' with a,b € 7, plus the new arrows z; — y;t1,
i =1,2,---. Finally, for each vertex x in 7, we define ox = z; in case x = y;
for some i > 1; and otherwise, ox = px. It is easy to see that 7 is connected,
left stable and smooth. Moreover, the path (* % %) becomes a coray in 7 such
that I' = Tly1, s1]. If k =1, then z; = oy; and

T—81—1+51q11 _ O,T—sl—lzl = g'—s1

yi=p""qu=p Y.

Similarly, we have y; = " %ty; for ¢ > 2. This implies that 7 is a stable
tube of rank r — s1, and hence I is a coray tube. Assume that £ > 1. Then
PP i1 = 21 = oy1 = 0™ qa1. Hence p"~"2qy = p" 1T gy = 0" "% gqpp. In
view of the path (xx), we see that 7 contains a path

0_7‘781(]12 — a.nkf’ﬂg ne—n2

— 0

Qs k — - — 0 Qe — -

77,3*7l2q13 — q52¢2 — e —» q12

withr —s1 > s+ ---+spand 0 <ng—ng < -+ <np—ng <r—s;. By the
inductive hypothesis, 7 is a coray tube, and so is I'. The proof of the theorem
is completed.

5. AUSLANDER-REITEN COMPONENTS

Let A be a Krull-Schmidt R-category. We wish to have a general description
of the shapes of the connected components of I4. This can be achieved by
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studying certain subquivers of 4. We say that a full subquiver I" of Iy is left
(respectively, right) stable if it is closed under 7 ( respectively, 7~ ), stable if it
is left and right stable, and semi-stable if it is left or right stable. It is easy to
see that semi-stable subquivers of I'4 are locally finite. We start with stating a
well known result; see, for example, [22, (2.2)].

5.1. LEMMA. Let A be a connected Krull-Schmidt R-category. If I' is a
finite connected component of I4 in which every object admits both a source
morphism and a sink morphism, then I' = I4.

If A is abelian, then every irreducible morphism is a monomorphism or an
epimorphism, and consequently, I’4 contains no loop. This is, however, not the
case in general. On the other hand, if A is a connected left or right Auslander-
Reiten category, then we shall be able to determine completely I4 if it contains
a loop. For this purpose, we say that A is AR-ezxact if every Auslander-Reiten
sequence is a short exact sequence. For instance, an abelian category is always
AR-exact; see (1.5). Moreover, we say that an indecomposable object X in .4
is homogeneous if X = X, and A is a homogeneous Auslander-Reiten category
if every indecomposable object in A is homogeneous.

5.2. THEOREM. Let A be a connected left or right Auslander-Reiten cate-
gory. If I'x contains a loop, then A is an Auslander-Reiten category which is
homogeneous but not AR-exact, and I’q is smooth of the following shape:

F\ ° AL A

\4 - G e e

Proof. We consider only the case where A is a left Auslander-Reiten category.
Let X — X be aloop in I'4. By Theorem 2.8, X — X — X is not pre-sectional.
Thus 7X = X and d’yyx = 1. Thendxx =d;xx =dxx =1. Let f: X - X
be an irreducible morphism, which embeds in an Auslander-Reiten sequence :

§

X (u,f1) XHYi (g) X

If Y7 = 0, then the loop X — X alone is a connected component of 4.
By Lemma 5.1, I'4 consists of this loop. Hence A is a homogeneous Auslander-
Reiten category, which is not AR-exact since f is not an epimorphism.

