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ABSTRACT. This paper deals with the representation theory of strongly locally
finite quivers. We first study some properties of the finitely presented or co-
presented representations, and then construct in the category of locally finite
dimensional representations some almost split sequences which start with a
finitely co-presented representation and end with a finitely presented repre-
sentation. Furthermore, we obtain a general description of the shapes of the
Auslander-Reiten components of the category of finitely presented representa-
tions and prove that the number of regular Auslander-Reiten components is
infinite if and only if the quiver is not of finite or infinite Dynkin type. In the
infinite Dynkin case, we shall give a complete list of the indecomposable rep-
resentations and an explicit description of the Auslander-Reiten components.
Finally, we apply these results to study the Auslander-Reiten theory in the
derived category of bounded complexes of finitely presented representations.

2010 Mathematics Subject Classification: 16G20; 16G70.

INTRODUCTION

As the best understood and the most stimulating part of the representation
theory of finite dimensional algebras, the theory of representations of finite quivers
has been extensively studied over the last four decades; see, for example, [11, 18,
19, 26, 28, 40, 41]. On the other hand, the Auslander-Reiten theory of irreducible
morphisms and almost split sequences provides an indispensable powerful tool for
the representation theory and it appears in many other areas such as algebraic
geometry and algebraic topology; see [6, 3, 25]. The impact of these two theories to
other branches of mathematics is best illustrated by their recent interaction with
the theory of cluster algebras via the cluster category; see, for example, [12, 17].
Now, new developments require the study of representations of infinite quivers. For
instance, in order to classify the noetherian Ext-finite hereditary abelian categories
with Serre duality, Reiten and Van den Bergh investigated the category of finitely
presented representations of a locally finite quiver without left infinite paths; see
[39]. In particular, they showed that this category has right almost split sequences
and obtained some partial description of its Auslander-Reiten components. Later,
by considering representations of ray quivers which are infinite in general, Ringel
provided an alternative construction of the noetherian Ext-finite hereditary abelian
categories which have Serre duality and non-zero projective objects; see [43]. More
recently, Holm and Jgrgensen studied a cluster category of infinite Dynkin type,
which can be constructed from the category of finite dimensional representations
of a quiver of type A, and whose Auslander-Reiten quiver is of shape ZA,; see
[24]. Futhermore, the bounded derived category of a finite dimensional algebra
with radical squared zero is determined by the category of finitely co-presented
representations of a covering of the ordinary quiver of the algebra which is usually
infinite; see [10], and homogeneous vector bundles over certain algebraic variety
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are characterized by the finite dimensional representations of some infinite quiver;
see [23]. Finally, representations of infinite quivers have been playing an important
role in the representation theory of coalgebras; see [14, 15, 37]. The latter in turn
is useful in the study of the Jacobian algebra of a quiver with potentials, which is
endowed with a natural structure of a topological algebra; see [27, 44].

All these motivate us to study representations of quivers in the most general
setting. Indeed, we shall work with an arbitrary base field & and a quiver ) which
is assumed only to be locally finite such that the number of paths between any
given pair of vertices is finite. The main objective of this paper is to present a
complete picture of the Auslander-Reiten theory in the category of finitely presented
k-representations of () and in its bounded derived category. Our results yield many
interesting examples of Ext-finite, but not necessarily noetherian, hereditary abelian
categories which have (left, right) almost split sequences. We outline the content
of the paper section by section as follows.

In Section 1, we study almost finitely presented and almost finitely co-presented
representations; see (1.5), which are slightly more general than finitely presented
and finitely co-presented representations, respectively. We shall give some combi-
natorial characterizations of these representations; see (1.12). These will be useful
for us to relate almost finitely presented or co-presented representations of @ to
representations of its finite subquivers; see (1.13).

In Section 2, we study the Auslander-Reiten theory in the category rep(Q) of
locally finite dimensional k-representations of Q. We first construct almost split
sequences which start with a finitely co-presented representation and end with a
finitely presented one; see (2.8), and then study some important properties of the
Auslander-Reiten orbits in rep(Q); see (2.14). Finally, we develop some tools to
relate almost split sequences and irreducible morphisms in rep(Q) to those of locally
finite dimensional representations of subquivers of @ ; see (2.16) and (2.17).

In Section 3, we start to concentrate on the study of the Auslander-Reiten theory
in the category rep™(Q) of finitely presented k-representations of Q. We shall show
that irreducible morphisms between indecomposable representations in rep™(Q) are
irreducible in rep(Q); see (3.5), and almost split sequences in rep™(Q) have finite
dimensional starting term and remain almost split in rep(Q); see (3.6). This will
enable us to find necessary and sufficient conditions so that rep™(Q) has (left, right)
almost split sequences; see (3.7) and (3.8).

In Section 4, we shall give a general description of the Auslander-Reiten quiver
Irep+(@) of rep™(Q), which is defined since rep*(Q) is Krull-Schmidt; see [33, (2.1)].
In case @ is connected, I'\p+(g) has a unique preprojective component which is a
predecessor-closed subquiver of NQ °P; see (4.6). The preinjective component corre-
spond to the connected components of the subquiver of ) generated by the vertices
which are not ending point of any left infinite paths, and they are finite or infinite
successor-closed subquiver of N7Q °P; see (4.7). In particular, the number of prein-
jective components varies from zero to infinity. The other connected components
of I'iept(q), called regular components, are of shape N"A, NA, ZA, or finite
wings; see (4.14). As a consequence, ['ycp+(q) is always symmetrically valued. At
the end of this section, some conditions on @ will be given so that at most one type
of regular components will appear; see (4.16) and (4.17).
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In Section 5, we study the representation theory of infinite Dynkin types A,
A, and Dy,. As in the finite Dynkin case, we shall obtain a complete list of the
indecomposable representations in rep™(Q); see (5.9) and (5.19). In case Q is of type
A or A, we shall describe the irreducible morphisms between indecomposable
representations and determine the almost split sequences with an indecomposable
middle term; see (5.10) and (5.12). This allows us to give an explicit description of
the connected components of I',.,+(q) for each of the three infinite Dynkin types;
see (5.16), (5.17), and (5.22). In summary, I'ycp+(o) has at most four connected

components of which at most two are regular.

In Section 6, we prove that I'..,+() has infinitely many regular components in
case @ is not of finite or infinite Dynkin type; see (6.4). Moreover, we will show that
each of the four types of regular components could appear infinitely many times in
certain particular situation; see (6.6).

In Section 7, we study the Auslander-Reiten theory in the bounded derived cate-
gory D®(rept(Q)) of rept(Q). Indeed, for an arbitrary hereditary abelian category
H, we shall describe the so-called connecting almost split triangles in D’(H) and
prove that all other almost split triangles are induced from the almost split se-
quences in H; see (7.2). Combining this with previously obtained results, we get a
general description of the Auslander-Reiten quiver of D?(rep*(Q)); see (7.7), (7.9)
and (7.10). We conclude the paper with some necessary and sufficient conditions
on @ so that D°(rep™(Q)) has (left, right) almost split triangles; see (7.11).

1. ALMOST FINITELY PRESENTED REPRESENTATIONS

The objective of this section is to investigate two classes of representations,
called almost finitely presented and almost finitely co-presented, of a quiver over a
field. This will yield several hereditary abelian categories, some of them are Krull-
Schmidt in which we shall be able to study the Auslander-Reiten theory. Since
a direct sum of injective modules is not necessarily injective, we shall concentrate
on almost finitely co-presented representations while the corresponding results for
almost finitely presented representations will follow dually.

We start by introducing some combinatorial terminology and notation. Through-
out this paper, @ = (Qo, Q1) stands for a quiver, where @ is the set of vertices
and 1 is the set of arrows. Let o : © — y be an arrow in (). We call x the starting
point and y the ending point of v, and write s(«) = x and e(«) = y. One introduces
a formal inverse a1 with s(a™!) =y and e(a™!) = 2. An edge in Q is an arrow or
the inverse of an arrow. To each vertex x in @), one associates a trivial path, also
called trivial walk, e, with s(e,) = e(e;) = . A non-trivial walk w in Q is a finite

or infinite product
DRI C'L+1CZ DR )
where the ¢; are edges such that e(c;) = s(c;1) for all i, whose inverse w=" is

defined to be the pI’OdllCt
-1 -1
... Cl CZ 1 cee

Such a walk w is called reduced if c¢;41 # ¢, U for every i, and acyclic if it passes
through any given vertex in ) at most once. Clearly an acyclic walk is reduced. If
w is a finite or infinite product

g ec,
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then we call ¢; the initial edge of w, we define s(w) = s(c1), the starting point of
w, and we write w - €4,y = w. Dually, if w is a finite or infinite product

0162"'Ci"'7

then we call ¢; the terminal edge of w, we define e(w) = e(c1), the ending point of
w, and we write £,(,) - w = w. An infinite walk w is called right infinite if s(w) is
defined, left infinite if e(w) is defined, and double infinite if neither s(w) nor e(w)
is defined. Clearly, w is finite if and only if both s(w) and e(w) are defined, and in
this case, we call w a walk from s(w) to e(w).

A non-trivial walk in @ is called a path if all of its edges are arrows. A middle
point of a path is a vertex which appears in the path but is neither the starting
point nor the ending point. A path is called maximal if it is not a proper subpath
of any other path in Q. Let x,y be vertices in Q. If @ contains a path p from x
to y, then we say that = is a predecessor of y which is trivial or immediate if p is a
trivial path or an arrow, respectively; while y is a successor of x which is trivial or
immediate if p is a trivial path or an arrow, respectively.

For z € Qq, we denote by 7 and z~ the set of arrows starting in x and the
set of arrows ending in z, respectively. We say that x is a sink vertex or a source
vertex if x+ = () or = = (), respectively. Moreover, one says that Q is locally finite
if 7 and x~ are finite for any = € Qq, and in this case, one defines the weight of
x to be the sum of the cardinalities of = and z*. For z,y € Qy, let Q(z,y) stand
for the set of paths in @ from z to y. One says that Q is interval-finite if Q(z,y)
is finite for any z,y € Q. For short, we say that @ is strongly locally finite if it is
locally finite and interval-finite. Note that () contains no oriented cycle in case it
is interval-finite.

Let X be a subquiver of @. We shall say that X' is full if, for any vertices x,y in
XY, all the arrows in @ from x to y lie in X'; convex if, for any vertices x,y in X', all
the paths in @ from z to y lie in X; predecessor-closed if every path in @ ending in
some vertex in X lies entirely in X'; and successor-closed if every path in ) starting
in some vertex in X' lies entirely in X .

From now on, k denotes an arbitrary field and @ is a strongly locally finite
quiver. We shall compose morphisms in any category from the right to the left,
and all tensor products are over k. A representation M of Q over k, or simply a
k-representation, consists of a family of k-spaces M (x) with z € @, and a family
of k-maps M(a) : M(x) — M(y) with o : # — y in Q1. For each path p in @,
we write M(p) = Ipp(p if p = €, and M(p) = M(ay)---M(aq1) if p = -y
with a1,...,a, € Q1. Recall that a morphism f : M — N of k-representations
of @ consists of a family of k-maps f(z) : M(z) — N(z) with z € Qo such that
fy)M(a) = N(«a)f(z), for every arrow a : © — y. Let M be a k-representation
of Q. The socle of M, written as socM, is the sub-representation of M so that
(socM)(z), for any x € Qo, is the intersection of the kernels of the maps M («) with
a € x7; the radical of M, written as rad M, is the sub-representation of M such that
(radM)(z), for any x € Qo, is the sum of the images of the maps M (3) with 8 € z~;
and the top of M, written as topM, is the quotient M/radM. We shall say that
topM is essential over M if rad M is superfluous in M. Furthermore, the support of
a representation M, written as suppM, is the full subquiver of ) generated by the
vertices  for which M (x) # 0. One says that M is sincere if suppM = Q, finitely
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supported if suppM is finite, and supported by a subquiver X' of @ if suppM C X.
Finally, M is called locally finite dimensional if M(z) is of finite k-dimension for
all z € Qo; and finite dimensional if 37, o dimM(z) is finite. We shall denote
by Rep(Q) the abelian category of all k-representations of @), which is known to be
hereditary, that is, Ext?(—, —) vanishes; see [19, (8.2)]. Moreover, Rep®(Q), rep(Q)
and rep®(Q) will stand for the full subcategories of Rep(Q) generated by the finitely
supported representations, by the locally finite dimensional representations, and by
the finite dimensional representations, respectively.

The following easy observation will be used in our later investigation.

1.1. LEMMA. Let M be an object in Rep(Q). If suppM has no right infinite path,
then socM is essential in M. If suppM has no left infinite path, then topM is
essential over M.

Proof. We shall prove only the first part. Let N be a non-zero sub-representation
of M. Let x be a vertex in suppM such that N(x) has a non-zero element v. If
suppM has no right infinite path, then supp M has a maximal path p starting with
a such that N(p)(v) # 0. Note that N(p)(v) lies in N NsocM. The proof of the
lemma is completed.

We shall introduce more notation which will be used throughout the paper. Let
a € Qo. The simple representation S, at a is defined by Sg(a) = ke, and Sg(z) =0
for all vertices * # a. Moreover, let P, be the k-representation such that P,(z),
for any = € Qo, is the k-space spanned by Q(a,z); and P,(«a) : Py(xz) — P,(y),
for  : * — y € @1, is the k-map sending every path p to ap. Finally, I, is the
k-representation such that I,(x), for © € Qo, is the k-space spanned by Q(z,a);
and Ip(a) : In(x) = I(y), for a : x — y € Q1, is the k-map sending pa to p and
vanishing on the paths which do not factor through «. Since @ is interval-finite,
the representations P,, I, are locally finite dimensional.

1.2. LEMMA. LetI =1,®V with a € Qg and V' a non-zero k-space. If x € Qo and
a1,...,Qs, s > 1, are the arrows in suppl starting in x, then I(x) = W1 ®---® W
such that I(c;)(W;) # 0 and I(a;)(W;) =0, for 1 < 4,5 <n withi # j. As a
consequence, I has an essential socle S, @ V.

Proof. Let x € QQp and a1, --- ,as be the arrows in supp/ starting with . Then
I,(x) = N1 & --- @ Ng, where N; is spanned by the paths z ~~ a factoring through
«;. By definition, I,(c;)(N;) # 0 and Ip(o;)(N;) =0, for 1 <4, < s with i # j.
Since I(z) = (N1 ®@V)®---® (N, ®V) and I(a;) = I,(a;) ® 1y, the first part of the
lemma follows. Since @ has no oriented cycle, I,(a) = ke,, and for any vertex z in
suppl, we see that suppl has no arrow starting with x if and only if x = a. Thus
socl = S, ® V. Furthermore, since @ is interval-finite, supp has no right infinite
path. By Lemma 1.1, soc/ is essential in I. The proof of the lemma is completed.

1.3. PROPOSITION. Let M be an object in Rep(Q) and V' be a k-space. For each
a € Qq, there exist k-linear isomorphisms which are natural in M as follows:

oM HomRCp(Q) (M, I, ® V) — Homy, (M(a)u V),

U)M : HomRep(Q) (Pa 02y ‘/7 M) - Homk(Va M(a))
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Proof. We shall prove only the first part of the statement. Fix a € Qg. For each
x € Qo, we have (I, ® V)(2) = ©,eQ(a,q0)(kp @ V). Since @ has no oriented cycle,
I,(a) = kegq. Let e, : I,(a)®@V — V be the k-isomorphism such that e,, (,®v) = v,
for all v € V. Define

¢M : HomRCp(Q) (M, Ia & V) — HOmk(M(G), V) : f = evf(a)u

which is clearly k-linear and natural in M. If f: M — I, ® V is a morphism such
that ¢ar(f) =0, then f(a) = 0. Hence soc(I, @ V) NIm(f) = 0. Since soc(I, @ V)
is essential in I, ® V', we get f = 0. That is, ¢ is a monomorphism. For proving
the surjectivity, let g : M(a) — V be a k-map. For each z € @, since Q(x,a) is
finite, we have a k-linear map

f() : M(z) = Ia(z) @V 1 v = Zpeq(a,a) p © 9(M(p)(v)).
Let o : # — y be an arrow in Q. We claim that (I,(«) ® 1y)f
Indeed, if Q(x,a) = 0, then Q(y,a) = §. Hence f(z) = 0 and f
that Q(z,a) # 0. Fix v € M(z). Then f(z)(v) = X co(u,a) P © 9(M(p)(v)). 1
p =oca with o € Q(y, a), then I,(«)(p) = o, and otherwise, I,(a)(p) = 0. Thus,
(La(a) @ Iv)(f(2)(v)) = Eoeqy,a) 0 @ g(M ()M () (v)) = f(y)(M(a)(v)).
This establishes our claim. As a consequence, the f(z) with z € Q¢ form a mor-

phism f: M — I, ® V in Rep(Q). By definition, ¢ar(f) = e, f(a) = g. The proof
of the proposition is completed.

/—\

€T

) = fly)M(a).
) =0. Assume
g

®’<é‘

—

It follows from the preceding result that P, ® V is projective and I, ® V is
injective in Rep(Q). Moreover, P, and I, are indecomposable. Let Inj(Q) be
the full additive subcategory of Rep(Q) generated by the objects isomorphic to
I, ® V, with a € Qp and V, some k-space, and let Proj(Q) be the one generated
by the objects isomorphic to P, ® U, with a € Q¢ and U, some k-space. Moreover,
we denote by inj (Q) and proj(Q) the full additive subcategories of Inj(Q) and
Proj (@), respectively, generated by the locally finite dimensional representations.

1.4. COROLLARY. If M s a representation in Rep(Q), then

(1) M € Inj(Q) if and only if M is injective in Rep(Q) with socM being finitely
supported and essential in M;

(2) M € Proj(Q) if and only if M is projective in Rep(Q) with topM being finitely
supported and essential over M.

Proof. We shall prove only Statement (1). The necessity follows from Lemma 1.2

and Proposition 1.3. For the sufficiency, let M be a non-zero injective object in

Rep(Q) such that socM is finitely supported and essential in M. Then socM =

(S, ®V1)® -+ B (Sa, ®Vy), where the a; are vertices in @ and the V; are non-zero

k-spaces. Set [ = (I, @ V1) @ -+ @ (I, ® V5). Then socM = socI. Observing

that I is injective by Proposition 1.3, we have a morphism f : M — I which acts

identically on socM. Since socM is essential, f is a monomorphism. Since M

is injective, f is a section. Since socl is essential, f is an isomorphism. Thus

M € Inj (Q). The proof of the corollary is completed.

1.5. DEFINITION. Let M be an object in Rep(Q). We say that M is almost finitely
co-presented if it admits an injective co-resolution

0 M Iy I 0
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with Iy, I1 € Inj(Q), and finitely co-presented if, in addition, Iy, I; € inj(Q). Dually,
M is called almost finitely presented if it admits a projective resolution

0 P Py M 0
with Py, Py € Proj(Q), and finitely presented if, in addition, P;, Py € proj(Q).

We shall say that a quiver is top-finite if each vertex is a successor of finitely
many pre-fixed vertices; and socle-finite if each vertex is a predecessor of finitely
many pre-fixed vertices.

1.6. LEMMA. Let M be a representation in Rep(Q).

(1) If M is almost finitely co-presented, then soc M is finitely supported and essen-
tial in M, and suppM is socle-finite with no right infinite path.

(2) If M is almost finitely presented, then topM is finitely supported and essential
over M, and suppM is top-finite with no left infinite path.

Proof. We shall prove only Statement (1). Assume that M is non-zero and almost
finitely co-presented. Suppose that M — I is the injective envelope of M, where
I=(1,U1)& &, @U,) with a,...,a, € Qo and Uy, ..., U, some non-zero
k-spaces. Then socM is essential in M and supported by the vertices aq,...,a,.
Let x be a vertex in suppM. Choose some non-zero element v € M(z) and let
L be the sub-representation of M generated by v. Since L NsocM # 0, suppL
contains some a; with 1 < ¢ < r. Therefore, suppL has a path from x to a;. That
is, x is a predecessor of a; in suppM. Therefore, suppM is socle-finite. Since Q)
is interval-finite, we see that suppM has no right infinite path. The proof of the
lemma is completed.

The following result states some useful combinatorial properties of the finitely
presented or finitely co-presented but infinite dimensional representations.

1.7. COROLLARY. Let M be an infinite dimensional representation in rep(Q).

(1) If M is finitely presented, then suppM contains a right infinite path.

(2) If M is finitely co-presented, then suppM contains a left infinite path.

Proof. We shall prove only Statement (1). Assume that M is finitely presented.

By Lemma 1.6, supp M is top-finite. Since suppM is infinite and locally finite, by
Konig’s lemma, it has a right infinite path. The proof of the corollary is completed.

We denote by Rep™(Q) and Rep (Q) the full subcategories of Rep(Q) gene-
rated by the almost finitely co-presented representations and by the almost finitely
presented representations, respectively.

1.8. PROPOSITION. The categories Rep™(Q) and Rep (Q) are abelian and heredi-
tary, which are closed under extensions in Rep(Q).

Proof. We shall consider only Rep™ (Q). Given a morphism f : Iy — I» in Inj (Q),
set I = Im(f) and consider the short exact sequence

(x) 0 I I J 0.

Since Rep(Q) is hereditary, I, J are injective, and hence the sequence (*) splits. In

particular, socls = socl @ socJ. Since socls is finitely supported and essential
in I, we see that socJ is finitely supported and essential in J. By Corollary 1.4,
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J € Inj (Q). Now it follows from the dual of Proposition 2.1 in [4] that Rep™ (Q) is
abelian and closed under extensions in Rep(Q). Moreover, Rep™(Q) is hereditary
since Rep(Q) is so. The proof of the proposition is completed.

Let X be a subquiver of Q. For each representation M € Rep(Q), we define an
object M, € Rep(Q), called the restriction of M to X, by setting M, (p) = M(p)
if p e X; and M, (p) = 0 otherwise, where p ranges over Qo U )1. For a morphism
f: M — N in Rep(Q), we define its restriction to X, written as f,, : M, — N, by
setting f,, (z) = f(x) if z € Xy, and f, () = 0 otherwise, where x ranges over Qo.

1.9. DEFINITION. Let X be a full subquiver of (). A representation M € Rep(Q)
is called projective or injective restricted to X if M, € Proj(Q) or M, € Inj(Q),
respectively.

Let X be a full subquiver of Q. The complement of X in @Q is the full subquiver
of Q generated by the vertices not in X', while the augmented complement of X in
Q is the full subquiver of @) generated by the vertices and the arrows not in Y.
Note that a vertex x € Y lies in the augmented complement of X if and only if
there exists an edge © — y with y ¢ Y. Since @ is locally finite, the augmented
complement of X' is finite if and only if the complement is finite. We shall say that
X is co-finite in @ if its complement in @ is finite.

1.10. LEMMA. If M € Rep(Q) is injective restricted to some full subquiver X of Q,
then it is injective restricted to any co-finite predecessor-closed subquiver of X.

Proof. Let M € Rep(Q) such that M, € Inj(Q), where X is a full subquiver of
. With no loss of generality, we may assume that M, = I, where I =1, ® U
with a € Yy and U a non-zero k-space. Then suppl C Y. Let © be a co-finite
predecessor-closed subquiver of X. Then M, = I, where A = @ Nsuppl. Observe
that A is co-finite and predecessor-closed in suppl. As a consequence, I, is a
quotient of I. Since Rep(Q) is hereditary, I, is injective. Note that supp/ has no
right infinite path since @ is interval-finite. By Lemma 1.1, socl, is essential in
I,. If a € A, then I, = I, ® U. Otherwise, by Lemma 1.2, for any vertex x in
the support of socl,, there exists an arrow x — y in suppl with y ¢ A. Since
A is co-finite in suppl, we see that socl, is finitely supported. By Corollary 1.4,
I, € Inj (Q). That is, M, € Inj(Q). The proof of the lemma is completed.