Consider now the case where Y7 # 0. By Lemma 3.3, d;(f) < co. Suppose
that Y7 has a summand Z; 11 Z; with Z;, Z5 indecomposable. By Lemmas 3.4(2)
and 3.2, there exists an irreducible morphism h : X — Z7 II Zy with d;(h) <
di(f). By Lemma 3.7, there exists an irreducible morphism A’ : 721 11775 — X
with dj(h') < d;(h). In particular, 721 I1 775 is a summand of X ITY;. Since
dy x =1, we have X % Z;, and hence X % 7Z;, i = 1,2. Therefore, 72, I1 72,
is a summand of Y;. By Lemma 3.4(2), there exists an irreducible morphism
'+ X — X such that d;(f") < d;(h'). Thisyields d;(f") < di(f), a contradiction
to Lemma 3.6. Thus Y} is indecomposable and Y7 % X. Since d;(f) < oo, it
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follows from Lemma 3.5 that there exists a maximal integer n > 1 for which Iy
contains a pre-sectional path

(*) Yo=Y, 11— - —2YV1 - =X

Moreover, the Y; with 0 < ¢ < n are not pseudo-projective. For 0 < i < n,
denote by ¢; the Auslander-Reiten sequence ending with Y;. Setting Y_; = X,
we claim that ¢; is of the foom V; — ¥, 1 IY, ;1 — Y;, 4 =0,1,...,n — 1.
Indeed, this is the case for i« = 0. Assume that there exists a minimal 0 < r < n
for which the claim does not hold. Then the middle term of ¢,_;1 is Y,._5 I1Y,..
Since 7Y; = Y;, for —1 < i < r, we have Y, _o 1Y, 2 Y, _» II 7Y,, and thus
7Y, 2 Y,. Therefore, the middle term of ¢, has a summand Y, 1Y, ; 11 Z,
with Z, indecomposable. By Lemmas 3.5 and 3.4(2), there exists an irreducible
morphism wu, : Y, — Y,11 II Z, such that d;(u,) < d;(f), and by Lemma
3.7, there exists an irreducible morphism v, : 7Y, I 77, — Y, such that
di(v.) < di(u,). Since 7Y; 2 Y;, i = —1,0,...,r, there exists in [4 a pre-
sectional path X - X - Y] — - =Y, 1 =Y, Since Y, U 7Y, 1 LI 7Z, is
a summand of the middle term of ¢,., by Lemma 3.5, there exists an irreducible
morphism h : X — X such that d;(h) < d;(v,), and hence d;(h) < d;(f), which is
again contrary to Lemma 3.6. Our claim is established. In particular, Y;,_oII7Y},
is isomorphic to Y,,_oI1Y,,, the middle term of ,,_;. Hence 7Y,, 2Y,,. It follows
from the maximality of n that €, is of the form Y,, — Y,,_1 — Y,,. Therefore, the
full translation subquiver of I'’4 generated by the Y; with ¢ < 0 < n is a connected
component. By Lemma 5.1, the Y; with ¢ < 0 < n are the indecomposable
objects in A up to isomorphism. In particular, A is a homogeneous Auslander-
Reiten category.

Next, we claim that the Y; with 0 < ¢ < n are pairwise non-isomorphic.
If this is not the case, then there exists some minimal s with 0 < s < n such
that Yy = Y; for some t with s < t < n. Since the middle term of ¢, is
indecomposable, we have ¢t < n. If s = 0, then ¢ > 1 and Y;4; = X or
Yi11 =Y;. By Theorem 2.8, ;11 = X, and thus I4 has a pre-sectional path

X—-X-Y 11— —-YV1—-X—-X,

which is contrary to Theorem 2.8. Thus 0 < s <t < n, and then Y;_1 1Y, =
Yi—1 I Yiy1. Therefore, Ys_1 = Y1 or Y51 = Y1, which contradicts the
minimality of s. Our second claim is proved. In particular, Iy is trivially
valued. This shows that I4 is of the shape as stated in the theorem. It remains
to show that A is not AR-exact. Setting fy = f and applying repeatedly
Theorem 1.4(2), we find Auslander-Reiten sequences

fi
}/;. M—l)_) Y;‘_lHY;—Q—l (9—7;)) Yiia Z.:()?]'""’nil’

and Y, 2% Y, ELR Y,. Dually, setting ug = f, we get Auslander-Reiten
sequences

(qi, ui) (uf,rl)
5

}/i }/7;+1H}/i—1—>1/;5i20717"'7n_17
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and Y, % Y, 2 V,,. This yields

fn(gn—l T glgohohl te hn) = Pn—1"""P1Poqoq1 " - QH—lunhn =0.