1.11. PROPOSITION. The intersection of Rep (Q) and Rep™(Q) is Rep’(Q).

Proof. Let M € Rep(Q). If M is almost finitely presented and almost finitely
co-presented then, by Lemma 1.6, suppM is both socle-finite and top-finite. Since
Q is interval-finite, suppM is finite. Conversely, assume that suppM is finite.
In particular, socM = @ (S, ® U;), where a1,...,a, € Qo and U,...,U,
are non-zero k-spaces. Therefore, M has an injective envelope M — I, where
I =& (I, ®U;) € Inj(Q). Consider the short exact sequence

(x) 0 M I J 0

where J is injective. By Lemma 1.6, supp/ is socle-finite. Since @ is interval-finite,
supp/ has no right infinite path. Since suppJ C suppl, by Lemma 1.1, socJ is
essential in J. Denote by A the successor-closed subquiver of suppl generated by
suppM. Since supp/ is socle-finite, A is finite. Let X be the complement of A in
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suppl. Then X is predecessor-closed in suppl. Restricting the sequence (x) to X
yields a short exact sequence

0 M 1,

Py P

J,

P

0.

Since M, =0, we get J, = I.. By Lemma 1.10, soc(J,) is finite. Let = be a vertex
in the support of socJ. If z € X, then « lies in the support of socJ,. Otherwise,
x € A. This shows that socJ is finitely supported. By Corollary 1.4, J € Inj (Q).
That is, M is almost finitely co-presented. Dually, M is almost finitely presented.
The proof of the proposition is completed.

We are ready to have a criterion for a representation to be almost finitely pre-
sented or almost finitely co-presented.

1.12. THEOREM. Let Q be a strongly locally finite quiver. If M € Rep(Q), then

(1) M is almost finitely presented if and only if M is projective restricted to some
co-finite successor-closed subquiver of suppM, and

(2) M is almost finitely co-presented if and only if M is injective restricted to some
co-finite predecessor-closed subquiver of supp M .

Proof. We shall prove only Statement (2). First, assume that M,, € Inj(Q), where

X is a co-finite predecessor-closed subquiver of suppM. Let {2 be the complement

of ¥ in suppM. Then {2 is finite and successor-closed in suppM. Thus M, is a

finitely supported sub-representation of M, and we have a short exact sequence

0 M, M M, 0

2 z

in Rep(Q). By Propositions 1.8 and 1.11, M is almost finitely co-presented. Con-
versely, assume that M admits a minimal injective resolution

0—=M-1or1-2o 7~
with [ = @2, (lo,®U;) and J = @7_; (I,,®V;), where a;, b; € Qo and the U;, V; are
k-spaces. Let {2 be the convex hull in supp/ generated by ai,...,am,b1,...,by.
It is easy to see that 2 is finite and successor-closed in suppl. Let A be the
complement of 2 in supp/. Then A is co-finite and predecessor-closed in suppl.
We claim that the short exact sequence

fa 9

0 M I, J, 0

A

splits. Indeed, since I, J, € Inj(Q) by Lemma 1.10, it suffices to show that g,
induces a surjective map from socl, to socJ,. For this purpose, fix a vertex x in the
support of socJ, and a non-zero element v in (soc.J,)(z). Since g(x) is surjective,
v = g(z)(u) for some u € I(x). Let o : & — =, i = 1,...,s, be the arrows in
supp/ starting with x, where x1,...,2, € £ with 0 <r < s and x,41, -+ , x5 € A.
It follows from Lemma 1.2 that I(z) = W1 & - - - & W, such that I(«a;)(W;) = 0 for
1 <4,j <swithi#j. Write u = up + -+ + us with u; € W;. For 1 < j <r,
since z; ¢ A, we have I,(a;) = 0, and hence I, (oj)(u1 + -+ + u,) = 0. Since
Iaj)(ug + -4 wup) =0forr < j <s, wegetu +---+u € (socl)(z). If
r = s, then u € (socl,)(z). Otherwise, consider g(z)(u,+1 + -+ + us) € J(z). For
1 <5 <r, we have

J(a)(g(@) (U + -+ us)) = g(z;) (L () (Urpr + -+ +us)) = g(2;)(0) = 0.
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For r < j < s, since a; € A and v € socJ,, we see that J(o;)(v) = J, (a;)(v) = 0.
This yields

(o) (g(@) (w4 +us)) = gla;)I(
= g(z;)(
= J
= J
= 0
Since suppJ C suppl, we have g(z)(ur41 + -+ + us) € (socJ)(z), and hence
g(x)(Ury1+ - +us) = 0 since z # b; for 1 < j < n. This shows that u +-- -+ u,
is a pre-image of v by g, in (socl,)(x). Our claim is established. As a consequence,
M, € Inj(@). Finally, ¥ = AN suppM is co-finite and predecessor-closed in
suppM such that M, = M,. That is, M is injective restricted to 2. The proof of
the theorem is completed.

Combined with Theorem 1.12, the following result and its dual allow us to study
sometimes almost finitely presented or co-presented representations of () by means
of the representation theory of finite quivers.

1.13. THEOREM. Let Q be a strongly locally finite quiver with full subquivers X C @',

and let M, N € Rep™ (Q) with supp(M & N) C Q" and (M @ N), € Inj(Q). If 12

is a successor-closed subquiver of Q' containing the socle-support of (M & N),, and

the augmented complement of X in Q’', then

(1) M =N if and only if M, = N,;

(2) M is indecomposable if and only if M,, is indecomposable;

(3) a morphism f : M — N is a section or a retraction if and only if f, is a section
or a retraction, respectively.

Proof. Let 2 be a successor-closed subquiver of Q' containing the socle-support of
(M @ N),, and the augmented complement of X' in Q'. We first show that

(b : HomRep(Q) (M, N) — Hom Rep(Q) (MQ,NQ) : f — f.o

is a k-linear isomorphism. Let f : M — N be a morphism such that f, =0. If z is
a vertex in the socle-support of IV, then x lies in the socle-support of IV, or in the
complement of X' in @', and hence = € 2. Thus f(x) = 0. Hence Im(f)NsocN = 0.
Since socN is essential in N, we get f = 0. That is, ¢ is injective.

Next, let A = X' N 2, which is successor-closed in Y. Hence M, and N, are
sub-representations of M, and N,, respectively. Let g : M, — N, be a morphism.
Consider the restriction g, : M, — N,. Since N, is injective, we have a morphism
h : M, — N, such that h, = g,. For any x € Qo, set f(z) = g(z) if z € ;
flx) =h(z)ifz € X; and f(z) =01if v ¢ Q'. Since every arrow in Q' lies in ¥
or 2, we verify easily that f = {f(z) | # € Qo} is a morphism from M to N in
Rep(@) such that f, = ¢g. That is, ¢ is surjective.

Specializing to the case where N = M, we get End(M) = End(M,,). Since
Rep(@Q) is abelian, an object is indecomposable if and only if its endomorphism
algebra has only trivial idempotents. As a consequence, M is indecomposable if
and only if M, is indecomposable. This establishes Statement (2).

Finally, consider a morphism f : M — N in Rep(Q). Suppose that f, is a
section. Let g : N, — M, be a morphism such that gf, = 1a,,. Since ¢ is
surjective, there exists a morphism h : N — M such that h, = g. This yields
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(hf), = (1nm),, and thus hf = 1p. Similar, f is a retraction if f, is a retraction.
This establishes Statement (3). In particular, f is an isomorphism if and only if f,
is an isomorphism. The proof of the theorem is completed.

The rest of this section is devoted to the study of the finitely presented or co-
presented representations. Let rep™(Q) stand for the category of finitely presented
representations of ) and rep™(Q) for that of finitely co-presented ones.

1.14. LEMMA. Let L, M be representations in rep(Q).
(1) If M € rep™(Q), then Extiep(Q) (M, L) is finite dimensional for i > 0.
(2) If M € rep (Q), then Extiep(Q) (L, M) is finite dimensional for i > 0.

Proof. We shall prove only Statement (2). Let M be an object in rep=(Q) with
a minimal injective co-resolution 0 — M —= I — J — 0, where I, J € inj(Q).
Applying Hom,cp gy (L, —) yields an exact sequence

0 — Hom(L, M) — Hom(L, I) — Hom(L, J) — Ext" (L, M) — 0.

Since L € rep(Q), by Proposition 1.3, Homyep(g) (L, I) and Homyep(o) (L, J) are
finite dimensional. The proof of the lemma is completed.

One says that an additive k-category is Hom-finite if the Hom-spaces are of finite
k-dimension and that an abelian k-category is FExt-finite if the Ext-spaces are of
finite k-dimension. Note that a Hom-finite additive k-category is Krull-Schmidt if
its idempotents split. Hence a Hom-finite abelian k-category is Krull-Schmidt. The
following result is an immediate consequence of Propositions 1.8, 1.11, and 1.14.

1.15. PROPOSITION. The k-categories rept(Q) and rep~(Q) are Hom-finite, Ext-
finite, hereditary, and abelian. Moreover, they are extension-closed in rep(Q) and
their intersection is rep®(Q).

REMARK. If @ has no left infinite path or no right infinite path, then we have
rep(Q) = rep®(Q) or repT(Q) = rep®(Q), respectively. As a consequence, if Q has
no infinite path, then rep(Q) = rep®(Q) = rep=(Q).

We shall describe the projective objects and the finite dimensional injective ob-
jects in rept(Q). For this purpose, denote by Q* the full subquiver of Q generated
by the vertices which are not ending point of any left infinite path.

1.16. PROPOSITION. Let M be an indecomposable representation in rep™(Q).
(1) M is a projective in rep™(Q) if and only if M = P, for some z € Qq.
(2) M is finite dimensional and injective in rep(Q) if and only if M = I, for
some € Q7.
(3) If M = S, for some x € Qo, then M has an injective hull in rep™(Q) if and
only if x € QT.
Proof. (1) By definition, M has a projective cover f : P — M, where P is an object
in proj(Q). If M is projective in rep™(Q), then f is an isomorphism. Since M is
indecomposable, we have P = P, for some = € Q.
(2) Let z € Q™. Since Q is locally finite, x admits only finitely many predecessors
in @, and hence I, is finite dimensional. Since I, is injective in rep(Q), it is
injective in rep™(Q). Suppose conversely that M is a finite dimensional injective
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object in rept(Q). Then socM = &7_, (S, ® U;) with z; € Qo and U; some finite
dimensional non-zero k-spaces. We have an essential monomorphism f: M — I in
rep(Q), where I = @_, (I, ® U;). In particular, suppM C suppl. Fix a vertex
y in suppl. Let X be the convex subquiver of supp/ generated by suppM and y.
Since suppM is finite, so is Y. By restriction, we get an essential monomorphism
fy : M — I in rep(X). Observing that M is injective in rep(X), we see that f, is
an isomorphism. In particular, M (y) = I,(y) = I(y) # 0. Thus suppM = suppl.
Therefore, f is an essential monomorphism in rep™(Q). Since M is injective in
repT(Q), f is an isomorphism, and consequently, r =1 and z; € Q.

(3) If x € Q™T, then I, is the injective hull of S, in rep™(Q). Conversely, suppose
that S, has an injective hull I in rep™(Q). Since S, is essential in I, every vertex
in supp/ is a predecessor of z in Q). Thus supp/ is both top-finite and socle-finite.
As a consequence, [ is finite dimensional. We now deduce from Statement (2) that
I =1,, and hence x € Q". The proof of the proposition is completed.

EXAMPLE. Let @ be the following infinite quiver
1—2—-3—> ... —>n—> ...,

Since rep™(Q) is Krull-Schmidt, using the description of the indecomposable rep-
resentations in rep™(Q) given in (5.9), one can verify that P is an injective object
in rep™(Q). It is clear that P; ¢ inj(Q).

To conclude this section, we construct a duality between proj(Q@) and inj(Q).
The proofs will be left out since this is similar to the construction in the finite
case. Consider the opposite quiver Q°P of @ which is defined in such a way that
every vertex x in ) corresponds to a vertex xz° in Q°P and every arrow « : x — y
corresponds to an arrow a° : y° — z° in Q°P. If p = a, ---a; is a path in Q
from x to y, then we write p° = af - - - a2, the corresponding path in Q°P from y°
to 2°. For any given object M € rep(Q), we define DM € rep(Q°P) by setting
(DM)(z°) = Homy (M (z), k) for each vertex z° and (DM)(a®) to be the transpose
of M(«), for each arrow a®. For a morphism f : M — N in rep(Q), we define a
morphism Df : DN — DM in rep(Q°P) by setting (D f)(x°), for each vertex x° in
Q°P, to be the transpose of f(z).

1.17. LEMMA. The functor D : rep(Q) — rep(Q°P) is a duality such that DI, = Pyo
and DP, = I .., for all x € Q.

For the rest of the paper, put A = kQ, the path algebra of Q) over k. Note
that A has a complete set of primitive orthogonal idempotents {e, |z € Qo}. A
left A-module M is called unitary if M = @yeq,€2M. Let ModA be the cate-
gory of left unitary A-modules. It is well known that there exists an equivalence
Rep(Q) =5 ModA, sending a representation M to the module Bzecq, M(z). For
convenience, we shall make the identification M = ®,eq, M(z). In this way,
P, = Ae, as a module, while A = ®,¢cq, P, as a representation. Note that there
exists a contravariant functor Hom4(—, A) from the category of all left A-modules
to that of all right A-modules which, however, does not necessarily send a unitary
module to a unitary one.

1.18. LEMMA. The functor Homa(—, A) : proj(Q) — proj(Q°P) is a duality such
that Hom g (P, A) = Pyo for all x € Q.
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Composing the dualities in Lemmas 1.17 and 1.18, we get the following result.

1.19. PROPOSITION. The functor v = DHoma(—, A) : proj(Q) — inj(Q), called the
Nakayama functor, is an equivalence such that v(P,) = I, for all x € Qo, whose
quasi-inverse is v~ = Hom goo (D—, A°P).

2. ALMOST SPLIT SEQUENCES

For the rest of this paper, @) stands for a strongly locally finite quiver and k
for a field. Recall that rep(Q)) denotes the category of locally finite dimensional
k-representations of @, while rep™(Q) and rep~(Q) denote its full subcategories
generated by the finitely presented representations and by the finitely co-presented
representations, respectively. The main objective of this section is to study the
Auslander-Reiten theory in rep(Q). Our major task is to construct an almost split
sequence which ends with any given indecomposable non-projective representation
in rep™(Q), and one which starts with any given indecomposable non-injective
representation in rep—(Q). This is a more specific version of a result by Auslander;
see [2, Theorem 6]. We shall also study some properties of the Auslander-Reiten
translates, and show how to relate the Auslander-Reiten theory over @ to that over
its subquivers.

We start with a brief recall. Let A be an additive category. An object in A is
strongly indecomposable if it has a local endomorphism algebra. Let f : X — Y
a morphism in A. One says that f is irreducible if f is neither a section nor a
retraction while every factorization f = gh implies that h is a section or g is a
retraction. Moreover, f is called right minimal if any morphism h : X — X such
that f = fh is an automorphism; right almost split if f is not a retraction and every
non-retraction morphism g : Z — Y factors through f; and minimal right almost
split if f is right minimal and right almost split. In a dual manner, one defines
f to be left minimal, left almost split, and minimal left almost split; see [6]. Note
that a minimal left or right almost split morphism is irreducible if and only if it is
non-zero. Furthermore, a sequence

x-toy 2.z

of morphisms in A with Y #£ 0 is called almost split if f is minimal left almost split
and a pseudo-kernel of g, while g is minimal right almost split and a pseudo-cokernel
of f. Such an almost split sequence is unique for X and for Z if it exists, more-
over, this definition coincides with the classical one in case A is abelian; see [33,
(1.4),(1.5)]. We say that A is a right Auslander-Reiten category if every indecom-
posable object in A is the co-domain of a minimal right almost split monomorphism
or the ending term of an almost split sequence; a left Auslander-Reiten category if
every indecomposable object in A is the domain of a minimal left almost split epi-
morphism or the starting term of an almost split sequence; and an Auslander-Reiten
category if it is left and right Auslander-Reiten; compare [33, (2.6)].

The following result is probably well known; compare [39, (1.3.2)].

2.1. LEMMA. Let € be an abelian category with a short exact sequence

0—>Xx-Lyvyz_so.
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(1) The morphism q is a minimal right almost split monomorphism in € if and
only if Z s simple and p is its projective cover.
(2) The morphism p is a minimal left almost split epimorphism in € if and only if
X is simple and q s its injective hull.
Proof. We shall prove only Statement (1). Suppose first that Z is simple and
p:Y — Z is its projective cover. Since g is the kernel of p, it is right minimal.
Let f: M — Y be a non-retraction morphism. Since Y is projective, f is not an
epimorphism, and since p is superfluous, neither is pu. Since Z is simple, pf = 0,
and hence f factors through ¢. That is, ¢ is minimal right almost split.
Conversely, suppose that ¢ is minimal right almost split. If Y is not projective,
then ¥ has a non-retraction epimorphism f : M — Y. Since f factors through
q, we see that ¢ is an epimorphism and hence an isomorphism, a contradiction.
Thus Y is projective. If g : L — Y is not an epimorphism, then g factors through
g. In particular, pg = 0, which is not an epimorphism. This shows that p is a
superfluous epimorphism and hence a projective cover of Z. Finally, consider an
arbitrary morphism u : M — Z in ¥. Being abelian, ¥’ admits a pull-back diagram

/ ’

)H(quM 0
Xq}l/”pizu

If v is an epimorphism, then so is u. Otherwise, v = gh for some h: N — X, and
consequently, up’ = pv = 0. Since p’ is an epimorphism, we get u = 0. This shows
that Z is simple. The proof of the lemma is completed.

0

REMARK. (1) In the situation as in Lemma 2.1(1), X is the greatest sub-object of
Y. One writes X =radY and calls Z the top of Y.

(2) In the situation as in Lemma 2.1(2), X is the smallest sub-object of Y, which
is called the socle of Y and written as socY'.

The following statement is an immediate consequence of the preceding lemma.

2.2. COROLLARY. If € is an abelian category, then

(1) € is right Auslander-Reiten if and only if every indecomposable non-projective
object is the ending term of an almost split sequence and every indecomposable
projective object has a simple top;

(2) € is left Auslander-Reiten if and only if every indecomposable non-injective
object is the starting term of an almost split sequence and every indecomposable
injective object has a simple socle.

We now begin to study the Auslander-Reiten theory in rep(Q). Note that the
indecomposable objects rep(Q) are all strongly indecomposable; see [19, (3.6)].
The following result, which is an immediate consequence of Lemma 2.1, will be
used frequently.

2.3. LEMMA. If x € Qo, then the inclusion q, : rad P, — P, is a minimal right
almost split monomorphism, while the projection p, : I, — I./socI, is a minimal
left almost split epimorphism in rep(Q).

The following construction is analogous to the classical one for modules over an
artin algebra; see, for example, [7].
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2.4. DEFINITION. Let M be a representation in rep(Q).

(1) If M has a minimal projective resolution 0— P; . Py— M — 0 with
Py, Py € proj(Q), then DTr M denotes the kernel of v(f) :v(P) —v(Fp).

(2) If M has a minimal injective co-resolution 0 —= M —= Iy —>I; —= 0 with
Iy, I € inj(Q), then TrD M denotes the co-kernel of v~ (g) : v~ (Ip) — v~ (I1).

REMARK. (1) DTrM is defined only up to isomorphism and only for M € rep™(Q),
in such a way that DTr M = 0 if and only if M € proj(Q).

(2) TrD M is defined only up to isomorphism and only for M € rep(Q), in such a
way that TrDM = 0 if and only if M € inj(Q).

The following lemma and its dual play an important role in the construction of
almost split sequences.

2.5. LEMMA. Let M € rep™(Q) be indecomposable with a minimal projective reso-
lution

0—=P Lo py—= M —0.
If M is not projective, then DTr M = DExt} (M, A) € rep™(Q), which is indecom-

posable and not injective with a minimal injective co-resolution

0 —= DTt M —= v(P) 22 v(Ry) — 0.

Proof. Suppose that M is not projective. Since Rep(Q) is hereditary, we have
Homyu (M, A) = 0. Applying Homa(—, A) to the minimal projective resolution
stated in the lemma, we get a short exact sequence of right A-modules as follows:

0 — Hom s (Py, A) > Hom (P, A) — Ext}y (M, A) — 0,

where Ext} (M, A) is unitary since Homa(Py, A) and Homa(P;, A) are unitary.
Applying the duality D : rep(Q°P) — rep(Q) stated in Lemma 1.17, we obtain a
short exact sequence

n: 0 — DExt} (M, A) v(Py) )

V(Po) 0

in rep(Q). By definition, DTrM = DExt!, (M, A) € rep~(Q). Furthermore, since
Im(f) C rad Py, we see that Im(f*) is contained in the radical of Hom 4 (P;, A), and
hence the kernel of v(f) contains the socle of v(P;). That is, 7 is a minimal injective
co-resolution of DTr M. In particular, DTr M is not injective. Finally, since v is an
equivalence and M is indecomposable, DTr M is indecomposable. The proof of the
lemma is completed.

As a consequence of Lemma 2.5 and its dual, we have the following result.

2.6. COROLLARY. If M, N are indecomposable objects in rep(Q), then N = DTrM
if and only if M = TrDN.

The following consequence of Lemma 2.5 will be needed later; compare [6, (4.2)].

2.7. COROLLARY. Let M, N € rep™(Q) be indecomposable and not projective. If
rep™(Q) has a monomorphism f : M — N, then rep(Q) has a monomorphism
g :DIrM — DITN.
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Proof. Since rep(Q) is hereditary, DExt} (=, A) : rep™(Q) — rep™(Q) is a left exact
functor. If f : M — N is a monomorphism in rep*(Q), then

g = DExt}(f, A) : DExt! (M, A) — DExt}(N, A)

is & monomorphism in rep~(Q). By Lemma 2.5, ¢ is a monomorphism from DTr M
to DTrN. The proof of the corollary is completed.

We are ready to have the existence theorem for almost split sequences.

2.8. THEOREM. Let Q) be a strongly locally finite quiver, and let M € rep(Q) be

indecomposable.

(1) If M € rep™(Q) is not projective, then rep(Q) admits an almost split sequence
0—DIrM — N — M — 0, where DTrM € rep=(Q).

(2) If M € rep=(Q) is not injective, then rep(Q) admits an almost split sequence
0— M — N — TtDM — 0, where TtDM € rep*(Q).

Proof. We only prove Statement (1). Assume that M is finitely presented and not

projective. By Lemma 2.5, DITrM is finitely co-presented, indecomposable, and

not injective. Let L € rep(Q). By Lemma 1.14, Ext’, (M, L) and Hom4 (L, DTr M)

are of finite k-dimension. We claim, for P € proj(Q), that there exists a k-linear

isomorphism, which is natural in P and L, as follows:

Y, » : Homa (P, L) — DHoma(L,vP).

Indeed, we may assume with no loss of generality that P = P, for some = € Q.
By Proposition 1.3, we have the following k-isomorphisms:

Homy (P, L) 2 L(z) & DHomy(L(x), k) = DHomx (L, I,,),

each of which is natural in P, and L. This establishes our claim.

Let 0 — P, — Py — M — 0 be a minimal projective resolution of M, where
Py, Py € proj(@). By Lemma 2.5, DIrM has a minimal injective co-resolution
0—DItM —v(Py) — v(Py) — 0, where v(P,),v(FP) € inj(Q). Applying
Homy(—, L) and DHom4 (L, —), we get a commutative diagram with exact rows:

Hom (Py, L) — Hom4 (P, L) —— Ext!y(M,L) —=0

leO,L \LwPl,L \Ld)L

DHoma (L, vPy) — DHoma (L, vP;) — DHom (L, DTrM) — 0,

where ¢, , and ¢, , are natural isomorphisms. Thus there exists an isomorphism
¢, : Extl (M, L) - DHom 4 (L, DTrM), which is natural in L. Since End(DTrM)
is finite dimensional, there exists a non-zero k-linear map 6 : End(DTrM) — k,
which vanishes on rad(End(DTrM)). Consider the corresponding non-zero element

f g

n=¢,l  (0): 0—=DIrM N M 0

in Ext'(M,DTrM). Let u : DTrM — L be a non-section morphism rep(Q). For
any v : L — DIrM, since vu € rad(End(DTrM)), we have §(vu) = 0. This shows
that DHom (u, DTrM)(#) = 0. In view of the commutative diagram
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Ext!(M,u
Ext! (M, DTe M) —~ M pit(ar, 1)

ld)mr M ld)L
DHom (u,DTr M)

DEnd(DTrM) ————— " DHom(L, DTr M),

we get Ext!(M,u)(n) = 0, that is, u factors through f. Thus 7 is an almost split
sequence in rep(Q); see [6, (2.14)]. The proof of the theorem is completed.

REMARK. It is shown in [38] that every almost split sequence in rep(Q) is of the
form stated in Theorem 2.8.

The following result is a consequence of Theorem 2.8 and Proposition 1.15; com-
pare [15, (1.20)] and [14, Theorem 4].

2.9. COROLLARY. Let M be an indecomposable representation in rep®(Q).

(1) If M is not projective, then rep(Q) has an almost split sequence ending with
M, which is also an almost split sequence in rep™(Q).

(2) If M is not injective, then rep(Q) has an almost split sequence starting with
M, which is also an almost split sequence in rep™(Q).

Next, we shall study the Auslander-Reiten translates. To this end, the following
easy result is useful.

2.10. LEMMA. Let M € rep™(Q) be indecomposable with a minimal projective reso-
lution ;
00— Py, — &1 Py, — M —0.

If x € Qo is not in suppM, then x = y; for some 1 < j < s if and only if x is an
immediate successor of some vertex in suppM .
Proof. Let N denote the kernel of f. Then y1,...,ys are the vertices in the top-
support of N. Fix a vertex x not lying in suppM. Suppose first that @) has an
arrow « : y — x with y € suppM. Since f is surjective, there exists a path p in @
from some z; to y such that f(p) # 0. Since x & suppM, we have f(ap) = 0. Thus
ap lies in N but not in its radical, and hence, z lies in the top-support of N.
Suppose conversely that x lies in the top-support of N. Then there exists some
p=Ap1+---+N\ps, where Ay ..., \¢ € k, and pq,...,p; are paths in @ from some
of x1,...,2z, to x, which lies in N but not in its radical. Since x & suppM, we
may write p; = a;q;, where «; is an arrow ending in x and ¢; is a path in @, for
i=1,...,t. Since p & rad N, there exists some 1 < ig < ¢ such that f(g;,) # 0. In
particular, e(g;,) € suppM. The proof of the lemma is completed.

The following result is an immediate consequence of Lemmas 2.5 and 2.10.

2.11. COROLLARY. Let M € rep™(Q) be indecomposable. If x is a vertex in Q not
lying in suppM, then x lies in the socle-support of DIt M if and only if x is an
immediate successor of some vertex in suppM .
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Let M be an indecomposable representation in rep(Q). By convention, we write
DTr°M = M = TrD°M. If M € rep™(Q), then DTr M € rep—(Q); and if, moreover,
DTrM € rept(Q), then DTr2M is defined and lies in rep~(Q). In general, if n > 0
is such that DTr" 1M is defined and lies in rep™(Q), then DTr"M is defined and
lies in rep=(Q). If DTr™M is defined and non-zero for some n > 0, then it follows
from Proposition 1.15 and Lemma 2.5 that DTr?M is indecomposable for 0 < i < n,
and finite dimensional for 0 < ¢ < n. We shall say that M is DIr-stable if DITr"M
is defined and non-zero for all n > 0, or equivalently, DTr™M is indecomposable of
finite dimension for all n > 0.

2.12. LEMMA. Let M € rep™(Q) be indecomposable, and let w be an infinite acyclic

walk in Q which starts with an arrow and intersects suppM only at s(w). Then M

is DIr-stable or DIt™M is infinite dimensional for some n > 0. Furthermore,

(1) If all but finitely many edges in w are inverses of arrows, then DTr™M is infinite
dimensional for some n > 0.

(2) If DIt™M with m > 0 is defined, then its support contains some vertezx lying
in w but different from s(w).

Proof. Write w = ---w,, ---wawy, where the w; are edges. Put a; = s(w;) for
1> 1. Set s9p = 1. Then ws, is an arrow and s¢ is maximal such that as, € suppM.
Let 7 > 0 be an integer such that DTr"M € rep™(Q) and there exist integers
S0 < -+ < s, satisfying the following property: ws, is an arrow and s; is maximal
for which as, is in the support of DTrM, for i = 0,...,r. Since w,, is an arrow
as, — as.41 and ag.4+1 is not in the support of DIt"M, by Corollary 2.11, a5, 41
is in the support of DTr" M. If DTr" M ¢ rep™(Q), then DTr" 1M is infinite
dimensional and DTr?M is not defined for every i > r+1. In this case, the lemma is
proved and we stop the process. Otherwise, DTr"+! M is non-zero of finite dimension
by Proposition 1.15. Therefore, there exists a maximal integer s,4+1 > s, such that
as,,, is in the support of DTr"*' M. Suppose that ws, ,, is the inverse of an arrow
Qs,py ¢ Qs 41. Since ag, 41 is not in the support of DIr" M, applying the
dual of Corollary 2.11 to DTr" 1 M, we see that s, +1 s in the support of DTr"M,
contrary to the maximality of s,. Therefore, ws, ., is an arrow a,, ., — as,,+1. If
this process never stops, then we get an infinite increasing sequence of integers

S0 < 8L < e < 8y < e

satisfying the above-stated property. In particular, M is DIr-stable, and as, lies
in the support of DTriM for all i@ > 0. Moreover, since the ws, are arrows, the
hypothesis stated in Statement (1) does not occur. The proof of the lemma is
completed.

REMARK. If @ has no left infinite path, then rep=(Q) = rep®(Q). In this case,
Lemma 2.12 provides a simple combinatorial condition for an indecomposable rep-
resentation to be DTIr-stable.

Dually, if M € rep™(Q) is indecomposable, then TrDM € rep™(Q). If n > 0
is such that TrD" M is defined and lies in rep~(Q), then TrD"M is defined and
lies in rept(Q). If TrD™M is defined and non-zero for some n > 0, then it follows
from Proposition 1.15 and the dual of Lemma 2.5 that TrD?M is indecomposable
for 0 < ¢ < n, and finite dimensional for 0 < ¢ < n. We shall say that M is
TrD-stable if TrD™M 1is defined and non-zero for all n > 0, or equivalently, TrD"M
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is indecomposable of finite dimension for all n > 0. The following result is a dual
statement of Lemma 2.12.

2.13. LEMMA. Let M € rep=(Q) be indecomposable, and let w be an infinite acyclic

walk in Q which ends with an arrow and intersects suppM only at e(w). Then M

is TrD-stable or TrD™ M s infinite dimensional for some n > 0. Moreover,

(1) If all but finitely many edges in w are inverses of arrows, then TrD™ M is infinite
dimensional for some n > 0.

(2) If T'D™M with m > 0 is defined, then its support contains some vertex lying
in w but different from e(w).

The preceding results yield some very useful consequences.

2.14. PROPOSITION. Let @ be an infinite connected strongly locally finite quiver.
(1) For any z,y € Qo, there exists no integer m > 0 such that DIv™I, = P,.
(2) If M, N € rep(Q) are indecomposable such that M = DTt™N for some n > 0,
then suppM = suppN if and only if n = 0.
Proof. (1) Let x,y € Qo be such that P, = DIr™[, for some m > 0. If m = 0,
then it is easy to see that @) consists of a single path from x to y, a contradiction.
Thus m > 0. Since P, € rep™(Q), by Proposition 1.15, DTr’I, is finite dimensional,
for i = 1,...,m. On the other hand, since I, = TrD™P, by Corollary 2.6, I, is
finite dimensional by Proposition 1.15. Since DTr™ "', = 0, we see that [, is not
DTr-stable and D(I‘rily is finite dimensional for all 4 > 0. Since @ is connected and
infinite, applying Konig’s lemma to the complement of supp/,, we get a right infinite
acyclic walk w which intersects suppl, only at s(w). Since suppl, is successor-
closed, w starts with an arrow. By Lemma 2.12, I, is DIr-stable or DIr"I, is
infinite dimensional for some r > 0, a contradiction.

(2) Let M, N € rep(Q) be indecomposable such that M = DIr"N with n > 0.
By Corollary 2.6, N = TrD"™M. Suppose that n > 0 and that suppM = suppN = X.
Then N € rep™(Q) and M € rep~(Q). Moreover, by Lemma 1.6, X is top-finite
and socle-finite, and hence finite. Applying Kénig’s lemma to the complement of
X, we get a left infinite acyclic walk w which intersects X' only at e(w). If w ends
with an arrow, then we may apply Lemma 2.13(2) to M to see that supp/V, that
is X', contains some vertex lying in w but different from e(w), a contradiction. If
w ends with the inverse of an arrow, then w™?! is an infinite acyclic walk which
starts with an arrow and intersects supp N only at s(w™!). It follows from Lemma
2.12(2) that suppM, that is ¥, contains some vertex lying in w~! but different
from s(w~1), a contradiction again. The proof of the proposition is completed.

REMARK. Proposition 2.14(1) is well known in the finite non-Dynkin case. If @ is
infinite without left infinite paths, Reiten and Van der Bergh proved this by using
a highly indirect argument to treat the infinite Dynkin case; see [39].

Let X be a subquiver of Q). If M is a representation of @) supported by X, for
the sake of convenience, we shall regard M as a representation of X' whenever no
risk of confusion is possible. In particular, if N is a representation of @), then its
restriction N, will be regarded as a representation of X'. On the other hand, every
representation M of X' can be extended trivially to a representation of ) which,
by abuse of notation, is denoted again by M. In this way, we shall identify rep(X)
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with the full subcategory of rep(Q) generated by the representations supported by
Y. As one of the techniques for our later investigation, we shall relate the almost
split sequences and the irreducible morphisms in rep(Q) to those in rep(X).

2.15. LEMMA. Let X be a convex subquiver of Q, and let M € rept(Q).
(1) If X is predecessor-closed in Q, then M, € rept(X).

(2) If X contains the trivial and the immediate successors of the vertices in supp M,
then M € rep™(X).

Proof. For x € Qq, let P, denote the restriction of P, to X. Since X is convex,
for x € X, it is easy to see that P, is isomorphic to the indecomposable projective
representation in rep(X) at z. Now, M has a minimal projective resolution

n: 0—&;_ Py, — ;1 P, —= M —0.
Restricting 1 to X, we get a short exact sequence in rep(X) as follows:

Suppose that @ is predecessor-closed in Q. Then P, = 0, for « ¢ X. This
implies that P, € proj(X), for all z € Qp. In particular, n,. is a minimal projective
resolution of M, in rep(X). That is, M, € rep™(2).

Suppose next that X contains the trivial and the immediate successors of the
vertices in suppM. Then M, = M, and by Corollary 2.11, the z; and the y; all
lie in X. Hence, the P, and the P, all lie in proj(X). As a consequence, 7, is a

minimal projective resolution of M in rep(X). That is, M € rep*(X). The proof of
the lemma is completed.

2.16. PROPOSITION. Let N € rep™(Q) be indecomposable, and let X be a conver
subquiver of QQ containing all the predecessors of the trivial and the immediate suc-
cessors of the vertices in suppN.

(1) The almost split sequence in rep(X) ending with N is almost split in rep(Q).
(2) Any irreducible morphism in rep(X) ending in N is irreducible in rep(Q).

Proof. First of all, NV can be considered to be a representation of X', which is finitely
presented by Lemma 2.15(2). Moreover, since X contains the immediate successors
of the vertices in suppN, we see that N is projective in rep(X) if and only if it is
projective in rep(Q).

(1) Let n: 0—L— M — N — 0 be an almost split sequence in rep(X).
In particular, N is not projective in rep(X), and hence not projective in rep(Q).
Then, rep(Q) has an almost split sequence ¢ : 0 — DIrN — E — N — 0. By
Corollary 2.11, the vertices in the socle-support of DTr /N are trivial or immediate
successors of the vertices in supp IN. Since the socle of DTr N is essential, the vertices
in the support of DTr N are all predecessors of the vertices in the socle-support of
DTr N, which lie in X by the hypothesis stated in the proposition. Therefore, ( lies
entirely in rep(X). Then ( is an almost split sequence in rep(X), and hence, it is
isomorphic to 7. In other words, 7 is almost split in rep(Q).

(2) Let f : M — N be an irreducible morphism in rep(X). Since N € rep™(X), by
Lemma 2.3 and Theorem 2.8(1), rep(X) has a minimal right almost split morphism
g: L — N. Then f = gs for some section s : M — L. If N is not projective in
rep(¥), then g is minimal right almost split in rep(Q) by Statement (1). Otherwise,
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N = P, for some z € Yy, and g is the inclusion map rad P, — P,. In any case, f
is irreducible in rep(Q). The proof of the proposition is completed.

Conversely, we have the following result; compare [14, Lemma 2].

2.17. PROPOSITION. Let N € rept(Q) be indecomposable, and let X be a conver

subquiver of QQ containing the trivial and the immediate successors of the vertices

in supp V.

(1) If 0—=L— M — N —0 is an almost split sequence in rep(Q), then its
restriction 0 — L, — M, — N — 0 is an almost split sequence in rep(X).

(2) If f + M — N is an irreducible morphism in rep(Q), then its restriction
Iy My, = N is an irreducible morphism in rep(X).

Proof. (1) Consider an almost split sequence £ : 0—> L —> M —2> N —0 in
rep(Q). Restricting £ to X yields a short exact sequence
95

& : 0—=L, —> M,

P

N 0

inrep(X). If g, is a retraction, then rep(X)) has a morphism &' : N — M, such that
g,h' = 1y. Since X contains the immediate successors of the vertices in supp N,
we can extend A’ to a morphism h : N — M in rep(Q) such that gh = 1y, a
contradiction. If u : X — N is a non-retraction morphism in rep(X), then it is not
a retraction in rep(Q). Thus u = gv, for some morphism v : X — M in rep(Q).
Restricting the equation to X' yields v = g,v,,. This shows that g, is right almost
split in rep(X).

For z € Qo, let P, and I/ denote the restrictions of P, and I, to X, respectively.
If x € X then, since X is convex, P, and I/, are isomorphic to the indecomposable
projective and injective representations in rep(X) at z, respectively. Now, N has a
minimal projective resolution

n:  0—=®j_ Py, —> @] Py, —>= N 0

in rep(Q). By Corollary 2.11, the z; and the y; all lie in X. Thus, restricting 1 to
Y, we get a minimal projective resolution

Ny Oﬁ@ﬁzlpéjg@izlpéi—)N—)()

of N in rep(X). On the other hand, by Lemma 2.5, L has a minimal injective
co-resolution

v(w)

(: 0—=L—=a3 — @iy Lo, —>0

J=1"Y;
in rep(Q). Restricting ¢ to X', we obtain a minimal injective co-resolution
v(w)
CZ : 00— LZ‘ - 69;:1‘[’;]‘ %Z @::1—[;1 —0
of L, in rep(X). Moreover, it follows from the definition that v(w), = v, (w,),
where v, is the Nakayama functor for rep(X). This implies that L, = DTr_ M. By
Lemma 2.5, L, is indecomposable and hence strongly indecomposable. Thus, &, is
an almost split sequence in rep(X); see [6, (2.14)].
(2) Assume that f: M — N is an irreducible morphism in rep(Q). By Lemma
2.3 and Theorem 2.8, rep(Q) has a minimal right almost split morphism g : L — N.
Then f = gs, where s : M — L is a section. Hence, f, = g,s,, where s, is clearly
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a section. If N is not projective, then g, is minimal right almost split in rep(X)
by Statement (1). Otherwise, N = P, and L = radP, for some = € Qy. By the
hypothesis, both L and N are supported by Y. So g, = ¢, which is minimal right
almost split in rep(X). In any case, f, is irreducible in rep(X). The proof of the
proposition is completed.

3. AUSLANDER-REITEN CATEGORIES

In the following four sections, we shall be mainly concerned with the study
of Auslander-Reiten theory in rep™(Q). It is left to the reader to formulate the
dual results for rep™(Q). In case @ has no left infinite path, Reiten and Van den
Bergh proved that rep™(Q) is a right Auslander-Reiten category; see [39]. The
main objective of this section is to find the necessary and sufficient conditions for
repT(Q) to be a left or a right Auslander-Reiten category.

We begin with studying some properties of irreducible morphisms in rep™(Q).

3.1. LEMMA. If f : M — N is an irreducible epimorphism in rep™(Q), then the
kernel of f is finite dimensional.

Proof. Let f: M — N be an irreducible epimorphism in rep™(Q). Since rep™(Q)
is Krull-Schmidt, we may assume that N is indecomposable; see [9, (3.1), (3.2)].
Since N is not projective, by Theorem 2.8(1), there exists in rep(Q) an almost split
g

sequence 7: 0 L E N 0, where L € rep™(Q). This yields a
push-out diagram /
0 X M— N 0
P
0 L E N 0.

Set X' = supp M and 2 = supp E. Let © be the full subquiver of {2 generated
by the vertices which are successors in @) of the vertices in Y. Since X is top-
finite by Lemma 1.6 and @ is interval-finite, © has no left infinite path. Since
suppN C ¥ N 2 C O, restricting n to O yields a short exact sequence

n: 0—>1L, E, 2 N——0.

Suppose that suppL,,, that is ©N suppL, contains infinitely many vertices z;, ¢ € N.
Since suppL is socle-finite by Lemma 1.6, we may assume that suppL contains a
path p; : z; ~ a, for each i € N, where a is some fixed vertex in suppL. Since
suppL C {2 and O is successor-closed in {2, the p; all lie in @. Being locally
finite, by Konig’s lemma, © has a left infinite path ending with a, a contradiction.
Thus L, € rep’(Q), and consequently, E, € rept(Q). Note that E, is a sub-
representation of E since © is successor-closed in 2. Moreover, the support of
Im(u) is contained in ¥’ N 2 C O. Thus u = qu’, where v/ : M — E_ is the
co-restriction of w, and ¢ : £, — E is the inclusion. This yields a factorisation
f = (9¢)v in rep™(Q). Thus gq is a retraction or u’ is a section. Since g is not a
retraction, the first case does not occur. In particular, u = gqu’ is a monomorphism,
and so is v. Since suppL has no right infinite path by Lemma 1.6, nor does suppX.
On the other hand, X € rep™(Q) since it is the kernel of f. By Corollary 1.7,
X € rep®(Q). The proof of the lemma is completed.
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3.2. LEMMA. Let f: M — N be an irreducible morphism in rep™(Q). If M is infi-
nite dimensional, then N is infinite dimensional while DIr N 1is finite dimensional.

Proof. Suppose that M is infinite dimensional. If NV is finite dimensional, then
f is an epimorphism. By Lemma 3.1, the kernel of f is finite dimensional, and
consequently, M is finite dimensional. This contradiction shows that NN is infinite
dimensional. For proving the second part of the lemma, we may assume that NV is
indecomposable and not projective. Then rep(Q)) has an almost split sequence

g

n: 0 L E N 0,

where L € rep (Q). Suppose that L is infinite dimensional. By Corollary 1.7,
suppL has a left infinite path. Since suppM has no left infinite path by Lemma
1.6(2), there exists some a € Qo such that L(a) # 0 but M(a) = 0. Let X be the
successor-closed subquiver of @) generated by a and the vertices in the support of
M @ N. Then X is top-finite. By Proposition 2.17(1), restricting n to X, we get
an almost split sequence

nt 0—=1I, E, -2 N—=0

=

in rep(X). By the dual of Lemma 2.15(1), L, € rep (X), and hence suppL,, is
socle-finite by Lemma 1.6. On the other hand, since suppL,, is a subquiver of the
top-finite quiver X, it is finite. As a consequence, 7,, lies in rep™(X) and hence, it
is an almost split sequence in rep™(X).

Finally, by Lemma 2.15(2), f lies in rep™(X), and hence it is an irreducible
morphism in rept(X). Thus we have an irreducible morphism 5 : L, — M. Since
L, is finite dimensional while M is infinite dimensional, h is a monomorphism.
Since L, (a) = L(a) # 0, we have M(a) # 0, a contradiction. The proof of the
lemma is completed.

3.3. COROLLARY. Let 0 — L —= M — N —0 be an almost split sequence in

rep(Q) with L € rep(Q) and N € rep™(Q), and let X be an indecomposable direct

summand of M.

(1) If L is infinite dimensional, then X is finitely presented if and only if X is
finite dimensional.

(2) If N is infinite dimensional, then X is finitely co-presented if and only if X is
finite dimensional.

Proof. By assumption, there exists an irreducible morphism f: X — N in rep(Q).

Suppose that X € rep™(Q). Then f is irreducible in rep™(Q). If X is infinite

dimensional, then L is finite dimensional by Lemma 3.2. This proves Statement

(1). Using the dual of Lemma 3.2, we may prove Statement (2). The proof of the

corollary is completed.

Next, we shall relate the irreducibility of a morphism in rep™(Q) to its irre-
ducibility in rep(Q).

3.4. LEMMA. Let M be an indecomposable representation in rep™(Q).

(1) If M is finite dimensional, then rept(Q) has a minimal left almost split mor-
phism f: M — N, which is also minimal left almost split in rep(Q).

(2) If DIYM is finite dimensional, then rep™(Q) has a minimal right almost split
morphism g : L — M, which is also minimal right almost split in rep(Q).
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Proof. (1) Suppose that M € rep®(Q). If M is injective then M = I, for some
x € Qo by Lemma 1.16(2), and in this case, the projection p : M — M/soc M is
minimal left almost split in rep™(Q) and in rep(Q). Otherwise, by Corollary 2.9(2),
rep(Q) has a minimal left almost split morphism f : M — N which lies in rep™(Q).
Thus, f is a minimal left almost split morphism in rep™(Q).

(2) Suppose that DTrM € rep®(Q). If DIrM = 0, then M = P, for some
T € @, and in this case, the inclusion ¢ : rad M — M is minimal right almost
split in rep(Q) and in rep™(Q). Otherwise, by Corollary 2.9(1), rep(Q) has an
minimal right almost split morphism g : L — M, which lies in rep™(Q). Hence, g
is a minimal right almost split morphism in rep™(Q). The proof of the lemma is
completed.

3.5. COROLLARY. Let f: M — N be a morphism in rep™(Q) with M, N indecom-
posable. Then f is irreducible in rep™(Q) if and only if it is irreducible in rep(Q).

Proof. Suppose that f is irreducible in rep™(Q) with M, N indecomposable. Assume
first that M € rep®(Q). By Lemma 3.4(1), rep™(Q) has a minimal left almost split
morphism g : M — L, which is minimal left almost split in rep(Q). If f is irreducible
in rep™(Q), then f = ug for some retraction u : L — N, and hence, f is irreducible
in rep(Q); see [6, (2.4)].

Assume now that M is infinite dimensional. By Lemma 3.2, DTrN € rep®(Q).
By Lemma 3.4(2), rep™(Q) has a minimal right almost split morphism h : L — N,
which is minimal right almost split in rep(Q). If f is irreducible in rep*(Q), then
f = hv for some section v : N — L, and consequently, f is irreducible in rep(Q).
The proof of the corollary is completed.

The following result is essential for our later investigation, since it allows us to
apply some classical techniques used in the finite case.

3.6. PROPOSITION. If 0 — L — M — N — 0 is a short exact sequence in
rep(Q), then it is an almost split sequence in rep™(Q) if and only if it is an almost
split sequence in rep(Q) with L € rep®(Q).