Since gn—1 - g1gohohi - - - hy, # 0 by Lemma 2.7(1), f, is not an epimorphism.
That is, €, is not a short exact sequence. The proof of the theorem is completed.

REMARK. The above result was established by Xiao and Zhu for triangulated
categories having Auslander-Reiten triangles; see [26].

EXAMPLE. (1) Let A be a Krull-Schmidt category over a field ¥ with an
unique indecomposable object X whose endomorphism algebra is the quotient

of k[z] modulo z2. Setting f = Z € End(X), we see that X Lox Lixis
the unique Auslander-Reiten sequence in A. Therefore, A is a homogeneous
Auslander-Reiten category with I’4 consisting of a single loop at X.

(2) Let S be a complete discrete valuation commutative ring with quotient
field K. In [25], Wiedemann gave a complete description of the indecomposable
S-orders A in a semi-simple K-algebra which admit an irreducible map from
some indecomposable A-lattice to itself, and showed that the Auslander-Reiten
quiver of such an order A is of the shape as stated in Theorem 5.2.

5.3. LEMMA. Let A be a left Auslander-Reiten category, and let I' be a
connected left stable subquiver of I'x containing an infinite sectional path

=X, — = X — Xo.

If the path contains infinitely many arrows of finite global left degree, then I' is
smooth and contains no double infinite sectional path.

Proof. Assume that the path contains infinitely many arrows of finite global
left degree. For i,j > 0, by Lemma 3.11, the infinite sectional path in I" ending
with 77 X; generated by the objects 77 X,, with n > 4 contains infinitely many
arrows of finite global left degree. By Lemma 3.10, 77X; has at most two
immediate predecessors in I'.

Let X be an object in I'. We claim that there exists some r > 0 such that
77X is the ending-point of an infinite sectional path in I" with infinitely many
arrows of finite global left degree. Indeed, by Lemma 4.1, there exist r,s > 0
such that either 7" X = 7° X or I' contains a sectional path

TTX—>}/t_1—>'-'HY1—>Y0=TSX0

with ¢ > 1. If Y1 = 79X, then 77X = 75X}, and the claim follows. Otherwise,
I' contains an infinite sectional path

o T, S Xy S Y - S 1Y = 7T X

which, by Lemma 3.11, contains infinitely many arrows of finite global left
degree. The claim is established. Since I" is left stable, it follows from Lemma
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3.10 that X has at most two immediate predecessors and at most two immediate
successors in I'. Let now X — Y be an arrow in I'. In view of our claim, it
is easy to see that there exists some r > 0 such that I' contains an infinite
sectional path which ends with the arrow 77X — 77Y or 7"t'Y — 77X, and
has infinitely many arrows of finite global left degree. It then follows from
Lemma 3.10 that X — Y is trivially valued. This shows that I' is smooth.
Finally, suppose that I contains a double infinite sectional path P as follows:

s Ty Dy = Dy Dy e

Then there exists some r > 0 such that 772, — 772 or 7" 12y — 777, is
the ending arrow of an infinite sectional path @ in I" which has infinitely many
arrows of finite global left degree. If Q ends with 7"t1Zy, — 77 Z;, by applying
Lemma 3.8 to @ and the path generated by the 7"Z,, with n > 1, we see that
@ has no arrows of finite global left degree, a contradiction. Thus @ ends with
7" Zy — 1" Zy. Since I' is a smooth, @ coincides with the path generated by the
7" Z, with n > 0, which is contained in the double infinite sectional path 7" P,
a contradiction to Corollary 3.10. The proof of the lemma is completed.

5.4. LEMMA. Let A be a left Auslander-Reiten category, and let I' be a
connected left stable subquiver of I'x. If I' contains oriented cycles but no 7-
periodic object, then I' contains an infinite sectional path

X1—>---—>Xs—>7-TX1—>---—>7-’"XS—>7-2TX1—>~~~

)

where ;s > 0 and the T-orbits of X1, ..., X, are pairwise different.