Proof. The sufficiency follows from Corollary 2.9(2) and the uniqueness of an almost
split sequence. For the necessity, assume that n: 0—~L— M — N —0 is
an almost split sequence in rep™(Q). By Lemma 3.1, L € rep®(Q). Since L is not
injective, by Corollary 2.9(2), rep(Q) has an almost split sequence ¢ starting with
L, which is also an almost split sequence in rep™(Q). Then ¢ is isomorphic to n. In
other words, n is an almost split sequence in rep(Q). The proof of the proposition
is completed.

We are ready to give conditions for rep™(Q) to be left or right Auslander-Reiten.

3.7. THEOREM. If Q is a strongly locally finite quiver, then

(1) rep™(Q) is left Auslander-Reiten if and only if Q has no right infinite path;

(2) rept(Q) is right Auslander-Reiten if and only if Q has no left infinite path, or
else Q is a left infinite or double infinite path.

Proof. (1) Let @ be a strongly locally finite quiver. Suppose first that @ has a right

infinite path p with an initial arrow £ — y. In particular, P, is infinite dimensional.

By Proposition 3.6, rep*(Q) admits no almost split sequence starting with P,.
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Suppose that rep™(Q) has a minimal left almost split epimorphism f : P, — L. By
Lemma 2.1(2), P, is injective in rep™(Q). In particular, the inclusion ¢ : P, — P, is
a section, which is absurd. Thus rep™(Q) is not left Auslander-Reiten. Conversely,
assume that @ contains no right infinite path. Then rept(Q) = rep®(Q). Let
M be an indecomposable object in rep®(Q). If M is not injective, then rep™(Q)
admits an almost split sequence starting with M by Corollary 2.9(2). Otherwise, by
Proposition 1.16(2), M = I, for some z € Q. Thus M — M/socM is a minimal
left almost split epimorphism in rep*(Q). That is, rep™(Q) is left Auslander-Reiten.

(2) For proving the sufficiency, let N € rep™(Q) be indecomposable. If N is pro-
jective, then the inclusion ¢ : rad N — N is a minimal right almost split monomor-
phism in rep™(Q). Otherwise, rep(Q) admits an almost split sequence

n:0 L M N 0,

where L is an indecomposable non-injective object in rep™(Q). If @ contains no
left infinite path, then rep=(Q) = rep®(Q), and hence L is finite dimensional. If
@ is a left infinite or double infinite path, then every indecomposable non-injective
object in rep™(Q) is finite dimensional; see (5.9)(2) below, and hence L is finite
dimensional. In any case, by Proposition 3.6, n is an almost split sequence in
rep™(Q). This shows that rep™(Q) is right Auslander-Reiten.

Conversely, assume that rep™(Q) is right Auslander-Reiten. By Proposition
3.6, DTr X € rep’(Q) for any indecomposable non-projective object X in rep™(Q).
Suppose that ) contains a left infinite path p. Choose arbitrarily a vertex a lying
on p. Then @ contains a left infinite path

Qn a1
=0y —=> Up—1 aq apg = Q.

We claim that a is the starting point of at most one arrow, while «; is the only
arrow ending in a. Indeed, assume that a* = {a; : @ — b; | i = 1,...,7} with
r > 1. Then S, is not projective with a minimal projective resolution

0—= &7, Py, P, S, 0.

By Lemma 2.5, DTrS, has a minimal injective co-resolution
0 —DItS, —@;_ I, —= 1, —=0.
For each n > 0, since dimIy, (a,) > diml,(a,) > 0 for all 1 <4 < r, we get
dim (DTr S, )(an) = >.i_,dim I, (an) — dim I, (a,) > >_i_, dim I, (an) > 0.

Therefore, DIt S, is infinite dimensional, a contradiction. Next, assume that there
exists an arrow 3 : b — a different from «;. Similarly, DTt S, has a minimal injective
co-resolution

0——= DIt S, I,o1 I 0,
where I € inj(Q). Note, for each n > 1, that there exists a k-monomorphism
On : Iy(an) = Iu(an) : p— Bp. Since ay # B, the path g -« -« lies in 1,(a,) but
not in the image of ¢,. As a consequence, dim I,,(a,) > dim Iy(a,). Therefore,
dim (DTrSp) (ay,) = dim I, (ay,) + dim I (a,) — dim Iy (a,) > 0,
for all n > 1. In particular, DTrS; is infinite dimensional, a contradiction. Our
claim is established, from which we infer that @ is a double infinite path if p is

contained in a double infinite path, and otherwise, ) is a left infinite path. The
proof of the theorem is completed.
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We conclude this section with an immediate consequence of Theorem 3.7.

3.8. COROLLARY. If Q is a strongly locally finite quiver, then rep™(Q) is Auslan-
der-Reiten if and only if either Q has no infinite path or Q s a left infinite path.

4. AUSLANDER-REITEN COMPONENTS

The objective of this section is to describe the Auslander-Reiten components of
repT(Q), which has been shown to be a Hom-finite abelian k-category. In contrast
to the finite case, we shall see that many new phenomena occur.

First of all, we recall the notion of a section of a translation quiver, which is
essential in describing the Auslander-Reiten components. Let I' be a connected
valued or non-valued translation quiver with translation 7; see, for example, [22, 41].
A connected convex subquiver A of I' is called a section if it contains no oriented
cycle and meets each T-orbit exactly once; see [32, (2.1)]. Now, we say that a section
A of I' is right-most or left-most if the vertices in I' are all of the form 7"z or all
of the form 77"z with n € N and = € Ay, respectively.

4.1. LEMMA. Let (I',7) be a connected translation quiver with no oriented cycle,

and let A be a full subquiver of I' meeting any given T-orbit at most once.

(1) If A is successor-closed in I' and has the following property: for each arrow
x = 71"y in I withn >0,y € A impliesx € A or 7—x € I', then it is a
right-most section of I.

(2) If A is predecessor-closed in I' and has the following property: for each arrow
T " — yin I withn >0, z € A impliesy € A or ty € I', then it is a
left-most section of I.

Proof. We shall prove only the first statement. Assume that A satisfies the con-
dition stated in (1). Let X be a connected component of A. Then X contains
no oriented cycle and meets any 7-orbit in I' at most once. Moreover, since A is
successor-closed in I', so is Y. In particular, X' is convex in I' and the vertices in
the 7-orbit of some vertex z in X are all of the form 77z with » > 0. We claim
that every vertex a in I' lies in the 7-orbit of some vertex in Y. Since I' is con-
nected, we may assume that I' contains an edge a — b, where b lies in the 7-orbit
of some x € Xy. Then b = 7"z for some n > 0. If 7=""'q € I', then either
x — 7" lgorz — 7 "a is an arrow in I'. Since Y is successor-closed in I,
we have 77"a € X or 7 " la € X. Suppose now that 7" la ¢ I'. Then there
exists some 0 < m < n such that 7~™a € I" while 77" 1la ¢ I'. This yields an
arrow 7"z = 7 g or 7 "a — 7" Mz in I'. If n = m, since 7™ la & T, it
follows from the condition stated in (1) that 7=™a € A, and hence 77 "a € X. If
m < n, then either 7~™a — 7"~™ 1z or 77™a — 7" ™z is an arrow in I'. By the
property of A stated in (1), we have 77™a € A. Since A is successor-closed, we
get 7"~ 1z € A. Since A meets any T-orbit at most once, we see that m =n — 1
and 77™a — z is an arrow in I'. Thus 77"a € Y. This establishes our claim. As
a consequence, Y is a right-most section of I'. Finally, since A meets any 7-orbit
at most once, we have A = Y. The proof of the lemma is completed.

Let (I",7) be a connected valued or non-valued translation quiver, and let « be
a vertex in I'. One says that = is projective or injective if Tx or 7~z is not defined
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in I', respectively. Moreover, we say that x is left stable if 7"z is defined for all
n € N; right stable if 77"z is defined for all n € N; and stable if it is both left and
right stable. Furthermore, I' is called left stable, right stable, or stable if its vertices
are all left stable, all right stable, or all stable, respectively.

Given a connected quiver A with no oriented cycle, one constructs a stable
translation quiver ZA; see, for example, [32, Section 2]. We denote by NA the full
translation subquiver of ZA generated by the vertices (n,z) with n > 0 and € Ao,
and by N7A the one generated by the vertices (n,z) with n < 0 and z € Ag. It is
evident that NA is right stable with a left-most section generated by the vertices
(0,z) with € Ag, while N"A is left stable with a right-most section generated
by the vertices (0,z) with z € Ag. Assume that A is a section of I'. Then I' is
isomorphic to the full translation subquiver of ZA generated by the vertices (—n, z),
where n € Z and = € Ag such that 7"z € I'; see [32, (2.3)]. In particular, if A is
left-most or right-most, then I" embeds in NA or N7A, respectively.

Let A be a Hom-finite Krull-Schmidt additive k-category. For indecomposable
objects X,Y € A, we write

irr(X,Y) =rad(X,Y)/rad*(X,Y)

and denote its dimensions over End(X)/rad(X, X) and End(Y)/rad(Y,Y) by d'xy
and dxvy, respectively. It is then well known that A has an irreducible morphism

f: X = Yifand only if dxy > 0, and in this case, d’,, and d,, are maximal such
XY XY

that A has irreducible morphisms g : X dxy 5 Y and h: X — Y4xv  respectively,
where M™ denotes the direct sum of n copies of M ; see [9, (3.4)]. The Auslander-
Reiten quiver I, of A is a valued translation quiver defined as follows: the vertex
set is a complete set of representatives of isomorphism classes of the indecomposable
objects in A; for vertices X,Y, there exists a unique valued arrow X — Y with
valuation (dy, ,d’ ) if and only if d,, > 0; and the translation 7 is defined

so that 77 = X if and only if A has an almost split sequence X —Y — 7 ;
see [33, (2.1)]. A valuation (d,,,d’ ) is called symmetric if d, = d' ., and
trivial if d,, = d ., = 1. For some technical reasons; see (4.3), we replace each
symmetrically valued arrow X — Y by d,, unvalued arrows from X to Y. In this
way, I', becomes a partially valued translation quiver with possible multiple arrows
in which all valuations are non-symmetric. The connected components of I" , are

called the Auslander-Reiten components of A.

Now, we specialize to the Auslander-Reiten quiver I'.ep+(g) of rept(Q). We
choose its vertex set in such a way that it contains the S, with x € Qg, the P, with
x € Qo, and the I, with z € Q7. Recall that Q" denotes the full subquiver of Q
generated by the vertices x such that I, is finite dimensional. We shall see that
the arrows in I'ept(g) are all symmetrically valued; see (4.15) below, and hence
I'vept(q@) is an unvalued translation quiver with multiple arrows in the sense of [41,
page 47]. For convenience, we say that a representation M in I'iep+(q) is pseudo-
projective if DTrM is infinite dimensional, or equivalently, DTr M ¢ rep*(Q). The
following observation, which follows from Proposition 3.6 and Corollary 2.9, clarifies
the relation between the Auslander-Reiten translations 7 and 77 for I'.ep+(g) and
the Auslander-Reiten translations DTr and TrD for rep(Q).
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4.2. LEMMA. If M is a representation lying in I'op+(q), then

(1) 7M s defined in I'ept(q) if and only if M is neither projective nor pseudo-
projective, and in this case, TM = DTr M, which is of positive finite dimension ;

(2) 7™M s defined in I'iept(q) if and only if M is finite dimensional and not
injective, and in this case, T~ M = TrDM;

(3) M s left stable or right stable in I'.ept(q) if and only if M is DTr-stable or
TrD-stable in rep(Q), respectively.

REMARK. In other words, M is a projective vertex in I'.p+(g) if and only if
M is a projective or pseudo-projective representation in rep™(Q); and M is an
injective vertex in I'.e,+(q) if and only if M is an injective or infinite dimensional
representation in rep™(Q).

4.3. LEMMA. Let F, be the full subquiver of I'.ep+(q) generated by the P, with
x € Qo, and let I, be the one generated by the I, with x € Q.

(1) The subquiver F, is predecessor-closed in I'vop+(qy and isomorphic to Q°P.
(2) The subquiver I, is successor-closed in I'vept(q) and isomorphic to (QF)°P.

Proof. We prove only the first statement, since the second one follows dually. For
x,y € Qo, denote by ng, the number of arrows in @ from z to y. By Proposition
1.3, End(P;) = End(P,) = k and irr(P,, P,) has k-dimension ng,. Thus I'.cp+q)
contains a valued arrow P, — P, if and only if ngy > 0, and in this case, the
valuation is (ngy, Ney). By definition, the symmetrically valued arrow Py — P, is
replaced by ng, unvalued arrows from P, to P,. Thus, F, = Q°°. Moreover, if
M — P, with z € Q is an arrow in I'.¢,+(@), then M is a direct summand of rad P,
and hence M = P, for some y € Q). Thus F, is predecessor-closed in I',c+(g). The
proof of the lemma is completed.

The following result is well known in the finite case.

4.4. LEMMA. If Q is connected, then I',ep+(q) contains an oriented cycle if and only
if Q is finite of Euclidean type.

Proof. We only need to consider the case where @ is connected and infinite. Suppose
that I'\ep+(@) contains an oriented cycle

n: M1 M2 Mn:Ml.

Since ) has no oriented cycle, it follows from Lemma 4.3 that none of the M; is
projective. If some of the M; is infinite dimensional, then the M; are all infinite
dimensional and the DTrM; are of finite positive dimension by Lemma 3.2. Thus
I'.ep+(@) has an oriented cycle

TMl TM2 7—J\4n:7-]\417

which contains only finite dimensional representations. Thus, we may assume that
the M, with 1 < ¢ < n are all finite dimensional. In particular, supp(M; @ - --@ M,,)
is contained in a finite connected full subquiver X of Q. Observing that 7 is also an
oriented cycle in I'.qp(5), we see that X' is of Euclidean type. Since @ is connected
and infinite, X is contained in a connected finite full subquiver A of @ which is of
wild type. Again, 7 is an oriented cycle in I'yep(a), a contradiction. The proof of
the lemma is completed.
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The preceding lemma yields the following important consequence.

4.5. LEMMA. Let I' be a connected component of I'vept(q)-

(1) If I' contains infinite dimensional representations, then such representations
generate a right-most section of I.

(2) If I' contains pseudo-projective representations, then such representations gene-
rate a left-most section of I.

Proof. (1) By Lemma 4.4, I" has no oriented cycle. Assume that the full subquiver
A of I' generated by the infinite dimensional representations is non-empty. By
Proposition 3.6, A meets any 7-orbit in I'" at most once, and by Lemma 3.2, A is
successor-closed in I'. Let M — 7™ N be an arrow in I', where n > 0, N € A, and
M ¢ A. Then M is finite dimensional. If M is injective then, by Proposition 1.16,
M = I, for some z € Q. By Lemma 4.3, n = 0 and N = I,, for some y € Q*,
contrary to that N € A. Thus M is not injective, and by Lemma 4.2(2), 7~ M € I
It follows then from Lemma 4.1(1) that A is a right-most section of I

(2) Assume that the full subquiver X of I generated by the pseudo-projective
representations is non-empty. Clearly, X~ meets any 7-orbit in I" at most once.
Fix an arrow M — N in I'. Suppose first that N € Y. Then rep(Q) admits an
almost split sequence 0 —>= DIrN —= E —> N — 0, where DTrN ¢ rep™(Q).
By Corollary 3.5, an irreducible morphism f : M — N in rep*(Q) is irreducible
in rep(Q). Thus there exists an irreducible morphism g : DIrN — M in rep(Q).
If M ¢ X, by Lemma 3.4(2), rep*(Q) has a minimal right almost split morphism
h : L — M which is minimal right almost split in rep(Q). Therefore, DTrN is
a direct summand of L, and hence DTr N € rep™(Q), a contradiction. Therefore,
M € X. In particular, X' is predecessor-closed in I'. Suppose next that M = 77 "X
with n > 0 and X € X. If N is projective, then M is projective, and hence n = 0
and X is projective, which contradicts that X is pseudo-projective. Thus N is not
projective, and hence either N is pseudo-projective or 7NV is defined in I, that is,
either N € ¥ or TN € I'. By Lemma 4.1(2), X' is a left-most section of I'. The
proof of the lemma is completed.

We are ready to describe the connected components of I'.¢p+(g)- Such a con-
nected component is called preprojective if it contains some of the P, with z € Q.
In case @ is connected, by Lemma 4.3(1), I'\p+(@) has a unique preprojective
component which we denote by P,.

4.6. THEOREM. Let Q be an infinite connected strongly locally finite quiver. The

preprojective component P, of I'wep+(q) has a left-most section generated by the Py

with © € Qo, and consequently, Pg embeds in NQ°P. Furthermore,

(1) If Q has no right infinite path, then P, is right stable of shape NQ°P.

(2) If Q has right infinite paths, then P, has a right-most section, and consequently,
P, contains only finite T-orbits.

Proof. By Lemma 4.3(1), the full subquiver F, of P, generated by the P, with
x € Qo is predecessor-closed in P, and is isomorphic to Q°P. Clearly, F, meets at
most once any given 7-orbit in I'. Let 77"M — N be an arrow in P, with n > 0
and M € P,. Then 77"M is not pseudo-projective. By Lemma 3.4(2), rep™(Q)
has a minimal right almost split morphism f : L — 77 "M, which is minimal right
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almost split in rep(Q). If N ¢ F,, then rep(Q) has an almost split sequence
0—DIYN —F—N—0.

In view of Corollary 3.5, we see that rep(Q)) admits an irreducible morphism
g : 7 "M — N, and hence an irreducible morphism A : DITN — 77 "M. As a
consequence, DTr N is a direct summand of L. In particular, DTrN € rept(Q),
and therefore, TN € P,. By Lemma 4.1(2), F, is a left-most section of P,. In
particular, P, embeds in NQ°P; see [32, (2.3)].

Furthermore, if Q has no right infinite path, then rep*(Q) = rep®(Q). In parti-
cular, P, contains only finite dimensional representation. Containing no injective
representation by Proposition 2.14(1) and Corollary 1.16(2), P, is right stable by
Lemma 4.2(2). As a consequence, P, = NQ°P. Otherwise, some of the P, are
infinite dimensional, and hence P, has a right-most section by Lemma 4.5. Now,
since P, has a left-most section and a right-most one, every 7-orbit in P, is finite.
The proof of the theorem is completed.

REMARK. In case @) has right infinite paths, we can describe P, more explicitly
in the following way. Consider the right stable translation quiver NQ°P. We first
define f(0,z) = dimy, P, € NU {00} for z € Qo, and then extend this in a unique
way to an additive function

f:NQ°®» - NU {0}

such that f(v) = oo whenever v is a successor of some u for which f(u) = co. Then
P, is isomorphic to the full translation subquiver of NQ°P generated by the vertices
(n,z) with n € N and « € Q¢ such that n = 0, or otherwise, f(n —1,2) < .

ExXAMPLE. If Q is the infinite quiver

] o ] ¢] ¢]

"

then the preprojective component of I';¢+(q) is of the following shape:

NN
N
e

[e.e]

where each vertex is labeled with the dimension of the corresponding representation.

Next, we shall describe the connected components of I',.,+(g) containing some of
the I, with z € Q, called the preinjective components. To do so, for each x € QT,
we denote by Q;F the connected component of QT containing z.

4.7. THEOREM. Let Q be an infinite connected strongly locally finite quiver. If I' is
a preinjective component of I'wept(q) containing I, for some x € QT, then it has a
right-most section generated by the I, with y € QF, and consequently, it contains
only finite dimensional representations and embeds in N~(QF)°P. Furthermore,
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(1) If Q has no left infinite path, then I'.op+(q) has a unique preinjective component
of shape N~Q°P.

(2) If Q has left infinite paths, then every preinjective component of I'.ep+(q) has
a left-most section generated by its pseudo-projective representations, and con-
sequently, it contains only finite T-orbits.

Proof. We fix a preinjective component I' of I'ye,+(@), Which contain some I, with
x € Qo. Let A be the full subquiver of I' generated by the I, with y € Q.
From Lemma 4.3(2), we deduce that A is successor-closed in I" and isomorphic to
(QF)°P. Moreover, A clearly meets at most once any 7-orbit in I'. Let M — 7" N
be an arrow in I', where n > 0 and N € A. Then N = I, for some y € Q. Since
N is finite dimensional, it follows from Lemma 3.2 that M is finite dimensional.
If M = I, for some z € Q*, then 7"I, is injective by Lemma 4.3(2). Therefore,
n = 0, and hence z € QF. That is, M € A. Otherwise, by Lemma 4.2(2), 7=M
is defined in I'. By Lemma 4.1, A is a right-most section of I'. Since A contains
only finite dimensional representations, by Lemma 3.2, every representation in I’
is finite dimensional.

If Q contains no left infinite path, then @ = Q% and rep™(Q) = rep®(Q). Since
I" contains no projective representation by Proposition 2.14(1), we see from Lemma
4.2(1) that 7 is defined everywhere in I', that is, I" is left stable. As a consequence,
I' 2 N~ (QF)°P. On the other hand, since @ is connected, QF = Q. Thus, I' con-
tains all the I, with y € Qp. In particular, I" is the unique preinjective component,
which is of shape N™Q°P.

Finally, suppose that @ contains left infinite paths. Since Q7 is predecessor-
closed in @ by definition, @ has some arrow y — 2z with y € QF and 2z ¢ Q.
Then rep(®) has an irreducible morphism f : I, — I, with I, infinite dimensional.
Since I, ¢ proj(Q) by Proposition 2.14(1), rep(Q) has an almost split sequence
0 —DIrly — E — I, — 0. Thus I, is an infinite dimensional direct sum-
mand of E. Since [, is finite dimensional, DTt [, is infinite dimensional, that is, I,
is a pseudo-projective representation. By Lemma 4.5, the pseudo-projective repre-
sentations in I" generate a left-most section. The proof of the theorem is completed.

REMARK. (1) Theorem 4.7 says that the preinjective components of I'.ep+(g) cor-
respond bijectively to the connected components of Q. In particular, I’ rept(Q) has
no preinjective component if Q1 is empty.

(2) In case @ has left infinite paths, the preinjective components can be found
in the following way. Consider the left stable translation quiver N~"Q°P. We define
f(0,2) = dimy I, € NU {oo} for x € Qo, and extend this in a unique way to an
additive function

f:N7Q° - NU {oco}
such that f(v) = oo if v is a predecessor of some vertex u with f(u) = oo. Then
the preinjective components of I'..,+(q) correspond bijectively to the connected
components of the full translation subquiver of N"Q°P generated by the vertices
(n,z) with f(n,z) < .

ExXaAMPLE. If @ is the infinite quiver
0

v

............ s 2> _]—>]=<—92< 33— > 4—>F<—B<—
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then I'.op+(g) has a trivial preinjective component {lo} and another preinjective
component of the following shape:

I

e \
Tl3 I3
~ /

Iy

A representation lying in I'yep+(q) is called preprojective or preinjective if it lies
in a preprojective component or in a preinjective component, respectively. Before
going further, we shall study some properties of these representations.

4.8. LEMMA. Let M be a representation lying in I'iep+(q)-

(1) If M is preprojective, then it has only finitely many non-projective predecessors
in the preprojective component.

(2) If M is preinjective, then it has only finitely many successors in its preinjective
component.

Proof. We may assume that ) is connected. Suppose first that M lies in the
preprojective component P,. By Theorem 4.6 and Lemma 4.3, P, has a left-most
section F,, which is generated by the P, with x € Qo and isomorphic to Q°P.
Suppose that M has infinitely many non-projective predecessors in P,. By Konig’s
lemma, P, has a left infinite path of non-projective representations as follows:

-—>Mi%Mi_1—>'-'—>M1—>M0:M.

Since F, is a left-most section, we can write M; = 77 "F,,, where z; € Qo and
r; € N such that r; > 7,41 > 0 for all ¢ > 0. Thus, we may assume that r; = rg

for all 7 > 1. This implies that F,, has a left infinite path ending in P,,, which in
turn implies that ) has a right infinite path starting in x¢. In particular, Py, is
infinite dimensional. By Lemma 4.2(2), 7~ P, is not defined, which is absurd since
ro > 0. This proves Statement (1). Since the preinjective components of I'yp+(@)
contain only finite dimensional representations, we can prove Statement (2) in a
dual manner. The proof of the lemma is completed.

The following two statements are well known in the finite case.

4.9. LEMMA. Let f : M — N be a non-zero non-invertible morphism in rep™(Q)
with M, N € I'iep+(q)- If M is preinjective or N is preprojective, then I'.ep+(q)
contains a non-trivial path from M to N.

Proof. We consider only the case where N lies in the preprojective component P,
of I'iep+(q), since the other case can be treated in a dual manner. Let F, be the
left-most section in P,. Suppose first that NV = P, for some y € Q. Since f is non-
zero and rept(Q) is hereditary, M = P, for some z € Q. Since f is non-invertible,
we deduce from Proposition 1.3 that x is a proper successor of ¥ in Q). Hence P,
is a proper successor of P, in F,. Suppose now that N is not projective while M
is not a proper predecessor of N in P,. Since every representation in P, is the
co-domain of a minimal right almost split morphism in rep*(Q), using induction,
we get an infinite path

in P, and non-zero non-invertible morphisms f; : M — N; for i > 0. By lemma 4.8,
there exists a positive integer n such that N, is projective. Hence, M is a proper
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predecessor of N,, by our previous consideration, and hence a proper predecessor
of N in P,, a contradiction. The proof of the lemma is completed.

4.10. PROPOSITION. Let M be an indecomposable representation lying in I'iep+(Q)-

(1) If M is preprojective, then Hom(L,M) = 0 for all but finitely many non-
projective representations L in I'iep+(q)-

(2) If M is preinjective, then Hom(M, L) = 0 for all but finitely many representa-
tions L in I'iep+(qQ)-

(3) If M is preprojective or preinjective, then Ext*(M, M) = 0.

Proof. The first two statements follow immediately from Lemmas 4.8 and 4.9. Sup-

pose that rep™(Q)) admits a non-trivial extension 0 M E M 0.

Then, M is neither projective nor injective. Assume that M lies in the prepro-

jective component P,. If M is pseudo-projective then, by Lemma 4.5(2), P, has

a left-most section generated by its pseudo-projective representations, which coin-

cides with the left-most section generated by the P, with x € @y, a contradiction.

Hence 7M is defined in P,. This yields a commutative diagram

0 M E—sM-—>0
vy
0—>7M —>N—>M—>0

in rept(Q), where the lower row is an almost split sequence. By Lemma 4.9,
f = 0, and hence the lower row splits, a contradiction. Suppose next that M
lies in a preinjective component Z. Observing that 7—M is defined in Z, we get a
contradiction by a dual argument. The proof of the proposition is completed.

The rest of this section is mainly devoted to describing the regular components
of I'iept(q), that is, the connected components which contain none of the P, and
the I, with z € Q.

4.11. LEMMA. If f : M — N is a morphism in rep®(Q), then it is irreducible in
rep®(Q) if and only if it is irreducible in rep(Q).

Proof. We only need to prove the necessity. Let f : M — N be an irreducible
morphism in rep®(Q). Suppose that f = hg, where g: M — L and h: L — N are
morphisms in rep(Q). Let X' be a finite full subquiver of @, containing the vertices
in supp(M @ N) as well as their immediate predecessors and immediate successors
in Q. This yields a factorization f = h,g, in rep’(Q). Therefore, g, is a section or
h, is a retraction. In the first case, g is a section since X contains the immediate
predecessors of the vertices in suppM. In the second case, h is a retraction since
XY contains the immediate successors of the vertices in supp/N. The proof of the
lemma is completed.

The next result reveals the relation between some regular components of I'..p+(@)
and those of I'iep—(@)-

4.12. PROPOSITION. Let I' be a regular component of I'.ep+(q) -

(1) If T has infinite dimensional but no pseudo-projective representations, then
the full translation subquiver of I' obtained by deleting the infinite dimensional
representations is a left stable reqular component of I'iep—(q)-
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(2) If I' has pseudo-projective but no infinite dimensional representations, then I’
is the full translation subquiver of a right stable regular component of I'rep—(q)
obtained by deleting the non-empty set of infinite dimensional representations.

Proof. (1) Suppose that I' contains infinite dimensional but no pseudo-projective
representations. By Proposition 4.5(1), the infinite dimensional representations in
I' generate a right-most section A. Let I’ be the full translation subquiver of I’
generated by the representations not in A. Containing no projective or pseudo-
projective representation, I'” is left stable. Being finite dimensional, the represen-
tations in /" may be assumed to all lie in I",e,~(q). Fix representations M, N in
I'". Tt follows from Lemma 4.11 that a morphism f : M — N" with r > 0 is
irreducible in rep™(Q) if and only if it is irreducible in rep™(Q) and a morphism
g: M?® — N with s > 0 is irreducible in rep™(Q) if and only if it is irreducible in
rep (Q). Therefore, M — N is a valued arrow with valuation (d,d’) in I'" if and
only if M — N is a valued arrow with valuation (d,d’) in I'yp—(q)- In particular,
I' is a full valued subquiver of some connected component C of I'ip—(g). Next,
since M is neither projective nor pseudo-projective, rep*(Q) has an almost split
sequence 7 : 0 —7M — F — M — 0, where 7M is finite dimensional. By
Lemma 4.11, 7 is also an almost split sequence in rep~(Q). This shows that I'’ is
a predecessor-closed valued translation subquiver of C. Next, let M — X be an
arrow in C with an irreducible morphism u : M — X in rep (Q). By the dual
of Corollary 3.5, h is irreducible in rep(Q). On the other hand, since M is finite
dimensional and not injective, by Corollary 2.9(2), rep™(Q) has an almost split se-

quence 0 —= M —= E —= 7~ M — 0, which is also almost split in rep(Q). Then
X is a direct summand of E. If 7“M € I'’, then F is finite dimensional and so is
X. If 7M € A then, by Corollary 3.3(2), X is finite dimensional. In any case,
M — X is an arrow in I"'. This shows that I'’ is successor-closed in C, and hence,
I'" =C. That is, I' is a regular component of Iy, () which is left stable.

(2) Suppose that I' contains pseudo-projective but no infinite dimensional repre-
sentations. Since the representations in I' are finite dimensional and non-injective,
I' is right stable. Using an argument dual to the above one, we see that I' is
a successor-closed valued translation subquiver of a connected component C of
I'vep-(q)- Since I' is right stable, C has no right-most section. In particular, by the
dual of Theorem 4.6 and the dual of Lemma 4.5(2), C contains no representation
M which is injective or pseudo-injective, where M is pseudo-injective if TrDM is
infinite dimensional. Now, fix a pseudo-projective representation N in I'. Since it
is finite dimensional and non-projective, by Corollary 2.9(1), rep(Q) has an almost
split sequence 0 — DIrN — F — N — 0 with DIr N of infinite dimension,
which is also an almost split sequence in rep™(Q). In particular, DITN is an in-
finite dimensional representation in C. By the dual of Theorem 4.7, C is not a
preprojective component, and hence a regular component of I',,~(g)- By the dual
of Statement (1), the full translation subquiver C’ of C obtained by deleting the
infinite dimensional representations is a connected component of ', +(g). Since I'
is a connected component of I'.¢,+(g) which is contained in C’, we see that I' and
C’ coincide. The proof of the proposition is completed.

We shall also need the following result to deal with the regular components
containing infinite dimensional representations.
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4.13. LEMMA. Let I' be a regular component of I'yep+(q), containing an infinite
dimensional representation M.

(1) If N, L are representations in I', then rep(Q) admits no chain of irreducible

monomorphisms DTrL N N L.

(2) If M — N is an arrow in I', then TN € I' with dim;, DTrM > dimy 7N, and
any irreducible morphism f: M — N in rep™(Q) is an epimorphism.

(3) If M — My — - —= M, 1 —= M, is a path in I, then 7/ M; € I for all
i=1,...,m:§=0,...,i.

4) If M — My — My —= My is a path in I and f : Ms — N is an irreducible
morphism in rep™(Q), then N is indecomposable.

(5) If M is not pseudo-projective, then rept(Q) has a minimal right almost split
morphism f : N1 @ Ny — M, where Ny is indecomposable of infinite dimension
and Ny is of finite dimension.

Proof. Let X be a representation lying in I'. Write d(X) = dimy X € NU {oo}.
Since I' is regular, DTr X is an indecomposable representation in rep=(Q). Thus,
7X is defined in I' if and only if X is not pseudo-projective.

(1) Suppose that rep(Q) admits irreducible monomorphisms DTr L N N[
where N, L in I'. Since DIrL is a finitely co-presented sub-representation of IV,
making use of Lemma 1.6(2) and Corollary 1.7, we see that DTr L is finite dimen-
sional, and hence 7L is defined in I'. Now rep(Q) has an irreducible morphism
g1 : DIrN — DTIrL, which is a monomorphism by Corollary 2.7. In particular,
DTr N is finite dimensional, and hence 7N is defined in I". Applying the same argu-

ment to 7N -2 7L A N, we get an irreducible monomorphism f; : DTr2L — 7N

in rep(Q). Repeating this process, we see that 7°N and 7°L are defined in I" for all
1 > 0, and rep(Q)) admits an infinite chain of irreducible monomorphisms

P 221 f1 AN f N7

L "> 2N -~ L

3

which is absurd since d(7L) < co.

(2) Let M — N be an arrow in I'. By Lemma 3.2, DTr N is finite dimensional,
and hence 7N € I'; and rep(Q) has an irreducible monomorphism g : 7N — M.
Since M is not projective, rep(Q) has an irreducible morphism h : DTrM — 7N,
which is an epimorphism by Statement (1). Hence dimy DTrM > d(7N). By Corol-
lary 2.7, every irreducible morphism f : M — N in rep™(Q) is an epimorphism.

(3) Le¢ M — My —---—> M,,_1 —= M,, be a path in I". By Lemma 3.2,
M; is infinite dimensional while 7M; is defined of finite dimensional, for every
1 < i < n. Thus, rep™(Q) has irreducible monomorphisms f; ;—1 : 7TM; — M;_1,
i=1,...,n, where My = M. Let i with 0 < i < n be such that rep™(Q) has a
chain of monomorphisms

_; Sni i fit1,i
TTIM, — i s s TM;v1 —— M;.

By Corollary 2.7, rep~(Q) has a chain of monomorphisms

. frnyi-1 . fit1,i—-1 fiji—1
DIy i+ip, = DIt *M,_{ —> - -+ —> DTr2M1-+1 —>TM; — M;_;.

Since T7M; is finite dimensional, the DTrj_“‘le with i < j < n are all finite
dimensional. That is, 777""1 M is defined in I, for all i < j < n.
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(4) Let M — M; — My — M3 be a path in I', and let f : M3 — N be an
irreducible morphism in rep™(Q). Write N = & ; N; with the N; indecomposable.
By Statement (3), 79 M; is defined of finite dimension for 1 <i < 3 and 1 < j <4,
and 77 N; is defined of finite dimension for 1 < i < n and 1 < j < 4. Since M,
is infinite dimensional by Lemma 3.2, rep*(Q) has an irreducible monomorphism
g : TM3 — Ms, and by Statement (2), d(7Ms) < d(7Msz). Moreover, it follows
from Corollary 2.7 that d(73Ms) < d(72Mz). This yields

d(T® M3) + d(TM3) < d(7°Ma) + d(TM3) < d(7? My) + d(TMy).

Suppose that n > 2. Since d is additive, d(73N;) + d(7?N;) > d(7?Ms3) for
i=1,2, and d(72M3) + d(TM3) > d(7%>N1) + d(7? N3) + d(7M>). Furthermore,

d(TgMg)—Fd(TzMg) Z d(TBN1)+d(TBN2)+d(T2M2)
Z d(T2M3) - d(T2N1) + d(T2M3) - d(T2N2) + d(T2M2)
> d(TQMg) + d(TMQ) — d(TMg) + d(TQMQ).
As a consequence, we get d(73M3)+d(TM3) > d(12 M)+ d(TMsz), a contradiction.
Thus N is indecomposable.
(5) Let M be not pseudo-projective. Then rep*(Q) has an almost split sequence

0—=7M Ni@®---@®N, M —=0,

where 7M is finite dimensional and the N; are indecomposable. Since d(M) = oo,
we may assume that d(N;) = co. Then g; : 7TM — N is a monomorphism. By
Statement (1), f1 is an epimorphism. Hence, g; : 7TM — N, is an epimorphism, and
hence d(N;) < oo, for 1 < ¢ < n. The proof of the lemma is completed.

Finally, we recall that a valued translation quiver is called a wing if it is isomor-
phic to the following trivially valued translation quiver :

RN
0L o
P NN
0 Lo 0 Lo o
O =Cerernreenns O“""‘O( ............. o)
N N 7N
0 L o 0 L o

where the dotted arrows indicate the translation; see [41, (3.3)].

Now we have the promised description of the regular components of I'.ep+()-

4.14. THEOREM. Let Q be an infinite connected strongly locally finite quiver, and

let I' be a reqular component of I'.ep+(q)-

(1) If I' has no infinite dimensional or pseudo-projective representation, then it is
of shape ZA .

(2) If I' has infinite dimensional but no pseudo-projective representations, then it
is of shape N"A and its right-most section is a left infinite path.

(3) If I' has pseudo-projective but no infinite dimensional representations, then it
1s of shape NAo, and its left-most section is a right infinite path.

(4) If I has both pseudo-projective representations and infinite dimensional repre-
sentations, then I' is a finite wing.
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Proof. (1) Write d(M) = dimy M € NU{oo}, for M € I'. Suppose that I" contains
no infinite dimensional or pseudo-projective representation. By Lemma 4.2, I' is
stable. Having no oriented cycle by Lemma 4.4, I" is isomorphic to ZA, where A
is a section of I'; see [32, (2.3)]. Consider the additive function

d:To > N: M- d(M),

which is strictly monotone by Lemma 2.7, and consequently, A is either finite or of
type Aoo; see [42]. Suppose that A is finite. Let © be the full translation subquiver
of I' generated by the representations lying in AUTAU7T~A. Being connected and
infinite, @ has a finite connected full subquiver X', which contains the supports of
the representations lying in @ and which has more vertices than A does. Then ©
is a full translation subquiver of some connected component I'* of I';cp(s). Since 6
is finite and satisfies the condition S4 stated in [32, (3.1)], I" is the preprojective
or preinjective component of 'y, () having A as a section. In particular, X' and
A have the same number of vertices, a contradiction. Thus, A is of type A,.

(2) Assume that I' has infinite dimensional but no pseudo-projective represen-
tations. By Lemma 4.2(1), I' is left stable, and by Lemma 4.5(1), the infinite
dimensional representations lying in I" generate a right-most section A. Therefore,
I' 2 N™A; see [32, (2.3)]. By Lemma 4.13(2), A contains no right infinite path,
and hence it has a sink-vertex M. Having no pseudo-projective representation, by
Lemma 4.13(5), A contains a left infinite path

(%) oo —> M, — M, _1 —---—> My — M.

For each n > 0, denote by (d,,d,,) the valuation of the arrow M,, — M,,_;. By
Lemma 4.13(5), d/, = 1 and M,, is the only immediate predecessor of M,,_1 in A.
By Lemma 4.13(4), d,, = 1 and M,,_; is the only immediate successor of M,, in A.
This shows that the path (x) is trivially valued and coincides with A. In particular,
I' is of shape N7A .

(3) Assume that I' has pseudo-projective but no infinite dimensional represen-
tations. By Proposition 4.12(2), I is the full translation subquiver of a right stable
regular component I’ of I',e,—() obtained by deleting the infinite dimensional rep-
resentations. By the dual of Statement (2), the infinite dimensional representations
in I'" generate a left-most section which is a right infinite path. As a consequence,
the pseudo-projective representations in I' generate a left-most section which is a
right infinite path. In particular, I" is of shape NA .

(4) Suppose that I' has both infinite dimensional representations and pseudo-
projective ones. By Lemma 4.5, I" has a right-most section A generated by the infi-
nite dimensional representations, and a left-most section generated by the pseudo-
projective ones. In particular, I' contains no left or right stable representation.

Next, we show that A is a finite trivially valued path. If A has no pseudo-
projective representation, then it follows from Lemma 4.13(3),(5) that A has a left
infinite path in which every representation is left stable, a contradiction. Thus A
contains a pseudo-projective representation My. By Lemma 4.13(2),(5), My is a
unique source vertex in A. If N € A with NV # My, then N is a proper successor of
My in A, and by Lemma 4.13(2), rep*(Q) has a chain of irreducible epimorphisms
from My to N. In particular, we have shown that suppX C supp My, for all X € A.
Consider now an almost split sequence

n: 0 L E M, 0
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in rep(Q), where L € rep (Q) is infinite dimensional. By Corollary 1.7, suppL
contains a left infinite path p with e(p) lying in the socle-support of L. By Lemma
2.11, e(p) is a successor in @ of some vertex in suppMy. Not being contained in
suppMy by Lemma 1.6(2), p passes through a vertex x which is not a successor of
any vertex in suppMj. Let @ be the successor-closed subquiver of @) generated by
2 and suppMy. By Proposition 2.17(1), rep(©) has an almost split sequence :

Ny : 0 L, E, Moy 0.
We define a new quiver Q' by attaching to © a right infinite path

a1 a2 a3
u: T al ag ey

where a; ¢ @Q for every ¢ > 1. Let X € A. Since suppX C suppMy, we have
X € rep(©) and X € rep(Q’). Since z is not a successor in @ of any vertex in
supp My, the vertices in suppMy have the same successors in @ and in Q’. This
implies that X € rep™(Q’). Now, let ¢ : X — Y with X,Y € A be an irreducible
morphism in rep™(Q). By Corollary 3.5, ¢ is irreducible in rep(Q), and hence
irreducible in rep(@). Since © contains the successors in @’ of the vertices in
suppY’, by Proposition 2.16(2), ¢ is irreducible in rep(Q’), and hence irreducible in
rep™ (Q’). This shows that A is a connected subquiver of I'yep+ (). In particular,
A is a subquiver of a connected component I'” of I'yep+ (g1

Observe that z is a source vertex in @’ which is not a successor of any vertex
in suppMy. Thus © contains all the predecessors in Q' of the successors of the
vertices in suppMy. By Proposition 2.16(1), 1, is an almost split sequence in
rep(Q’). Since L, is finite dimensional, 7, is also an almost split sequence in
rept(Q’). That is, L, = 7, My. Furthermore, Since @ is top-finite, Q' has no left
infinite path, and hence, rep™ (Q’) = rep®(Q’). In particular, I';ep+ (@) contains no
pseudo-projective representation. Since x € suppL,,, applying Lemma 2.12 to the
infinite acyclic walk u, we see that L, is left stable in I/, and consequently, I'’ is
not preprojective. Moreover, since My is infinite dimensional, I'’ is not preinjective
by Theorem 4.7. That is, I'"" is a regular component of I',cp+ (). Since I'” contains
infinite dimensional but no pseudo-projective representations, by Statement (2), its
infinite dimensional representations generate a right-most section A’, which is a
trivially valued left infinite path. As a consequence, I'’ is trivially valued.

Let X — Y be an arrow in A whose valuation in I' is (d,d’). Then Y # Moy,
and by Lemma 4.13(2), Y is not pseudo-projective. In view of Lemma 4.13(5), we
see that d’ = 1. Suppose that d > 1. Then rep™(Q) has an irreducible morphism
f: X — N with N =Y @Y, which is also an irreducible morphism in rep™(8).
We claim that f is irreducible in rept(Q’). Indeed, let f = hg, where g : X — M
and h : M — N are morphisms in rep*(Q’). Since O is predecessor-closed in Q’, by
Lemma 2.15(1), M, € rep*(©). This yields a factorization f = h,g, in rep™(0).
Therefore, g, is a section or h, is a retraction. In the first case, v'g, = 1x for some
morphism v’ : M, — X. Since © contains the predecessors in Q" of the vertices in
suppX, we can extend v’ to a morphism v : M — X in rep(Q’) such that vg = 1x.
That is, ¢ is a section. Dually, if h, is a retraction, then h is a retraction, since ©
contains the successors of the vertices in supp/N. This establishes the claim. As a
consequence, the arrow X — Y in I’ has a non-trivial valuation, a contradiction.
This proves that A is trivially valued as a valued subquiver of I'. Furthermore,
since the representations in A are all infinite dimensional, A is a full subquiver of
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A’. Having a source vertex, A is of the form

MO Ml e Mnfl Mn

If n =0, then A = {My}, and consequently I' = { My}, and we are done. Suppose
now that n > 0. By Lemma 4.13(2), I" contains a path

p: ™M, — "' M, _, e TM; M.

Since My is pseudo-projective, by Lemma 4.5(2), p contains only pseudo-projective
representations. Moreover, p meets every 7-orbit in I" since so does A. Thus, p is
the left-most section of I' generated by its pseudo-projective representations. This
shows that I is a finite wing. The proof of the theorem is completed.

REMARK. (1) By Theorem 4.14(4), we have a one-one correspondence between the
infinite dimensional pseudo-projective representations in I'..p+(g) and the finite
regular components of I'yep+(@)-

(2) Let I' be a non-trivial regular component of I'iep+(g). By Theorem 4.14, I’
contains a unique non-trivial 7-orbit O in which every representation that is not
pseudo-projective is the ending term of an almost split sequence with an indecom-
posable middle term. The representations in O are called quasi-simple. Moreover,
each representation M in I' has a unique sectional path

M =M, — - — M,

with n > 1 and M; quasi-simple. One calls n the quasi-length of M. For con-
venience, the only representation in any trivial regular component is also called
quasi-simple.

Applying Theorems 4.7, 4.6 and 4.14, we get immediately the following result.

4.15. COROLLARY. If Q) is an infinite connected strongly locally finite quiver, then
I'vept(q) has a symmetric valuation.

In the next two sections, we shall see that each of the four types of regular
components does occur. To conclude this section, we give some conditions on Q)
such that I'.e,+() has at most one type of regular components. We start with the
case where @ has no infinite path.

4.16. COROLLARY. Let @ be an infinite connected strongly locally finite quiver.
If Q has no infinite path, then I'.e,+q) consists of a preprojective component of
shape NQ°P, a preinjective component of shape N~Q°P, and some possible reqular
components of shape ZA .

Proof. Assume that @ has no infinite path. Then rep™(Q) = rep®(Q) = rep~(Q). In
particular, I'.¢+(@) has no infinite dimensional or pseudo-projective representation.
Now the result follow immediately from Theorems 4.6(1), 4.7(1), and 4.14(1). The
proof of the corollary is completed.

Finally, for convenience, we shall call a non-trivial walk in @ an almost-path if
all but finitely many of its edges are arrows.

4.17. THEOREM. Let Q@ be an infinite connected strongly locally finite quiver.



40 RAYMUNDO BAUTISTA, SHIPING LIU, AND CHARLES PAQUETTE

(1) If every right infinite acyclic walk in Q is an almost-path, then every reqular
component of I'iep+(q) s of shape N"A.

(2) If every left infinite acyclic walk in Q is an almost-path, then every regular
component of I'.ep+(q) s of shape NA.

Proof. (1) Suppose that the right infinite acyclic walks in @ are all almost-paths.

Since the inverse of a left infinite path is a right infinite acyclic walk which is not

an almost-path, @) contains no left infinite path. Hence, rep~(Q) = rep®(Q), and

in particular, I'.p+(@) has no pseudo-projective representation. Let I' be a regular

component of I'yop+(g). By Theorem 4.14, I' is of shape ZA, or N7A.