Proof. Suppose that I' contains oriented cycles but no 7-periodic object.
By Theorem 5.2, I' contains no loop. Let X be an object lying on an oriented
cycle. Since X is not 7-periodic, by Lemma 4.1(2), I" contains a sectional path

(*) X:Xl_)"'_)Xs_)Xs+1;

where s > 1 and X1 = 7" X3 for some r > 0. We assume that s is the minimal
length of such sectional paths in I'. Suppose that » = 0. Then s > 1. By
Theorem 2.8, X, = 7X5. Since X5 is not 7-periodic, we have s > 2, which
contradicts the minimality of s. This shows that r > 0. Assume now that there
exists some 1 < ¢ < j < s such that X; and X; lie in the same 7-orbit. By the
minimality of s, we get X; = 77PX; with p > 0. Since X # 771 X5, we have a
sectional path X; — -+ — X, = 7"X; — --- — 77X; of length s — (j — i) with
7" X; = 77tPX;, which is contrary again to the minimality of s. This proves
that the X; with 1 < i < s lie in pairwise different 7-orbits. Applying repeatedly
7" to the path (%), we get an infinite path

X, — > X, > 17X, —>--~—>7-’”Xs—>7-27"X1 I

)

which is sectional since the X; are not 7-periodic. The proof of the lemma is
completed.
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We are now ready to state our main result on a general description of the
shapes of semi-stable subquivers of I4. This generalizes the results on semi-
stable components of the Auslander-Reiten quiver of an artin algebra which can
be found in [11, 18, 28].

5.5. THEOREM. Let A be a Krull-Schmidt R-category, and let I' be a
connected left stable subquiver of I4.

(1) If T' contains no oriented cycle, then I' embeds in ZA, where A is a
valued quiver with an unique sink but no oriented cycle.

(2) If I' contains T-periodic objects, then I' is a stable tube or I' = ZA/G,
where A is a valued Dynkin quiver and G is an automorphism group of ZA
containing a positive power of the translation.

(3) If I' contains oriented cycles but no T-periodic object, then I' is smooth
and not stable, and contains an infinite sectional path

o T X 5T Xy =TT X = Xy — e — X,

where v > s >0, and Xy,...,Xs form a complete set of representatives of the
T-orbits in I

Proof. Let B be the full additive subcategory of A generated by the objects
which have no summands isomorphic to objects lying in I". By Lemma 1.9(2),
the ideal Z of the morphisms factoring through objects in B is admissible. We
then deduce from Proposition 1.8 that I' is the Auslander-Reiten quiver of A/Z.
In particular, A/Z is a left Auslander-Reiten category. Hence we may assume
with no loss of generality that A is a connected left Auslander-Reiten category.

Statement (1) follows immediately from Theorem 4.2. For proving Statement
(2), assume that I" contains a 7-periodic object. Since I' is locally finite, the
objects in I are all 7-periodic. If I" contains a loop then, by Theorem 5.2, I' is
homogeneous, smooth, and of the shape

A A
[ ] ® --- 0 [
N N

Let n be the number of vertices in I, and consider the trivially valued quiver

Denote by o the unique automorphism of ZA,, satisfying the condition that
o(t,j) = 2n—i+1,j+2n—14), for 1 <i < 2n and j € Z, and let G be
the group generated o and the translation of ZAs,. It is then easy to see that
I' 2 ZAs,/G. Consider next the case where I' contains no loop. Choose an
object M in I'. Let r be the 7-period of M and set N = II7_, 7M. For each
object X in I', put d(X) = ¢r(Hom4 (X, N)). We claim that d(X) > 0 for every
object X in I'. Being 7-periodic, I' contains a non-trivial path from X to M. If
X = 7'M for some i > 0, then it is evident that Hom4(X, N) # 0. Otherwise,
by Lemma 4.1(2), I" has a sectional path X = My — -+ — My — 7¢M with
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s,t > 0. Hence Homy4(X,7!M) # 0 by Lemma 2.7(1). This establishes our