Suppose that I' is of shape ZA,,. Then, by Theorem 4.14 again, the represen-
tations in I" are all finite dimensional. Fix arbitrarily a representation M in I
Observe that supp(M @ 7~M) is connected since Ext' (=M, M) # 0. As a conse-
quence, X = supp(®;>o 7 ‘M) is connected. We claim that X is finite. Indeed, if X
is infinite, then it contains a right infinite acyclic walk w, which is an almost-path
by hypothesis. Write w = vu, where w is a finite walk and v is a right infinite path :

apg —= a1 —=ag —= -~

Observe that ag € supp7~ "M for some r > 0. Since M @ --- @ 77 "M is finite
dimensional, there exists a maximal integer s such that as € supp(M &--- G717 "M).
Then a1 lies in the support of some 7=/ M with j > r. Let ¢ be minimal such that
the support of 7'M contains some of the a; with ¢ > s. Then t > r. Since 7~‘M
is finite dimensional, there exists a maximal integer [ such that a; € supp7—'M.
Then [ > s. Since ajy1 € supp7*M and a; — a;y1 is an arrow, by Corollary
2.11, a;41 € supp 7~ DM, which is contrary to the minimality of t. Our claim is
established. As a consequence, there exist two distinct integers m,n > 0 such that
7™M and 7™M have the same support, a contradiction to Proposition 2.14(2).
Therefore, I" is of shape N7A ..

(2) Suppose that the left infinite acyclic walks in @ are all almost-paths. Then
Q has no right infinite path, and hence rep™(Q) = rep®(Q). Hence I'iep+() has no
infinite dimensional representation. Let I' be a regular component of I'.ep+(g). By
Theorem 4.14, I' is of shape ZA, or NA,. If I' is of shape ZA ., then every rep-
resentation in I" is finite dimensional. Hence I" is a regular component of I';ep-(@)-
On the other hand, by the dual of Statement (1), all the regular components of
I'iep-(q) are of shape NA,, a contradiction. Thus I' is of shape NA,,. The proof
of the theorem is completed.

REMARK. If Q) is constructed from a finite quiver by attaching finitely many disjoint
right infinite paths, then it clearly satisfies the condition stated in Theorem 4.17(1).
Note, however, that the quiver

@] [e] o O —>:--
] [e] [e] @]
satisfies the stated condition, but it can not be constructed in this way.
5. REPRESENTATIONS OF INFINITE DYNKIN QUIVERS

Throughout this section, let @ stand for an infinite Dynkin quiver, that is, its
underlying graph is one of the following three infinite diagrams:
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oo . N - - [ R
A : o o o o
AOOI O— O — O — O — =+«
Dy : 0O— o0 —0—0 — ---

(¢]

As main results, we shall give a complete list of the non-isomorphic indecom-
posable representations in rept(Q) and describe explicitly its Auslander-Reiten
components. Note that Reiten and Van den Bergh have done so (with no proof)
for each type of infinite Dynkin quivers with the alternating orientation; see [39,
(IT1.3)]. More partial results in this subject can be found in [15, 36, 37].

As usual, some combinatorial consideration is needed. Let w be a reduced walk
in Q. Denote by Q(w) the full subquiver of @ generated by the vertices appearing
in w. We say that w has no left infinite path or no right infinite path if so does
Q(w). Now, w is called a string if the quiver Q(w) contains at least one, and at
most finitely many, sink or source vertices. If w is a non-trivial string, then neither
w nor w! is a double infinite path, and we can write uniquely w as w = w,, - - - wy,
where w1, ..., w, are non-trivial paths or inverses of non-trivial paths such that
w;+1w; is neither a path nor the inverse of a path, for 1 < i < n. In this case, we
call wy the initial walk, and w, the terminal walk, of w. Let v, w be strings. In case
e(v) = s(w), we define the composite of v, w to be wv if it is a non-trivial reduced
walk, or w if v is trivial, or v if w is trivial. For instance, if o : * — y is an arrow,
then a‘lsy =a ! =¢,a7!, but e, # a ', since a,a” ! are not composable as
strings. Now, v is called a substring of w if w = svr, where r, s are strings.

5.1. DEFINITION. Let @) be a quiver of type AX or A,. Each arrow « : y < =z
determines a unique triple (g, a, p), called a double-hook, where ¢ is the longest path
ending in y but not with «, and p is the longest path stating in « but not with a.

REMARK. A double-hook (g, «, p) has no left infinite path if and only if ¢ is finite.
In this case, pa~lq is a string with no left infinite path.

EXAMPLE. Let Q be a quiver of type A, as follows:

0—a>1£-2<7—3—>4—>5—>6—>...

Then (g1, @,e0) and (Ba,~,p_,) are double-hooks, where p_ denotes the infinite
path starting in 3.

For convenience, we shall say that @ is canonical of type A, if Qo = N and the
edges are of the form x — x4+ 1; canonical of type A if Qo = Z and the edges are
of the form x — x + 1; and canonical of type D, if Q¢ = N such that 0,1 are of
weight one and 2 is of weight three and the edges not attached to 0 are of the form
r—x+1.

5.2. DEFINITION. Let @ be a canonical infinite Dynkin quiver, and let . be a set
of paths having pairwise distinct starting points.

(1) For p,q € .7, we define p < ¢ if and only if s(p) < s(q).
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(2) For p,q € 7, we define p = 0, (q) and ¢ = o, (p) if p < ¢ and there exists no
u in % such that p < u < g.
(3) We call o, the source-translation in ..

REMARK. (1) The relation < is a well order in .%.
(2) If p,q € ., then p < ¢ if and only if p = o?(q) for some i > 0.

Let @ be canonical of type Ay or AZ. A non-trivial path in @ is called right-
oriented or left-oriented if its arrows are all of the form z — x + 1 or all of the form
x — 1 « x, respectively. Moreover, a string w is called normalized if s(u) < e(u)
for any finite substring v of w. It is evident that w or w™" is normalized.

5.3. NOTATION. Suppose that @ is a canonical quiver of type A, or AZ.

(1) Let Qg denote the set of right-oriented maximal paths having a starting point
and the trivial paths €,, where x is either a middle point of a left-oriented path
or a sink vertex of weight one.

(2) Let Qr denote the set of left-oriented maximal paths having a starting point
and the trivial paths €,, where z is either a middle point of a right-oriented
path or a source vertex of weight one.

We state some alternative defining properties of the paths in Qg.

5.4. LEMMA. Let Q be a canonical quiver of type A or AZ.
(1) If x € Qo and p is a path, then p € Qr with s(p) = x+1 if and only if v + x+1
is an arrow, and p is the longest path starting in x + 1 but not with x < x + 1.
(2) If q is a finite path, then q € Qr with e(q) = x if and only if ¢ < x + 1 is an
arrow, and q is the longest path ending in x but not with x < x + 1.

Proof. (1) Let € Qo and p be a path. Suppose that o : & + z + 1 is an arrow,
and p is the longest path starting in x + 1 but not with a. If Q has an arrow
r+1x+2,then p=¢,41 € Qr. If Q has an arrow v : 2+ 1 — x + 2, then p
is the maximal path stating with . Being right-oriented, p lies in @g. Conversely,
suppose that p € Qg with s(p) = x + 1. Assume that p is non-trivial. Then p is a
right-oriented maximal path starting in z+1. Hence, @ has an arrow « : © < x+1.
Being maximal and right-oriented, p is the longest path starting in x + 1 but not
with a. Otherwise, p = £,41 with z 4+ 1 the middle point of a left-oriented path or
a sink vertex of weight one. Since z € @Qq, the second case does not occur. That
is, @ has a path z < = 4+ 1 < x + 2. In this situation, €, is the longest path
starting in 4+ 1 but not with «.

(2) Let ¢ be a finite path in Q. Suppose that « : < 2 4+ 1 is an arrow, and
q is the longest path ending in x but not with «. If z is a sink vertex of weight
one or x — 1 < x is an arrow, then ¢ = ¢, € @Qr. Otherwise, § : z — 1 — x is
an arrow, and ¢ is the maximal path ending with . Being right-oriented and a
maximal path, ¢ € Qr. Conversely, suppose that ¢ € Qr with e(q) = z. Assume
that ¢ is non-trivial. Then it is a right-oriented maximal path ending in x. Hence,
a:x 4+ x4+ 1is an arrow. Being maximal and right-oriented, ¢ is the longest
path ending in x but not with a. Otherwise, ¢ = ¢, with x the middle point of a
left-oriented path or a sink vertex of weight one. In either case, a : x + = + 1 is
an arrow and e, is the longest path ending in « but not with . The proof of the
lemma is completed.
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Similarly, we have some alternative defining properties of the paths in Qp.

5.5. LEMMA. Let Q be a canonical quiver of type As or AZ.

(1) If x € Qo and p is a path, then p € Qr with s(p) = = if and only if x — x + 1
is an arrow, and p is the longest path starting in x but not with x — x + 1.

(2) If x € Qo and q is a finite path, then q € Qr with e(q) = x + 1 if and only if
x — x + 1 is an arrow, and q is the longest path ending in x + 1 but not with
z—x+1.

Let @ be canonical of type A, or AZ. Since Qr and @, are sets of paths having
pairwise distinct starting points, they are equipped with the well order < and the
source-translation which is denoted by o, for Qr and by o, for Q. If no risk of
confusion is possible, the subscripts in o, and o, will be dropped. The following
result reveals the link between the source-translates and the double-hooks.

5.6. LEMMA. Let Q be a canonical quiver of type As, or AZ.

(1) If p,q are paths in Q, then p,q € Qr with ¢ = o, (p) if and only if q is a finite
path in Qr and « : e(q) < s(p) is an arrow such that (q,«, p) is a double-hook.

(2) If p,q are paths in Q, then p,q € Qr with ¢ = o, (p) if and only if q is a finite
path in Qr and B : e(q) + s(p) is an arrow such that (q, 8,p) is a double-hook.

(3) If (q,, p) is a double-hook with q finite, then p,q € Qr or p,q € Q.

Proof. Let p,q be paths in ). Suppose that ¢ is a finite path in Qr with e(q) = =
and « : x < s(p) is an arrow such that (g, «, p) is a double-hook. By Lemma 5.4(2),
s(p) = z+ 1, and by Lemma 5.4(1), p € Qg. Since s(q) <z < z + 1 = s(p), we
have ¢ < p. If ¢ is trivial, then ¢ = &, with s(¢) = s(p) — 1, and hence ¢ = o, (p).
Otherwise, ¢ is a right-oriented maximal path ending in z. Thus, for any y € Qg
with s(¢) < y < x, we have an arrow y — 1 — y, and by Lemma 5.4(1), y # s(v),
for any v € Qg. Thus, o,(p) = q.

Conversely, suppose that p,q € Qr with ¢ = o, (p). Write b = s(q) < s(p) = a.
In particular, a — 1 € Q. By Lemma 5.4(1), @ : a — 1 « a is an arrow, and p
is the longest path starting in a but not with a. Let (u,a,p) be the double-hook
determined by «, that is, u is the longest path ending in a — 1 but not with «.
If w is infinite, then it is right-oriented and contains the arrow b — 1 — b, which
contradicts Lemma 5.4(1) since ¢ € Qr. Thus wu is finite. By the sufficiency we
have proved, u = o,(p) = ¢. This establishes Statement (1). Similarly, we may
prove Statement (2).

Finally, let (g, a, p) be a double-hook with ¢ finite. If « is a left-oriented arrow
x < x+1, then p,q € Qr by Lemma 5.4. If « is a right-oriented arrow z — x + 1,
then p,q € Q1 by Lemma 5.5. The proof of the lemma is completed.

5.7. COROLLARY. Let QQ be a canonical quiver of type As or AZ.

(1) If g € Qr, then o, (q) is defined in Qr if and only if q is finite.

(2) Ifp € Qr, then o, (p) is defined in Qr, if and only if p is finite with e(p)—1 € Q.
Proof. Let q € Qr. If 0, (q) = p € Qr, then g = 0, (p), which is finite by Lemma
5.6(1). Conversely, suppose that ¢ is finite with e(¢) = z. By Lemma 5.4(2),
«a x4+ x+1is an arrow, and ¢ is the longest path ending in = but not with a.
Let (g, o, p) be the double-hook determined by «. By Lemma 5.6(1), p € Qg and
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q = 0,(p). That is, p = 0 (¢q). This establishes Statement (1). Similarly, we can
prove Statement (2). The proof of the corollary is completed.

We are now ready to study the representation theory of Q. First, we show that,
as in the finite Dynkin case, the indecomposable representations in rep™(Q) are
uniquely determined by their dimension vector.

5.8. PROPOSITION. Let Q be an infinite Dynkin quiver. If M, N € rep™(Q) are
indecomposable, then M =2 N if and only if dimM (x) = dimN (z), for all z € Q.
Proof. Let M, N € rept(Q) be indecomposable such that dimM (z) = dimN (z),
for all z € Qo. In particular, M, N have the same support which is denoted as Q.
By Theorem 1.12(1), M & N is projective restricted to a co-finite successor-closed
subquiver X of Q. Let 2 be the predecessor-closed subquiver of @’ generated by
the augmented complement of X' in Q" and the top-support of (M @ N),.. By the
dual of Theorem 1.13(2), M, and N, are indecomposable. Since Q' is top-finite
and X is co-finite in Q’, we see that {2 is finite. Since @ is of infinite Dynkin type,
{2 is a finite Dynkin quiver. Therefore, M, = N,, and hence M = N by the dual
of Theorem 1.13(1). The proof of the proposition is completed.

In order to classify the indecomposable representations in rep*(Q) we need to
define, for each string w in @, the string representation M (w) as follows: if = € Qo,
then M (w)(z) = k in case x appears in w and M (w)(z) = 0 otherwise; and if
a € @1, then M(w)(a) = 1 in case a or a~! appears in w, and M(w)(a) = 0
otherwise; compare [13, page 158]. By definition, M (w) = M (w~1!). In case Q is of
type A or A, we shall prove that the indecomposable representations in rep™(Q)
are parameterized by the strings having no left infinite path. Note that this does
not follow directly from the result of Butler and Ringel stated in [13]. Indeed, if @
contains infinite paths, then the path algebra kQ is not a string algebra as defined
in [13, Section 3]. Nevertheless, Theorem 1.13 allows us to apply their results.

5.9. PROPOSITION. Let Q be a quiver of type AL or As. If M € rep(Q) is inde-
composable, then M is finitely presented if and only if M = M (w) with w a string
having no left infinite path.
Proof. We may assume that @ is canonical. For proving the sufficiency, let w be
a string in @ having no left infinite path, which we may assume to be infinite and
normalized. Let w; be the initial walk and w,, the terminal walk of w. Suppose
that wq,w, are distinct and both infinite. Then wi L and w, are right infinite
paths. Observe that suppM (w) = Q. Let a : & — y be the initial arrow of wfl
and 8 : a — b the initial arrow of w,,. Consider the full subquiver X' of Q) generated
by the successors of y and those of b. Then X' is successor-closed and co-finite in Q
such that M (w), = P, ® Py. By Theorem 1.12(1), M (w) € rep™(Q). In case either
wy or wy, is infinite, we can prove in a similar manner that M (w) € rep*(Q).
Conversely, suppose that M is an indecomposable representation in rep™(Q).
Then supp(M) is connected, and hence, supp(M) = Q(w), for some reduced walk
w. Being top-finite, supp(M) has at most finitely many source vertices and no left
infinite path. That is, w is a string having no left infinite path. By Theorem 1.12(1),
M is projective restricted to a co-finite successor-closed subquiver X' of supp(M).
Fix a vertex x in supp(M). Let £2 be the predecessor-closed subquiver of supp(M)
generated by z, the augmented complement of X' in supp(M) and the top-support
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of M, which is finite. By Theorem 1.13(2), M, is indecomposable. Then, by the
theorem stated in [13, Section 3], M, is a string representation of 2. In particular,
dim; M (z) = 1. Since supp(M) = Q(w) = suppM (w), by Lemma 5.8, M = M (w).
The proof of the proposition is completed.

We describe the irreducible morphisms in rep™(Q) in the following proposition;
compare [13, page 166].

5.10. PROPOSITION. Let Q) be a quiver of type AY or A, and let o be an arrow
and w a string having no left infinite path in Q.

1 1

(1) If p is a path of mazimal length such that wap™ or pa~'w is a string, then
the canomical embedding M (w) — M (wap™) or M(w) — M (pa~tw) is irre-
ducible in rep™(Q), respectively.

(2) If q is a finite path of mazimal length such that wa='q or ¢ taw is a string,
then the canonical projection M(wa~1q) — M(w) or M (¢~ taw) — M (w) is
irreducible in rept(Q), respectively.

Proof. We shall prove the proposition only for one case, since the other cases can

be treated similarly. Suppose that @ is canonical and w is normalized such that

wa is a string. Let p be the longest path such that v = wap~! is a string. Since w

has no left infinite path, nor does v. The canonical embedding f : M (w) — M (v)

is defined so that f(x) = 1if x is a vertex lying in w; and otherwise, f(z) = 0.

Suppose that f = hg, where g : M(w) — N and h : N — M (v) are morphisms in
repT(Q). Tt suffices to prove that g is a section or h is a retraction. For this purpose,

we may assume that Hom (M, M (v)) # 0 for any indecomposable summand M of N.

Write L = M (w) @& N @ M (v), and consider Q' = supp L, which is connected by the

assumption. By Theorem 1.12(1), L is projective restricted to a co-finite successor-

closed subquiver X' of Q’. Being connected, Q' has a finite connected subquiver A

which contains the arrow «, the top-support of L, and the augmented complement

of ¥ in Q’. Since @’ is top-finite, the predecessor-closed subquiver {2 of ) generated
by A is finite and connected. Then M (w), = M (u) and M (v), = M (uaq~!), where
uw=wN 2 and ¢ =p N 2. Observe that ¢ is the longest path in {2 such that
uag™t is a string in 2, and f, : M(u) — M(uag™?) is the canonical embedding.

By the lemma stated in [13, page 166], f, is irreducible in rep(f2). Thus g, is a

section or h,, is a retraction. By the dual of Theorem 1.13(3), g is a section or h is

a retraction. The proof of the proposition is completed.

5.11. LEMMA. Let Q be a quiver of type AZ or A, and let w be a string such that
M (w) and DTr M (w) are indecomposable objects in rep™(Q). If « is an arrow and
q is a path such that wa~1q is a string, then q is finite.

Proof. Let o be an arrow and ¢ be a path such that wa~'q is a string. Then M (w)
admits a minimal projective resolution

00— &y Py, — &/, Py, —> M(w) —0,

where y1,...,ys are the source vertices in Q(w), and by Lemma 2.10, we may
assume that ;1 = e(q). By Lemma 2.5, DIr M (w) admits a minimal injective
co-resolution

0—= DT M(w) — &4 I, —= &5, I,, —=0.
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Since 71 ¢ Q(w), none of the vertices in supp(®;_, ;) appears in g. Hence, g is
contained in the support of DTrM (w). By Lemma 1.6(2), ¢ is not a left infinite
path, and hence it is finite. The proof of the lemma is completed.

As shown below, the almost split sequences with an indecomposable middle
term in rep™(Q) are parameterized by the double-hooks with no left infinite path;
compare [13, page 174].

5.12. PROPOSITION. Let Q) be an infinite Dynkin quiver of type A or As.

(1) If (q, c, p) is double-hook with q finite, then rep™(Q) has an almost split sequence
0—= M(q) —= M(pa~'q) —= M(p) —=0.

(2) Ewvery almost split sequence with an indecomposable middle term in rep™(Q) is

of the form stated above.
Proof. Let (g, a, p) be double-hook with ¢ finite. Consider the short exact sequence

(1) 0 —> M(q) —> M(pa~tq) —2= M(p) —=0

in rep™(Q), where f is the canonical embedding and g is the canonical projection.
By Proposition 5.10, f and g are irreducible. Since rep™(Q) is a Krull-Schmidt
category, the sequence (1) is almost split; see [6, (2.15)]. Conversely, assume that

g

2 0 L—tom N 0

is an almost split sequence in rep™(Q) with M indecomposable. By Proposition
5.9, N = M(w), where w is a string with no left infinite path. We shall show that
the sequence (2) is as stated in Statement (1) by considering all possible cases.

First, assume that there exists an arrow 8 such that wB~! is a string. Let g be
the longest path such that w8 !¢ is a string. By Lemma 5.11, ¢ is finite. Now
rep(Q) has a short exact sequence

(38)  0—=M(q) = M(uw'q) ~> M(w) —0,
where f’ is the canonical embedding and ¢’ is the canonical projection. By Lemma
5.9(2), ¢’ is irreducible. Since M is indecomposable, the sequence (3) is isomorphic
to the sequence (2), and hence it is almost split. Let p be the longest path such that
pB~1q is a string. Then (g, a, p) is a double-hook with ¢ finite. By the sufficiency
we have just proved,

0— M(q) —= M(pS~'q) —= M(p) —=0

is an almost split sequence in rep™(Q), which is isomorphic to the sequence (3).
That is, the sequence (2) is of the desired form. Similarly, we can treat the case
where there exists an arrow 3 such that Sw is a string.
Next, suppose that there exists an arrow v such that v~
the longest path such that py~—!

(4) 00— M(w) —> M(py~'w) —= M(p) —=0

in rep*(Q), where u is the canonical embedding and v is the canonical projec-
tion. By Lemma 5.10(1), u is irreducible. In particular, M (w) is not injective.
Since M (w) is not projective, neither is M (py~'w). Since M is indecomposable,
TM(py~'w) = M. By Proposition 3.6, M is of finite dimension, and so is M (w).

Therefore, rep™(Q) has an almost split sequence

Lw is a string. Let p be

w is a string. Consider the short exact sequence
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(5) 0 M (w) E TrD M (w) — 0.

Since M (w) is not projective, E has no projective direct summand, and since M
is indecomposable, so is E. As a consequence, the sequence (4) is isomorphic to
the sequence (5), and hence it is almost split. Let ¢ be the longest path such that
py lq is a string. By Lemma 5.11, ¢ is finite, and consequently, rep™(Q) has an
almost split sequence

0— M(q) — M(pS~'q) —= M(p) —= 0,

which is isomorphic to the sequence (4). In particular, w = ¢. Since M(q) = M (w)
is not projective, there exists some arrow § such that ¢3! is a string. This turns
out to be the first case we have treated. Thus, the sequence (2) is of the desired
form. Similarly, we can deal with the case where there exists an arrow « such that
wry is a string.

Now, we consider the case where e(w) is not defined. Since w is a string with
no left infinite path, we may write w = pv, where v is a string and p is a right
infinite path with s(p) a source vertex in Q(w). If v is not trivial, then we can
write w = p 87 1u, where u is a string and f3 is an arrow. By Lemma 5.10(1), there
exists an irreducible monomorphism j : M(u) — M (w), which is impossible since
M is indecomposable. Thus w = p. Since M (p) is not projective, there exists an
arrow 3 such that p3~! is a string. This is again the first case we have treated.
Finally, we can similarly treat the case where s(w) is not defined. The proof of the
proposition is completed.

We shall now describe the Auslander-Reiten components of rep™(Q) in case Q
is of type Ao, or AZ. By Lemma 5.9, we may choose the vertex set of I'.ep+() to
be the set of the finitely presented string representations.

5.13. LEMMA. Let Q be a canonical quiver of type As or AX. If p € Qr, then
(1) 7M(p) is defined in I'vep+(qy if and only if o(p) is defined in Qr, and in this
case, TM(p) = M(co(p));
(2) 7™M(p) is defined in I'.ep+(q) if and only if o~(p) is defined in Qr, and in this
case, T~ M (p) = M (o~ (p)).
Proof. (1) Let p € Qr with s(p) = x. Suppose that 7M(p) is defined in I'iept(q)-
Since M (p) is not projective, @ has an arrow « :  — 1 + x. By Lemma 5.4(1), p
is the longest path starting in & but not with «. Let ¢ be the longest path ending
in x — 1 but not with a. By Lemmas 5.11 and 5.4(2), ¢ is a finite path in Qr. By
Lemma 5.6(1), ¢ = o(p). Conversely, suppose that o(p) = ¢ € Qr. By Lemma
5.6(1), ¢ is finite and « : e(q) < s(p) is an arrow such that (g, o, p) is a double-hook.
By Proposition 5.12(1), 7M(p) = M(q).

(2) If o~ (p) = ¢ € Qr, then p = o(q), and hence 7~ M (p) = M(q) by Statement
(1). Conversely, suppose that 77M (p) € I'yep+(q)- By Lemma 4.2(2), M (p) is finite
dimensional, that is, p is finite. By Corollary 5.7(1), o~ (p) is defined in Qr. The
proof of the lemma is completed.

Similarly, we have the following statement.

5.14. LEMMA. Let Q be a canonical quiver of type Ao or AZ. If g € Qr, then
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(1) 7M(q) is defined I'vep+(q) if and only if 0~ (q) is defined in Qr, and in this
case, TM(q) = M(o™(q));

(2) 7™ M(q) is defined I'yeprq) if and only if o(q) is defined in Qr, and in this
case, T M(q) = M(o(q)).

Let O be a 7-orbit in I'\ep+(q). We shall say that O is preprojective, preinjec-
tive or regular if it contains preprojective, preinjective or regular representations,
respectively. Furthermore, O is called quasi-simple if it consists of quasi-simple
regular representations.

5.15. PROPOSITION. Let @) be a canonical quiver of type A or A, and write

Or={M(p) |p € Qr} and O, ={M(p) | p € QL}.

(1) If Qr is non-empty, then Og is a preprojective or quasi-simple T-orbit in
I'vept(q), where the second case occurs if and only if Q is of type AZ.

(2) If Qr is non-empty, then Or, is a preinjective or regular T-orbit in I'vept(q),
where the second case occurs if and only if Q) is of type AZL.

(3) If I' is a reqular component of I'iept(q), then it contains either Or or Op but
not both, and consequently, Q is of type AZ.

Proof. Tt is evident that for any p,q € Qr, we have ¢ = o'(p) for some i € Z.
Making use of Lemma 5.13, we deduce that Op is a 7-orbit in I'.¢,+(g). Suppose
that Opg is preinjective. Then M(p) = I, for some p € Qg and z € Q*. In
particular, p is finite. By Corollary 5.7(1) and Lemma 5.13(2), 7~M (p) is defined
in I'iep+(q), a contradiction. Thus, OR is preprojective or regular. Assume that the
second case occurs. Suppose that Og is non-trivial. Let M (p) with p € Qg be not
pseudo-projective. By Lemma 5.13(1), ¢ = 0(p) € Qr. By Lemma 5.6(1), we have a
double hook (g, a, p) with ¢ finite. By Proposition 5.12, M (p) is quasi-simple. That
is, O is quasi-simple. Suppose that now Og. Being regular, Or = {M(p)}, where
p € Qr and M(p) is infinite-dimensional and pseudo-projective. In particular, p is
infinite. Since M (p) is not projective, @ contains an arrow « : s(p) — 1 < s(p). Let
(¢, ., p) be a double hook in . By Lemma 5.6(1), ¢ is infinite. As a consequence,
Q = Q(w) with w = pa~!q. In this case, there exists a canonical projection
f: M(w) —» M(p). Let g : M(u) = M(p) be a non-zero non-isomorphism in
rep™(Q), where u is a string with no left infinite path. If M (u) is projective, then
u is a proper subpath of p, and in this case, g factors through f. Otherwise,
u = pa~lv, where v is a finite subpath of ¢ ending in s(p) — 1. Thus g factors
through f. That is, f is not irreducible in rep(Q), and by Corollary 3.5, it is not
irreducible in rep™(Q). Thus, I" rep+(@) has no arrow ending in M (p). By Theorem
4.14, {M(p)} is a trivial component of I'.e,+(g). In particular, Og is quasi-simple.

Let @ be of type As. Then 0 is a sink or source vertex of weight one. In the
first case, 9 € Qg with M(gg) = Py, and in the second case, the maximal path
po starting in 0 lies in Qg and M(po) = Py. In either case, Op is preprojective.
Conversely, suppose that Op is preprojective. Then, M (p) = P, for some p € Qr
with = s(p). If x — 1 € Qq, then @ has an arrow z — 1 < x, which is absurd since
M (p) is projective. Thus = — 1 € Qo, that is, @ is of type A,,. This establishes
Statement (1). In a similar way, we can prove Statement (2).

To prove Statement (3), let I" be a regular component of I".ep,+(g)- Suppose first
that I' = {M(w)}, where w is a normalized string with no left infinite path. By
Theorem 4.14(4), M (w) is infinite dimensional, and hence w is infinite. Then either
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the initial walk w; of w or the terminal walk w,, is infinite. In the second case, being
normalized and not the inverse of a left infinite path, w, is a right-oriented maximal
path with a starting point. In particular, w, € Qg. If w # w,, then w = w,a v,
where « is an arrow and v is a string. Since w,, is a maximal path, by Proposition
5.10(1), rep™(Q) has an irreducible morphism M (v) — M (w), a contradiction.
Therefore, w = w,, € Qg, and hence I' = Or. Similarly, if w; is infinite, then
I' = Op. Suppose now that I' is non-trivial. By Theorem 4.14, rep*(Q) has
an almost split sequence 0 — L — M — N — 0, where L, M,N € I'. By
Proposition 5.12, there exists a double-hook (g, ,p) such that L = M(q) and
N = M(p). By Lemma 5.6(3), L, N € Or or L, N € Oy,. That is, I' contains Op
or Op. Finally, observe that Qr N Qr = . Having only one quasi-simple 7-orbit,
I'" does not contain Or and Op. The proof of the proposition is completed.

EXAMPLE. Let @) be a canonical quiver of type A% as follows:

o<—0 1 2 3 4 5 6 7T<—--

We denote by p, ; the path from i to j, and by p o the infinite path starting in 2.
Then Qr = {Poo,P,5»€5} in which the action of ¢ is indicated as follows:
E5 > D,y > Poo-

By Lemma 5.14(1), the action of 7 in O, is indicated as follows:
Sy < M(p, ) < M(p o).

On the other hand, Qr = {&; | # < 1} U{p,,, 0,6} U{ei | 4 > 7}, in which the
action of ¢ is indicated as follows :

Ce G E ] e EQ < €1 <t p2.’3 < p4,6 <o Eq << EQ <t et
By Lemma 5.13(1), the action of 7 in Op is indicated as follows:

e Sy = Sg <o Sy = M(p, ) <o M(p, 4) < Sp < Sg =

The following result describes the Auslander-Reiten components in the A -case.

5.16. THEOREM. Let Q) be an infinite Dynkin quiver of type Ao .

(1) If Q has no left infinite path, then I'.op+(q) consists of the preprojective com-
ponent and a preinjective component of shape N~A,.

(2) If Q is a left infinite path, then I'iept(q) consists of the preprojective component
of shape NA .

(3) If Q is not a left infinite path but has left infinite paths, then I'iep+(q) consists of
the preprojective component of shape NA, and a finite preinjective component.

Proof. We may assume that ) is canonical. By Theorem 4.6 and Proposition
5.15, I'iept(q) has a unique preprojective component but no regular component.
Moreover, by Theorem 4.7, the preinjective components correspond bijectively to
the connected component of Q. If  has no left infinite path, then Q+ = @, which
is connected. Thus I',.,+(g) has a unique preinjective component which is of shape
N~A by Theorem 4.7(1).

Suppose now that @) contains left infinite paths. Then it has no right infinite
path. By Theorem 4.6(1), the preprojective component is of shape NA,.. If Q is a
left infinite path, then Q* = (), and hence I’ rept(Q) Nas no preinjective component.
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Otherwise, @ has a left infinite maximal path with an ending point > 0. Then z is
a sink vertex, and Q7 is generated by the vertices y with 0 < y < x. In particular,
Q™ is finite and connected. By Theorem 4.7, I" rep+(Q@) Das a unique preinjective
component Z, which has a right-most section of shape (Q)°P and contains only
finite 7-orbits. In particular, Z is finite. The proof of the theorem is completed.

Next, we shall describe the Auslander-Reiten components of rep™(Q) in the ASS-
case. Since the preprojective component and the possible preinjective components
have been described in Theorems 4.6 and 4.7, we shall concentrate on the regular
components.

5.17. THEOREM. Let Q be a quiver of type AX, having r right infinite mazimal

paths and 1 left infinite mazimal paths with 0 < 1,7 < 2. Then I'iep+(q) consists of

the preprojective component, at most one preinjective component, and at most two
regular components which are described as follows.

(1) If Q is a double infinite path, then I'wop+(qy has a unique regular component of
shape ZA .

(2) If Q has no left infinite path, then I'vept(q) has two regular components of which
r are of shape N"A and (2 —r) are of shape ZA.

(3) If Q has no right infinite path, then I'icpr(o) has two regular components of
which | are of shape NA and (2 —1) are of shape ZA .

(4) If Q has a left infinite mazimal path and a right infinite maximal path, then
Iiept(q) has two reqular components of which one is of shape ZA, and the
other one is a finite wing.

Proof. We may assume that @ is canonical. It is easy to see that QT is either empty

or connected. Hence I'\¢p+(g) has at most one preinjective component. Moreover,

by Proposition 5.15(3), I'iep+(@) has at most two regular components R and L,

such that M(p) € R for p € Qgr, and M(q) € L for ¢ € Q.

(1) Assume that @ is a double infinite path in which the arrows are all right-
oriented. Then Qr = 0 and Q = {e, | z € Qo}. By Proposition 5.15, L is the
only regular component. Since &; = UL_i(Eo), by Lemma 5.14, 'Sy = S;, for i € Z.
Hence, L is stable. By Theorem 4.14(1), L is of shape ZA .

(2) Suppose that @ has no left infinite path. Since Q¢ = Z, there exist at most
two right infinite maximal paths. Assume first that @) has no right infinite path,
that is, it has no infinite path. Then @ can be viewed of the following form :

.. .pnqgl . q;1p0q61p71 . .pimq:}n e

where the p,, are the right-oriented maximal paths and the g, are the left-oriented
maximal paths. Thus Qi contains a double infinite chain

...<pim<...<p0<...<pn<...7

and hence o’.(pg) is defined for all ¢ € Z. By Lemma 5.13, 7'M (po) is defined for
all i € Z, that is, M (pg) is stable. Moreover, @1, contains an infinite chain

and thus o, (o) is defined for all i € Z. By Lemma 5.14, 7°M(qo) is defined for
all i € Z. That is, M(qo) is stable. Therefore, I',ep+(q) has two stable regular
components R and £. By Theorem 4.14(1), they both are of shape ZA ..
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Assume next that ) has exactly one right infinite maximal path gg. We may
assume that gg is left-oriented starting in x. Since ¢ is the unique infinite maximal
path, @ can be viewed of the following form :

gy P g g
where the g, are the left-oriented maximal paths and the p,, are the right-oriented
maximal paths. Then @ contains a right infinite chain

Qo= qu= =< gn <

and thus, o, (qo) is defined for all i > 0. By Lemma 5.14(1), 7°M (qo) is defined for
all ¢ > 0. That is, M (qo) is left stable. Hence L is a left stable regular component.
Since M (qo) is infinite dimensional, by Theorem 4.14(2), L is of shape N"A,. On
the other hand, Qg has a double infinite chain

...<5x7i<...<5x71<p1<...<pn<...

Making use of Lemma 5.13 again, we see that R is stable, which is of shape ZA,
by Theorem 4.14.

Assume finally that @@ has two right infinite maximal paths p and q. We may
assume that p is right-oriented starting in x, and ¢ is left-oriented starting in y.
Then Qg has a left infinite chain

e =REy < =gyl <D

In view of Lemma 5.13(1), we deduce that M (p) is left stable. Hence R is a left
stable regular component. Since M (p) is infinite dimensional, R is of shape N7A .
Moreover, since @1, contains a right infinite chain

q=Epp1 < R Eppi <,

by Lemma 5.14(1), M (q) is left stable. Hence, L is a left stable regular component.
Since M (q) is infinite dimensional, £ is of shape N7A .

(3) Suppose that @ has no right infinite path. Using an argument dual to that for
proving Statement (2), we may show that if ) has exactly one left infinite maximal
path which is assumed to be right-oriented, then L is a regular component of shape
ZA and R is a regular component of shape NA ; and if @ has two left infinite
maximal paths, then R and L are two regular components of shape NA .

(4) Suppose that @ has a left infinite maximal path p and a right infinite maximal
path g. Then p, q are either both right-oriented or both left-oriented. We need only
to consider the case where p is right-oriented with e(p) = x, while ¢ is right-oriented
with s(q) = y. Then @, has a double infinite chain

e R Ep—g X R Ep—1 X Eyy1 X R Eyj X
Therefore, L is stable of shape ZA,. On the other hand, ¢ € Qg. If z is a vertex
with z < x or z > y, then z is a middle point of a right-oriented path. By Lemma
5.4(1), z # s(v) for any v € Q. Hence, Qg is finite. By Proposition 5.15(1), R has
a finite 7-orbit. By Theorem 4.14(4), R is a finite wing. The proof of the theorem
is completed.

EXAMPLE. Reconsider the canonical quiver @ of type A as follows:

o<—0 1 2 3 4 5 6 T<—--

As seen before, Qr, = {poo,Pa,3,¢5}. Therefore, the regular component containing
the T-orbit O, is a wing as follows:
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FARN
o O
7 N\ 7 O\
o o o
On the other hand, since both ¢ and ¢~ are defined everywhere in @ g, the regular
component containing Op is of shape ZA .

Finally, it comes to the point for us to study the Dy,-case. Recall from Lemma
5.8 that the indecomposable representations in rep™(Q)) are uniquely determined
by their dimension vector.

5.18. NOTATION. Let @ be an infinite Dynkin quiver of type Do.
(1) For integers ¢ > 0 and j > 1, denote by N; ; the finite dimensional indecom-
posable representation in rep™(Q) with dimension vector indicated as follows :
7 times j times
1—9%9 9 __ ... 9 7 — ... — 1 —0—0—--.-

|
1

(2) In case @ has infinite paths, for each ¢ > 0, denote by N; o the sincere indecom-
posable representation in rep(Q)) with dimension vector indicated as follows:
i times
1— 92— 92— cii 9 ] e ] —

|
1

The following result describes the indecomposable representations in rep™(Q).

5.19. PROPOSITION. Let Q be a quiver of type Doo. If M is an indecomposable
representation in rept(Q), then

(1) M = M(w) with w a string having no left infinite path, or

(2) M =N, ; withi>0and j>1, or

(3) M = N, o with i >0, and this occurs if and only if Q has right infinite paths.
Proof. We may assume that @ is canonical. Let M be an indecomposable rep-
resentation in rep™(Q). If one of the vertices 0,1 is not in suppM, then M is
an indecomposable representation of a quiver of type A,,. By Proposition 5.9,
M = M(w), where w is a string without left infinite paths.

Suppose that 0,1 € suppM. If M is finite dimensional, then it is an indecom-
posable representation of supp M. Since suppM is of type D,,, it is well known that
M = N, ; for some i > 0 and j > 1; see, for example, [1, p. 299]. Assume that
M is infinite dimensional. Since M is indecomposable, suppM = Q. By Corollary
1.7, @ contains a right infinite path which we assume starts in a vertex a > 3. By
Theorem 1.12(1), M is projective restricted to a co-finite successor-closed subquiver
X of Q. By the dual of Lemma 1.10, we may assume that the vertices z with x < a
are not in Y. Let b be maximal such that b lies in the top-support of M,,, and let
{2 be the full subquiver of Q) generated by the vertices  with 0 < x < b. Then
{2 contains the top-support of M, and is predecessor-closed in ) since b > a. By
Theorem 1.13(1), M,, is an indecomposable sincere representation of 2. Since {2 is
of type Dy41, it is well known that there exists some 7 with 0 < r < b — 2 such that
dmM(z)=2forany 2 <z <2+randdimM(y) =1ify<2or2+r <y <hbh
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In particular, dim M (b) = 1. Let ¢ be an arbitrary vertex with ¢ > b. Applying
the same argument to the full subquiver of @} generated by the vertices x with
0 <z < ¢, we see that dim M (c) = 1. This shows that M = N, . The proof of
the proposition is completed.

REMARK. The preceding result says particularly that if M is an indecomposable
representation in rep™(Q), then dim M (z) < 2 for all z € Q.

As for the two other types, the study of quasi-simple representations is essential
in the description of the Auslander-Reiten components of rep™(Q).

5.20. LEMMA. Let Q be a quiver of type Doo. If I' is a regular component of
Iiept(q), then every vertex in Q) lies in the support of at most two quasi-simple
representations in I'.

Proof. Fix x € Qo. Let I" be a regular component of I'..,+(q) with a sectional path
L,—L, 1—>---—> Ly, where L; is quasi-simple. In view of the shape of I
described in Theorem 4.14, we see that 7L, € I', for i = 1,...,n — 1. Now an easy
induction on n shows that dim L, (x) = Z?:_Ol dim 7 Ly (z).

Suppose that I' contains some distinct quasi-simple representations N1, No, and
N3 such that N;(x) # 0, for ¢ = 1,2,3. With no loss of generality, we may assume
that N3 = 7°N; and No = 7" N; with 0 < r < s. Then I' contains a sectional path
Mgy — Mg —---— M; = N;. This yields

dimMiq(z) = >, dim 7' Ny (z) > dimN; () + dimNa(z) + dimN3(z) > 3,

which is contrary to Proposition 5.19. The proof of the lemma is completed.

5.21. LEMMA. Let Q be a canonical quiver of type Do, and let w be a finite string
with 3 < s(w) < e(w). If there exist arrows «, 3 such that fwa or B~ lwa™! is a
string, then M (w) is a regular representation.

Proof. Write a = s(w) and b = e(w). First, suppose that @ has a string Swa with
a, B being arrows. Then « is the arrow (e — 1) — a and S is the arrow b — (b+1).
Applying Lemma 2.12(1) to the unique infinite acyclic walk in @ starting with 3,
we see that either M (w) is left stable or 7"M (w) is pseudo-projective for some
integer n > 0. In particular, M (w) is not preprojective.

For each integer j > 1, consider the indecomposable representation Ny_; ; as
defined in Notation 5.18(1). We may assume that Ny_; j(z) = k* for 2 < z < b,
Ny—1,;(b+1) =k, and Ny_1 () = 1 for each arrow v : z — y with 2 < z,y < b.
Since N1 ; is indecomposable, the map Np_1 ,;(8) is surjective with a non-zero
kernel ¢ : k — k2. On the other hand, M (w)(x) = k for each vertex x appearing
in w, and M(w)(y) = 1 for each arrow 7 such that v or y~! is an edge in w. For
x € Qo, we set f(x) = ¢ if w passes through x; and otherwise, f(x) = 0. By
definition, Ny—1;(8) f(b) = 0 = f(b+ 1) M(w)(5), and since M(w)(a — 1) = 0,
we have Ny_1 j(a)f(a — 1) = 0 = f(a)M(w)(«). Moreover, if v : x — y is an
arrow such that v or v~ ! is an edge in w, then a < z,y < b, and in this case, we
have Ny_1,;(7) f(z) = ¢ = f(y) M(w)(~y). This verifies that f = {f(z) | z € Qo}
is a non-zero morphism in rep™(Q) from M (w) to Ny_1 ;. Since the N,_q ; with
j > 1 are pairwise non-isomorphic, by Proposition 4.10(2), M (w) is not preinjective.
That is, M (w) is regular.
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Next, suppose that @ has a string 3~ 'wa~! with o, 8 being arrows. Then we
deduce from Lemma 2.13(1) that M (w) is not preinjective. Moreover, in a dual
manner, we can show that there exists a non-zero morphism from Ny_1 ; to M(w)
for each j > 1. Therefore, M (w) is not preprojective by Proposition 4.10(1). That
is, M (w) is regular. The proof of the lemma is completed.

We are ready to describe the connected components of I'.qp+(g) in the Do-case.
By Theorems 4.6 and 4.7, we need only to concentrate on the regular components.

5.22. THEOREM. Let Q) be a quiver of type Doo. Then I'vepi(q) consists of the pre-
projective component, at most one preinjective component, and exactly one regular
component which is of shape ZA~, NA,, or N"A, in case Q has no infinite path,
has left infinite paths, or has right infinite paths, respectively.

Proof. Observing that QT is empty or connected, we deduce easily the first two
parts of the statement from Theorems 4.6 and 4.7. For proving the last part, assume
that @ is canonical. If () has a vertex z with > 2 which is a middle point of some
path, then S, is regular by Lemma 5.21. Otherwise, every arrow « not attached to
2 is a maximal path, and by Lemma 5.21 again, M («) is regular. This shows that
I'iep+(@) has at least one regular component I'. If @ has no infinite path, then I is
of shape ZA ., by Corollary 4.16. If @ has left infinite paths, then every left infinite
acyclic walk in ) is an almost-path, and hence, I is of shape NA,, by Theorem
4.17(2). If @ has right infinite paths, then every right infinite acyclic walk in @ is
an almost-path, and therefore, I" is of shape N"A,, by Theorem 4.17(1).

It remains to show that I" is the only regular component of I'.e,+(g). For this
purpose, we fix a vertex a > 2 in such a way that a is a source vertex if @ has no
infinite path, and otherwise, a is a middle point of an infinite path. Denote by X
the full subquiver of () generated by the vertices x > a. Observe that X is a quiver
of type A, which will become canonical if one replaces x by x — a. Let X'r and
Y1, be the sets of paths in X' as defined in Notation 5.3, each of them is equipped
with a source-translation written as o, for X r and o, for Y.

Consider first the case where Q has no left infinite path. Then I" is of shape ZA
or N"A,. In particular, I" is left stable. By Lemma 3.6, all but at most one quasi-
simple representations in I' are finite dimensional. By Lemma 5.20, I" contains a
finite dimensional quasi-simple representation M such that supp M C X\{a} for
all i > 0. In particular, the 7¢M are finite dimensional representations in rep™ ().
For each ¢ > 0, consider the almost split sequence

n: 0—7H"NM E —-7M-—0

in rept(Q). We claim that n; is an almost split sequence in rep™(X). Indeed,
assume that @) has a right infinite path. Then X is a right infinite path with a
being the source vertex. For z,y > a, we denote by p, , the path in ' from z to
y. Then M = M(p,s) for some s > r > a. In view of Lemma 2.5, we see that
7'M = M(prtis+i), and in particular, n; lies in rep™(X) for all i > 0. Hence, our
claim follows. Assume that @ has no infinite path. Then «a is a source vertex in
Q. In particular, X' contains the predecessors of the successors of the vertices in
supp7‘M, for all i > 0. By Proposition 2.16(1), n; is an almost split sequence in
repT(X), for all 4 > 0. This establishes our claim. In particular, T;M = 1'M, for
all 4 > 0. Since Ey is indecomposable in rep™(2'), by Proposition 5.12, there exists
a double-hook (g, 8, p) in X' such that M = M (p). By Lemma 5.6, either p,q € X'
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or p,q € Xp. Since M is left stable in I'.p+(x), by Proposition 5.15, the second
case occurs. Applying Lemma 5.14(1), we have

Mo "(p))=7'M(p)=7'M=1'M €T,

L
for all ¢ > 0. Similarly, if I' is another regular component of I’ rept(Q), then there
exists some p’ € X', such that M(o, *(p')) € I'" for all i > 0. Since p, p’ both lie in
Y1, there exists some ¢ € Z such that p’ = o (p). As a consequence, I' intersects
I'", and hence I' = I".

Consider now the case where @ has left infinite paths. Then, I' is of shape
NA . In particular, I' contains pseudo-projective but no infinite dimensional rep-
resentations. On the other hand, @ has no right infinite path. By the dual of what
we have just proved, I'.e,-(g) has a unique regular component C which contains
infinite dimensional representations. By Proposition 4.12(2), I" is obtained from C
by deleting the infinite dimensional representations. Thus I" is the unique regular
component of I'y,+(g). The proof of the theorem is completed.