claim. f X 55 ¥ -2 Z is an Auslander-Reiten sequence in A, then

HomA(Z, N) 2 Homy(Y, N) L rad(X, N) — 0
is an exact sequence in the category of finitely generated R-modules. Therefore,
d(Y) = Lr(Hom4(Y, N)) < L(rad(X, N)) + d(2) < d(X) + d(Z),

where the last inequality is strict whenever X is a summand of N. This shows
that d is a subadditive function on I" which is not additive in the sense of [11].
In this case, Statement (2) follows from the theorem stated in [11, Section 2]; see
also [5, (VI1.3.3)]. For proving Statement (3), suppose that I" contains oriented
cycles but no 7-periodic object. By Lemma 5.4, I' contains an infinite sectional
path

Vi— =Y, 7Y — 7Y, 577y -

where t,s > 1, and Y7,...,Y; lie in pairwise different 7-orbits. Setting X; =
771Y;, i =1,..., s, we get an infinite sectional path

o T X - T Xy oo T X o Xy = X

in I', where r =t + s > s. For each j > 0, the path
P;: rUDrT X Pt X — S T X

induces an oriented cycle from 7U+tD7 X, to 70+ X passing through 7775 X,
which, by Lemma 3.3, contains an arrow of finite left degree. Thus P; contains
an arrow of finite global left degree. By Lemma 5.3, I" is smooth and contains no
double infinite sectional path. Therefore, X;,..., X, are not all stable. More-
over, by Lemma 4.3, every object in I" lies in one of the 7-orbits of Y7,..., Y.
That is, X1,..., X, form a complete set of representatives of 7-orbits in I'. The
proof of the theorem is completed.

As an application, we shall describe the connected stable subquivers of 4.
Note that the 7-periodic ones have already been described in Theorem 5.5(2).

5.6. COROLLARY. If A is a Krull-Schmidt R-category, then the connected
stable subquivers of I’y are either T-periodic or of shape ZA, where A is a locally
finite valued quiver with no oriented cycle.

Proof. Let I' be a connected stable subquiver of I’4. If I' is not 7-periodic
then, by Theorem 5.5(3), I" contains no oriented cycle. By Theorem 4.2, I'
contains a section A. Since I' is locally finite and stable, A is locally finite
and the canonical embedding I' — ZA, which sends 7" X to (n,X), is an
isomorphism; see [19, (2.3)]. The proof of the corollary is completed.

Let I" be a connected component of I'4. By abuse of language, we shall say
that an Auslander-Reiten sequence X — Y — Z lies in I' if X, or equivalently
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Z, lies in I'. Moreover, we say that I' is left reqular or right regular if I', as a
subquiver of Iy, is left stable or right stable, respectively. Furthermore, I" is
called semi-regular if it is left or right regular, and regular if it is left and right
regular. The semi-regular components of Iy which are 7-periodic or contain no
oriented cycle are well described in Theorem 5.5. However, the description for
those containing oriented cycles but no T-periodic object is less satisfactory. We
can do a better job if the Auslander-Reiten sequences lying in the component
are all short exact sequences; compare [18, (2.5)].

5.7. THEOREM. Let A be a Krull-Schmidt R-category, and let I' be a semi-
reqular component of I’y which contains oriented cycles but no T-periodic object.
If the Auslander-Reiten sequences lying in I' are all short exact sequences, then
I' is a ray tube or a co-ray tube.

Proof. We consider only the case where I' is a left regular component in
which every Auslander-Reiten sequence is short exact. Let BB be the full additive
subcategory of A generated by the objects whose indecomposables summands
are isomorphic to objects lying in I'. It is clear that B is a Krull-Schmidt R-
category. Let X be an indecomposable object in B lying in I'. Since I is left
regular, there exists an Auslander-Reiten short exact sequence Z — Y — X
in A. Since X,Y,Z all lie in B, it is easy to verify that Z7 — Y — X is
an Auslander-Reiten short exact sequence in B. This implies that B is a left
Auslander-Reiten category which is AR-exact and has I as its Auslander-Reiten
quiver. As a consequence, we may assume with no loss of generality that A is a
left Auslander-Reiten category. By Theorem 5.5(3), I" is smooth and contains
an infinite sectional path

(%) ~--—>72TX1—>7-TXS—>~-~—>7-TX1—>XS—>-~-—>X1

with infinitely many arrows of finite global left degree, where r > s, and
X1,..., X, are not all stable and form a complete set of representatives of the
7-orbits in I'. For convenience, rewrite (x) as follows:

o Xog1 — Xos = = X1 = X — - — X,

where Xjs1; = 77X, with j > 0 and 1 < i < s. For each ¢ > 0, we claim
that if 779X, is defined for some ¢ > 1, then 779X, is also defined. If this
is not the case, then we can find a minimal m > 0 for which there exists some
n > 1 such that 77™X,, is defined but 77X, 1 is not. By the minimality of
m, there exists in I" an infinite sectional path

() R Ry RN SRS, U . o

Set Yo =177™X,, and let 7Y A, Y1 25 Yy be an Auslander-Reiten sequence
in A, which is a short exact sequence by assumption. In particular, f; is a
monomorphism. Since I' is smooth and left regular while 77" X, is not de-
fined, Y7 is indecomposable and 7Y; % 7™ 71X, 1. Since (*) contains infinitely
many arrows of finite global left degree, so does (#x). By Lemma 3.8, I contains
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no infinite sectional path ending with Y7 — Y. Hence there exists a maximal
integer ¢ > 0 such that I' contains a sectional path

Yi—- =Y =Y

Since I' is smooth, the middle term of the Auslander-Reiten sequence ending
with Y is 7Y;_1 Y41, j = 1,...,t—1. By the maximality of ¢, the middle term
of the Auslander-Reiten sequence ending with Y; is 7Y;_1. Choose irreducible
morphisms g; : Y; — Yj_1, hj : 7Y; — 7Y;_q,and f; 1 7Y, = Y, 5 =1,...,t,

such that 7Y; LN 7Y 1 LN Y; and

95+1

Ch ()

ry; U)oy mry Py, =1, 1,

are Auslander-Reiten sequences in A. Then h,---hif; = 0. Since f; is a

monomorphism, A, ---h; = 0. This is contrary to Lemma 2.7(1). Our claim is
established. If X; is stable for some 1 < i < s, then it follows from the claim
that X; is stable for all j > 4. As a consequence, the X; with 1 < ¢ < s are
all stable, a contradiction. Therefore, X; = 7™ [;, i = 1,...,s, where I; is
some object in I" for which 77 is not defined. Using the claim again, we have
mg > --- > mg > my. By Theorem 4.4, I' is a coray tube. The proof of the
theorem is completed.

6. SPECIALIZATION TO TRIANGULATED CATEGORIES

In this section, we shall apply the previously developed theory to triangu-
lated categories. Recall first that an additive category is triangulated if it is
equipped with an automorphism T, called shift functor, and a class of sextuples

x Ly 2z M rx , called ezact triangles, satisfying the axioms TRI1,
TR2, TR3 and TRA4 stated in [10, (1.1)]. A classical example of a triangulated
category is given by the derived category D?(A) of the bounded complexes of
finitely generated modules over an artin algebra A; see [10]. We call a triangu-
lated category triangle-connected if it can not be decomposed as a product of two
non-zero triangulated categories; and triangle-simple if it admits exactly one in-
decomposable object up to isomorphism and shift, and the non-zero morphisms
between indecomposable objects are isomorphisms.

For the rest of the paper, A denotes a Krull-Schmidt triangulated R-category.
The shift of an object X by an integer n is written as X[n]. Consider an

exact triangle X Ly Loz X[1] in A. Tt is important to note that

XLy % zisa pseudo-exact sequence; see [10, (1.2)]. Moreover, f is a
source morphism if and only if ¢ is a sink morphism; see [10, (4.5)], and in
this case, the exact triangle is called an Auslander-Reiten triangle; compare
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[10, (4.1)]. The connection between the Auslander-Reiten sequences and the
Auslander-Reiten triangles in A is established in the following easy lemma.

6.1. LEMMA. A sequence X Ty 9 7 withy #£0 in A is an Auslander-
Reiten sequence if and only if it can be embedded in an Auslander-Reiten triangle

x Ly 2z xn.

Proof. The sufficiency is evident. Let X L. ¥ 2. Z be an Auslander-
Reiten sequence in A. By the axiom TRI stated in [10, (1.1)], f embeds in an
exact triangle X Ly Lz x [1], which is an Auslander-Reiten triangle

since f is a source morphism; see [10, (4.5)]. In particular, X Ty Lozis
an Auslander-Reiten sequence. By the uniqueness stated in Theorem 1.4(1), we
get a commutative diagram

X f Yy g 7 vh X[l]
R
X Y VA X[1]

in A, where u,v are isomorphisms. Therefore, the upper row is an Auslander-
Reinten triangle. The proof of the lemma is completed.

Note that a triangulated category (for instance, the bounded derived ca-
tegory of a simple algebra) may have Auslander-Reiten triangles of the form
X — 0 — Z — X|[1]. However, this occurs rarely according to the next result.

6.2. PROPOSITION. If A is triangle-connected, then the following statements
are equivalent.

(1) A is triangle-simple.

(2) A has a pseudo-projective object.

(3) A has a pseudo-injective object.

(4) A has an Auslander-Reiten triangle of the form X — 0 — Z — X[1].

Proof. Let A be triangle-connected. Assume first that A is triangle-simple.
Choose an indecomposable object X in 4. By the definition of triangle-simplicity,
all non-zero morphisms ¥ — X are retractions and all non-zero morphisms
X — Y are sections. Thus 0 — X is a sink monomorphism while X — 0 is a
source epimorphism. That is, X is pseudo-projective as well as pseudo-injective.

Assume next that A has a sink monomorphism g : Y — Z. Then g embeds

in an Auslander-Reiten triangle X —> vV —% Z - X[1]; see [10, (1.3),(4.5)].

Moreover, f = 0 since g is a monomorphism. By Lemma 1.1, we get Y = 0.

This proves that (2) implies (4). Dually, one can show that (3) implies (4).
Finally, let X — 0 — Z X [1] be an Auslander-Reiten triangle in .A.

Then X — 0 is a source morphism. Since 0 — Z - X|[1] — 0 is an exact
triangle in A; see [10, (1.1)], A is an isomorphism. Thus 0 — X|[1] is a sink
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morphism. As a consequence, X[n] — 0 is a source morphism and 0 — X|[n]
is a sink morphism, for every integer n. Therefore, the non-zero morphisms
X[n] - M and N — X[n] with M, N indecomposable are isomorphisms. It is
easy to see that the full additive subcategory B of A generated by the X|[n] is
a triangle-component of 4. Since A is triangle-connected, we get B = A. In
particular, the X[n] are the indecomposable objects in A up to isomorphism.
This implies A is triangle-simple. The proof of the proposition is completed.

From now on, we assume that A is triangle-connected but not triangle-
simple. If A is a left or right Auslander-Reiten category, it follows from Lemma
6.1 and Proposition 6.2 that the Auslander-Reiten quiver of A defined in this
paper coincides with the one defined in [10]. Note that if R is an algebraically
closed field, then A is a left Auslander-Reiten category if and only if A admits
a right Serre functor, that is an additive endofunctor F' : A — A such that
Homy(X,Y) = Homy (Y, FX)* which are natural for all XY in A, where
U* = Hompg(U, R). Dually, A is a right Auslander-Reiten category if and only
if A admits a left Serre functor; see [21].

6.3. THEOREM. Let A be a Krull-Schmidt triangulated R-category which is
triangle-connected but not triangle-simple. If A is a left (respectively, right)
Auslander-Reiten category, then every component of Iy is left (respectively,
right) regular, which is either T-periodic or a coray (respectively, ray) tube, or
embeds in ZA, where A is a locally finite valued quiver with no oriented cycle.

Proof. Assume that A is a left Auslander-Reiten category, and let I" be a
component of I’y which is left regular By Proposition 6.2. It suffices to consider
the case where I' contains oriented cycles but no 7-periodic object. By Theorem
5.5(3), I" is smooth and not stable. We want to show that I" is a coray tube. In
view of the proof of Theorem 5.7, we need only to show the following statement:
given an infinite sectional path

=X, = X — Xy

in I' with infinitely many arrows of finite global left degree, if 77PX; is defined
for some i,p > 0, then 77P X, is also defined. Assume that this is false. Let
m > 0 be minimal for which there exists some n > 1 such that 77™.X,, is defined
but 77" X,,+1 is not. Then I' contains an infinite sectional path

N LD FREUPEN LR U LD

having infinitely many arrows of finite global left degree. Setting Yy = 77™X,,
and arguing as in the proof of theorem 5.7, we see that I' contains a sectional
path YV; — --- — Y] — Yy with ¢t > 1 and 77 # 7 "X, and A has
irreducible morphisms g; : Y; — Y;_1, h; : 7Y; = 7Y;_q, and f; : 7Y;_1 — Y],
j=1,...,t, such that 7Yj i>Y1 L, Y,, and

X 9j+1
(fi+1,h5) fi )

TY; Vi 07y, — = Y, j=1,...,t—1,
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and 7Y} Ly Y LN Yy are Auslander-Reiten sequences. In particular, we have
hi-+-hifi = 0. Applying first Lemma 6.1 then Lemma 1.3 stated in [10], we

get an exact triangle Yp[—1] LN Yo ELN Y7 25 Yy in A. Then hy - - - by factors
through Yy[—1]. By Theorem 2.10, Yy[—1] = 7Y for some 0 < s < t. Since the
shift functor is an automorphism of A, we see that Y;[—1] is the only immediate
predecessor of Yy[—1] in I'. Hence s = t, and 72Y;_; = Y;[—1]. Now I' contains
two sectional paths

Y = 'Y = = T = 7Y,

and
Yil-1] = Yioa[-1] = - = Yi[-1] = Yo[-1],

which end with the same arrow. Since I' is smooth, the two paths coincide.
In particular, 71Yy = Y;[—1]. This is absurd since 7'*1Yj has two distinct
immediate predecessors 7'71Y; and 7™*lY, ., in I', while Y;[—1] has only
one immediate predecessor 7Y;_1[—1]. This establishes the statement. The
proof of the theorem is completed.

6.4. COROLLARY. Let A be a Krull-Schmidt triangulated R-category which
1s triangle-connected but not triangle-simple. If A is an Auslander-Reiten cate-
gory, then every component of I4 is regular which is either T-periodic or of
shape ZA where A is a locally finite valued quiver with no oriented cycle.

EXAMPLE. Let A be a non-trivial Dynkin quiver and k an algebraically
closed field. The cluster category C constructed as a quotient of the bounded
derived category D?(kA) of the path algebra kA is a triangulated Auslander-
Reiten k-category with I'c & ZA/<o>, where o is a non-trivial automorphism
of ZA; see [9].

We conclude the paper with an application to the bounded derived category
of an artin algebra of finite global dimension.

6.5. THEOREM. Let A be a connected artin R-algebra. If A is of finite
positive global dimension, then the components of I' pv( 4y are either stable tubes
or of shape ZA where A is a locally finite valued quiver with no oriented cycle.

Proof. Assume that A is of finite positive global dimension. Then D’(A) is
an Auslander-Reiten R-category; see [10, (4.6)], which is connected of infinite
type as an R-category and not triangle-simple as a triangulated category. Let
I" be a component of I' pv( 4y, which is infinite by Lemma 5.1. If I" is 7-periodic,
then it is a stable tube by Theorem 5.5(2). Otherwise, by Corollary 6.4, I' & Z A
where A is a locally finite valued quiver with no oriented cycle. The proof of
the theorem is completed.
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