To sum up, we have obtained the following result; compare [37, (3.10)].

5.23. COROLLARY. If Q is an infinite Dynkin quiver, then I'.ey+(q) has at most four
connected components and at most two are reqular components.

6. NUMBER OF REGULAR COMPONENTS

As seen in the preceding section, the Auslander-Reiten quiver I'yep+(g) of rep™(Q)
has at most two regular components in the infinite Dynkin-case. To the contrary,
the main objective of this section is to show that I'..,+p) has always infinitely
many regular components provided that @ is not of finite or infinite Dynkin type.
The following result is essential for this purpose.

6.1. LEMMA. Let X be a finite subquiver of Q. If M is a reqular representation in
rep(X), then it is a regular representation in rep™(Q).

Proof. Let M be a regular representation in I'yp(xy). It is well known that the
regular components of I'.e(oy are stable tubes or of shape ZA.,. Thus rep(Y)
admits an infinite chain of irreducible epimorphisms

o M Mo n o
and an infinite chain of irreducible monomorphisms
MIAN —~... =N, | LN — ...

In particular, Hom(M;, M) # 0 and Hom(M, N;) # 0, for every ¢ > 1. By the
first two statements of Proposition 4.10, M is regular in rep*(Q). The proof of the
lemma is completed.

6.2. LEMMA. If Q is infinite, then every regular component of I'.ep+(q) has at most
finitely many representations supported by any given finite full subquiver of Q.

Proof. Let @ be infinite with a finite full subquiver Y. Assume that I" is a regular
component of I'yep+() containing infinitely many representations M; with j > 0
such that suppM; C Y. Since X is finite, we may assume that suppM; = X for all
j > 0. Setting n; to be the quasi-length of M;, we deduce from Proposition 2.14(2)



56 RAYMUNDO BAUTISTA, SHIPING LIU, AND CHARLES PAQUETTE

that the n; are pairwise distinct. In particular, we may assume that n; > 0 for all
7 > 0. By Theorem 4.14, I' is of shape ZA,, NA,, or N"A,,. Thus, for each j > 0,
there exists in rep™(Q) a chain of irreducible epimorphisms of length n; — 1 from
M; to a quasi-simple representation IV, and a chain of irreducible monomorphisms
of length n; — 1 from 7' N; to M;. As a consequence, the N; and the 7"~ N,
with j > 0 are all supported by Y. Since the n; are pairwise distinct, the set
Y = {N;,7%~IN; | j > 0} is infinite. Since X is finite, J contains infinitely
many quasi-simple representations having the same support. This is contrary to
Proposition 2.14(2). The proof of the lemma is completed.

Recall that a trivially valued translation quiver is called a stable tube of rank
n(> 0) if it is of shape ZA,/<7™>, and a stable tube of rank one is called a
homogeneous tube. The following result seems to be well known. However, to the
best of our knowledge, it is not explicitly stated anywhere. For this reason, we
include a proof which is suggested by Kerner.

6.3. PROPOSITION. Let Q) be a finite connected quiver without oriented cycles.
(1) If Q is of Euclidean type, then I'iep(qy has infinitely many homogeneous tubes.
(2) If Q is not of Dynkin type, then I'vepq) has infinitely many regular components.

Proof. (1) Let @ be of Euclidean type. The regular components of I'iep(q) are
pairwise orthogonal stable tubes; see [16]. Assume that @ has only two vertices a, b.
Then @ is the Kronecker quiver K with exactly two arrows «, 8 from a to b. Note
that the regular components of I'.qp () are all homogeneous tubes; see [16]. Denote
by & the set of monic irreducible polynomials over &, which is known to be infinite.
For each p € &, define M, € rep(K) by setting Mp(a) = My(b) = klz]/<p>,
Mp(a) =1, and Mp(5) to be the multiplication by the class Z € k[z]/<p>. Having
a dimension vector of the form (¢,t), the representation M, is regular; see [16],
and quasi-simple since End(M,,) = K[z]/<p>. Moreover, the M, with p € & are
pairwise orthogonal, and hence lie in pairwise different components of I'ycp(x)-

Assume now that @ has n (> 2) vertices and Statement (1) holds for any Eu-
clidean quiver of n — 1 vertices. Then I'.,(q) has at least one stable tube T of
rank r > 1; see [16, Section 6]. Choose a quasi-simple representation S in 7. The
perpendicular category S*, that is the full additive subcategory of rep(Q) gene-
rated by the representations L with Hom(S, L) = Ext'(S, L) = 0, is equivalent to
rep(Q’), where @' is an Euclidean quiver of n — 1 vertices; see [20, (10.1)]. Thus,
the Auslander-Reiten quiver of S+ has infinitely many homogenous quasi-simple
representations S; with 4 > 1. Since Extl(Sl-, Si) # 0, we see that S; lies in a stable
tube T; of I'ep(q). If Ti = T for some i then, since End(S;) is divisible, the quasi-
length of S; is at most r. Thus we may assume 7T; # T, for all ¢ > 1. Consider, for
each ¢ > 1, an almost split sequence

in S*+. Let f: L — S; be a non-retraction morphism in rep(Q) with L € I'yep(q)-

Then L lies in 7; or L is preprojective. In the first case, L € S+ since 7; # T, and
hence, f factors through g;. In the second case, consider a pull-back diagram

0 Si E L 0
R
0 S; E; . S; 0




REPRESENTATION THEORY OF STRONGLY LOCALLY FINITE QUIVERS 57

in rep(Q). Since Ext%ep(Q)(L, S;) =2 DHom,ep()(Si, 7L) = 0, the upper row splits.
Thus f factors through g;. This shows that 7; is an almost split sequence in rep(Q).
Consequently, the 7; with i > 1 are all homogenous tubes of I'.¢;()-

(2) Let @ be of non-Dynkin type. By Statement (1), we may assume that @ is
wild. Then every regular component of I'.e,+(q) is of shape ZA ; see [40]. Consider
first the case where @ has only two vertices. We may assume that ) consists of
the above-mentioned Kronecker quiver K and possibly some extra arrows from
a to b. Then rep(K) is a full additive subcategory of rep(Q) generated by the
representations annihilated by the arrows other than o, 8. By Lemma 6.1, the M,
with p € & are regular representations in I'yep(g). Suppose that M, is not quasi-
simple in I".ep(q) for some ¢ € &2. Then rep(Q) has an irreducible epimorphism
f: My — N. It is easy to verify that N is annihilated by the arrows other than a, f3,
and thus f is an irreducible epimorphism in rep(K). This contradicts the fact that
M, is quasi-simple in I'.epx). Therefore, the M, with p € & are all quasi-simple
in I'ep(g)- Suppose on the contrary that I'.epg) has only finitely many regular
components. Being quasi-simple, the M, with p € & are contained in finitely many
T-orbits of I'iep(g). Therefore, & contains infinitely many p; with i > 1 such that
the M)y, lie in the the same 7-orbit of I'yep,(q). Write M; = M,,,, for all # > 1. Since
M; is regular, there exists some s > 0 such that Hom(M;,7°M;) # 0 for every
i > s; see [28, (1.3)]. In particular, M; = 7™M, with n; < s, for all j > 1. Then
there exists some r > 1 such that n, < —s, that is, —n, > s. This yields

Hom(Mr,Ml) = HOIIl(TnTMl,Ml) = HOIIl(Ml, TﬁnTMl) }é O,

contrary to the fact that the M, are pairwise orthogonal. Assume now that @) has
n (> 2) vertices and Statement (2) holds for any non-Dynkin quiver of n—1 vertices.
Let Q' be a non-Dynkin connected full subquiver of Q with n — 1 vertices. Then,
I'vep(@ry has infinitely many regular representations N; with i > 1. By Lemma 6.1,
the N; are regular representations in I',cp(g). Since the N; are not sincere, they are
distributed in infinitely many regular components of I'icyqy; see [28, (1.3)]. The
proof of the proposition is completed.

6.4. THEOREM. If Q is a connected strongly locally finite quiver, then I'.cp+(q) has
only finitely many reqular components if and only if Q is of finite or infinite Dynkin
type.

Proof. Let @ be a connected strongly locally finite quiver. If @ is of finite Dynkin
type, then I'..p+(g) has no regular component. If @ is of infinite Dynkin type,
then I'y¢p+() has at most two regular components by Corollary 5.23. For proving
the necessity, by Proposition 6.3, we only need to consider the case where @ is
infinite but not of infinite Dynkin type. Then @) contains a connected finite full
subquiver X of non-Dynkin type. By Proposition 6.3, I'.p+(s) contains infinitely
many regular representations M; with ¢ > 1. By Lemma 6.1, the M, are regular
representations in I'yep+(@). By Lemma 6.2, they are distributed in infinitely many
regular components of I'yep+(g)- The proof of the theorem is completed.

To conclude this section, we shall show that any of the four types of regular
components may appear infinitely many times. For this purpose, we need the
following lemma.
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6.5. LEMMA. Suppose that @ is infinite and connected. Let M be a representation
in I'ept(q) such that suppM C supp(7"M) for some n > 0. If Q has left infinite
paths, then 7™M is pseudo-projective for some m > n.

Proof. Let p be a left infinite path in ). By Proposition 3.6, 7"M is finite di-
mensional. Since @) is connected, there exists a right infinite acyclic walk w which
intersects supp(7"M) only at s(w) and ends with the inverse of a left infinite subpath
of p. In particular, all but finitely many edges in w are inverses of arrows. Assume
that w starts with the inverse of an arrow, then w =" is an infinite acyclic walk which
ends with an arrow and intersects supp(7"M) only at e(u~!). By Lemma 2.13(2),
suppM contains some vertex lying in w™! but different from e(w=!) = S(w), which
is absurd since supp(7™M) 2 suppM. Thus, w starts with an arrow. By Lemma
2.12(2), DTr™M is infinite dimensional for some m > n, that is, 7" 1M is a
pseudo-projective representation in I'. The proof of the lemma is completed.

6.6. THEOREM. Let Q be a connected strongly locally finite quiver which is infinite
but not of infinite Dynkin type.

(1) If Q has no infinite path, then I'.op+(q) has infinitely many regular components
of shape ZA .

(2) If Q has left infinite but no right infinite paths, then I'.ep+q) has infinitely
many reqular components of shape NA .

(3) If Q has right infinite but no left infinite paths, then I'.ep+(q) has infinitely
many reqular components of shape N7A .

(4) If Q has both left infinite paths and right infinite paths, then I'iepr(o) has in-
finitely many reqular components of wing type.

Proof. Statement (1) is an immediate consequence of Theorem 6.4 and Corollary
4.16. For proving the rest of the theorem, let X' be a wild finite full subquiver of Q.
Then I'cp(s) contains infinitely many regular representations M; with ¢ > 1 such
that M;, 7,M;, and 7 M; are all sincere representations of X; see [28, (1.3)]. By
Lemma 6.1, each M; lies in a regular component I'; of I'..p+(g)- By Lemma 6.2,
the I'; with ¢ > 1 are pairwise distinct.

Assume that @ has left infinite path. We claim that none of the M; is left
stable in Frep+(Q). Indeed, let ¢ > 1 be such that 7M; € I';. Then 7M; is finite
dimensional. Choose {2 to be a finite connected full subquiver of @ containing the
support of M;® 7M;. Then 7, M; = 7M;. Since X = suppM; C 2, the path algebra
kX is a quotient of the path algebra k{2. By Lemma 5.2 stated in [1, Chapter VIII],
T, M; is a sub-representation of 7, M;. This yields

supp M; = supp(7,, M;) C supp(7, M;) = supp(rM;).

By Lemma 6.5(2), DTr"M, is infinite dimensional in rep(Q) for some r > 0. That is,
M; is not left stable in I',o,+(g). This establishes our claim. Dually, we may show
that if @ has right infinite paths, then none of the M; is right stable in I'\ep+(@)-
Now suppose that @ has left infinite but no right infinite paths. Then I'.ep+(@)
has no infinite dimensional representation. By Theorem 4.14, the I'; are all of shape
ZA, or NA,,. By the above claim, none of the I'; are left stable. Hence, the I';
with ¢ > 1 are all of shape NA,,. This proves Statement (2). Dually, Statement (3)
holds true. Finally, suppose that @ has both left infinite paths and right infinite
paths. As seen above, each of the M; with ¢ > 1 is neither left stable nor right
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stable. By Theorem 4.14(4), the I'; are all finite wings. The proof of the theorem
is completed.

7. THE BOUNDED DERIVED CATEGORIES

The main objective of this section is to study the Auslander-Reiten theory in
DP(rept(Q)), the derived category of the bounded complexes in rept(Q). Making
use of the previously obtained results for rep™(Q), we shall be able to give a complete
description of its Auslander-Reiten components of D®(rep™(Q)).

We begin with an arbitrary hereditary abelian category H. Let D’(H) stand for
the derived category of the bounded complexes in H. It is well known that D°(H)
is a triangulated category whose translation functor is the shift functor denoted
by [1]. If f : X — Y is a morphism in D’(H) and i € Z, then we call X[i] and
flé] : X[i] — Y[i] the shifts by ¢ of X and f, respectively. As usual, we shall regard
H as a full subcategory of D®(H) by identifying an object X € H with the stalk
complex X[0]. It is important to observe that each object in D®(#) is a finite direct
sum of the stalk complexes X[i], where X € H and i € Z. Moreover, for X,Y € H,
Hom pu 30y (X [i], Y[5]) # 0 only if i < j <+ 1; see [34, (3.1)]. Now, let

f g

A X Y h

Z s X[

be an exact triangle in D®(#H). One calls X the starting term and Z the ending term
of A. We say that A is an almost split triangle if f is minimal left almost split and
¢ is minimal right almost split; compare [21]. For various equivalent conditions,
we refer the reader to [29, (2.6)]. One says that D’(H) has left (respectively,
right) almost split triangles if every indecomposable object in D*(H) is the starting
(respectively, ending) term of an almost split triangle, and that D°(H) has almost
split triangles if it has left and right almost split triangles.

The following result tells us how the minimal almost split morphisms in D®(H)
are related to those in H.

7.1. LEMMA. Let XY, and Z be objects in H.

V) If (f,m)T: X =Y @ Z[1] is a minimal left almost split morphism in D®(H),
then f: X =Y is a minimal left almost split morphism in H.

(2) If (9,¢): Y @ Z[-1] = X is a minimal right almost split morphism in D*(H),
then g :' Y — X is a minimal right almost split morphism in H.

(3) If ¢ : X — Y[1] is an irreducible morphism in D*(H), then X is injective and
Y is projective.

Proof. Let (f,n)T : X — Y @ Z[1] be a minimal left almost split morphism in

DP(H). It is evident that f : X — Y is left minimal and is not a section. Suppose

that u : X — M is a non-section morphism in . Then u factors through (f,n)? in

DP(H). Since Hom pe 3y (Z[1], M) = 0, we see that u factors through f in H. This

proves Statement (1). In a dual manner, we can establish Statement (2). Finally,

suppose that £ : X — Y[1] is an irreducible morphism in D®(H). Let

0—X % M-">N—0

be a short exact sequence in H. Since Exti[(N ,Y) = 0, there exists some morphism
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6 : M — Y[1] in D*(H) such that £ = & o u. Since Hompu(g) (Y[1], M) = 0, we
see that § is not a retraction in D°(#). Thus u is a section in D’(#), and hence
a section in H. Since H is abelian, this shows that X is injective. Dually, one can
show that Y is projective. The proof of the lemma is completed.

The following result relates the almost split triangles in D?(#) to the almost
split sequences in H. This was first established by Happel in the case where H is
the category of finite dimensional representations of a finite acyclic quiver; see [21,
(5.4)]. Observe that our approach is very much different from Happel’s.

7.2. THEOREM. Let H be a hereditary abelian category.

(1) If 0—=X —=Y —Z—=0 is an almost split sequence in H, then it induces
an almost split triangle X —=Y —= Z —= X[1] in D*(H).

(2) If S is a simple object in H with a projective cover P and an injective hull I,
then D®(H) has an almost split triangle as follows:

I—(1I/S)® (radP)[1] — P[1] — I[1].

(3) Buvery almost split triangle in D®(H) is a shift of an almost split triangle stated
in the above two statements.

Proof. (1) Let H have an almost split sequence n : 0 x oy %z 0.

It induces an exact triangle A : X Ly Ly > X[1] in D*(H). Since g is
right minimal in #, it is right minimal in D®(H). We claim that each non-zero
non-retraction morphism ¢ : M — Z in D*(H) factors through g. Indeed, we may
assume that ¢ = (h,§) : M & N[-1] — Z, where M, N € H. Then h is a non-
retraction morphism in #, and hence it factors through g in H. On the other hand,
since Hom e (3)(L[—1], X[1]) = 0, we have n§ = 0, and thus { factors through g
in D®(#H). This proves that g is minimal right almost split in D°(#). Hence, A is
almost split; see [29, (2.6)].

(2) Let S be a simple object in H with a projective cover € : P — S and an
injective hull ¢ : S — I. In view of Lemma 2.1, we see that P and I are strongly
indecomposable. Setting h = 1&, we get an exact triangle

) I-)-Lsm-Zeptg

in D°(H). Let u : X — P be a non-zero non-retraction morphism in D?(#). We
may assume that u = (u,9) : Y ® Z[-1] — P, where Y, Z € H. Then u:Y — P is
a non-retraction morphism in . Thus eu = 0, and hence, hu = 0. On the other
hand, since Hom py ) (Z[~1], 1) = Exty,(Z,I) = 0, we have hd = 0. This implies
that hyy = 0, and consequently, i factors through g. Therefore, g is right almost split
in D°(H). Since I[—1] is strongly indecomposable, (x) is an almost split triangle
in D*(H); see [29, (2.6)]. Furthermore, we may assume that M = N @ L[-1],
where N,L € H. Write f = (f1, v[-1]))T and g = (w, ¢1), where v : I — L and
w : N — P are morphisms in H. By Lemma 7.1, v is minimal left almost split, and
w is minimal right almost split. Hence, N 2 rad P and L = I/S.

h

(3) Let A: X Ly L X[1] be an almost split triangle in D*(#). Up
to a shift, we may assume that X € 7. Since g is right minimal, we may assume
that Y = M @ NJ[1] with M, N € H. Write f = (u,()7 : X — M @ N[1] with
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u: X — M a morphism in H, and g = (§,v) : M @ N[1] - Z. By Lemma 7.1(1),
u: X — M is minimal left almost split in H.

Consider first the case where X is not injective in H. Then H has a non-section
monomorphism X — L, which factors through u. In particular, u is a minimal left
almost split monomorphism in H. Then A has an almost split sequence

(: 0— X5 M- N—0;

see, for example, [6, (2.13), (2.14)]. By Statement (1), X —% M > N S X[

is an almost split triangle D®(#), which is isomorphic to A. In other words, A is
of the form as stated in Statement (1).

Consider next the case where X = I, an injective object in H. Then u : I — M
is a minimal left almost split epimorphism in H. Let ¢ : S — I be the kernel of
u. By Lemma 2.1(2), S is simple with ¢ being its injective hull, and M = [/S.
Suppose that Z € H. Then v = 0 and £éu = —v( = 0. Since u : X — M is an
epimorphism in H, we get £ = 0, and hence g = 0. As a consequence, h : Z — I[1]
is a section, which is impossible since Hompu ) (I[1], Z) = 0. This shows that
Z ¢ H. Since h # 0 and Z is indecomposable, Z = PJ[1] for some P € H. Then,
h = s[1] and v = j[1], where s : P — I and j : N — P are morphisms in . Now

Y[—l] g[—1] P s I,

is an almost split triangle in D°(H), where g[—1] = (¢[-1],5) : M[-1]® N — P.
By Lemma 7.1(2), j : N — P is minimal right almost split in H. If P is not
projective, then we can show that A[—1] is isomorphic to an almost split triangle
induced from an almost split sequence in H ending with P. In particular, I[—1] is
isomorphic to an object in H, which is absurd. Thus P is projective. Therefore,
j + N — P is a minimal right almost split monomorphism. Let € : P — T be the
cokernel of j. By Lemma 2.1(1), T is simple with ¢ being its projective cover and
N = radP. Moreover, since s o g[—1] = 0 and fs =0, we have sj = 0 and us = 0.
This yields a factorization s = gpe, where p : T'— S is a non-zero morphism in H.
Since T, S are simple, p is an isomorphism. That is, A is of the form as stated in
Statement (2). The proof of the theorem is completed.

Combining Theorem 7.2 and Corollary 2.2 yields immediately the following con-
sequence. In the Hom-finite case, this is a result of Reiten and Van Den Bergh,
which is stated without a complete proof in [39, (1.3.2)].

7.3. COROLLARY. If H is an arbitrary hereditary abelian category, then

(1) D*(H) has left almost split triangles if and only if H is left Auslander-Reiten
and the socle of any indecomposable injective object has a projective cover;

(2) DP(H) has right almost split triangles if and only if H is right Auslander-Reiten
and the top of any indecomposable projective object has an injective hull.

From now on, we shall specialize our previous results to the case where H is
an abelian full subcategory of rep(Q). First of all, combining Theorems 2.8 and
7.2, we get immediately the following description of certain almost split triangles

in D?(rep(Q)).

7.4. THEOREM. Let @ be a strongly locally finite quiver, and let M € rep(Q) be
indecomposable.
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(1) If M € rept(Q) is not projective, then D*(rep(Q)) has an almost split triangle
DItM — N — M — (DTr M)[1].

(2) If M € rep=(Q) is not projective, then D®(rep(Q)) has an almost split triangle
M — N —TtDM — M]1].

(3) If x € Qo, then Db(rep(Q)) has an almost split triangle

The rest of the section is devoted to our main objective, that is, to study the
Auslander-Reiten theory in D?(rep™(Q)). We begin with a complete description of
its almost split triangles.

7.5. THEOREM. Let Q be a strongly locally finite quiver, and let M € rep™(Q) be
indecomposable.
(1) If M is neither projective nor pseudo-projective, then D*(rep™(Q)) has an al-
most split triangle DIrM — N — M — (DTr M)[1] .
(2) If M is finite dimensional and not injective, then D’(rep*(Q)) has an almost
split triangle M — N — TrDM — M[1] .
(3) If x is a vertex in QF, then Db(rept(Q)) has an almost split triangle
Iy — I,/ Sz & (rad Py) 1] — Py 1] — L;[1].

(4) Every almost split triangle in D*(rept(Q)) is a shift of an almost split triangle
stated in the above three statements.

Proof. The first three statements follow immediately from Theorems 2.8 and 7.2.
Now consider an almost split triangle A : L —= M —= N — L[1] in D®(rep*(Q)).

Up to a shift, we may assume that L € rep™(Q). If A is induced from an almost
split sequence in rep™(Q), then it is of the form stated in Statement (1) or (2).
Otherwise, by Theorem 7.2, N = P,[1] for some = € Qg and L is the injective hull
of S; in rep™(Q). By Proposition 1.16(3), z € Q, and hence L = I,. That is, A
is of the form as stated in Statement (3). The proof of the theorem is completed.

Next, we want to describe the irreducible morphisms in D?(rep*(Q)). Being
non-zero, they are of the form f : M[i] — NJ[i] or ( : M[i] — N[i + 1], where
M, N € rept(Q) and i € Z. Tt is evident that we need only to study the irreducible
morphisms of the second kind.

7.6. LEMMA. Let M, N be representations in rep(Q). If M is indecomposable,
then D®(rep™(Q)) has an irreducible morphism 1 : M — N[1] if and only if there
exists some x € QT such that M = I, and N is a direct summand of radP,.

Proof. Suppose that M is indecomposable. The sufficiency follows easily from
Theorem 7.5(3). Let n : M — N[1] be an irreducible morphism in D®(rep™(Q)).
We claim that M is finite dimensional. Indeed, by Lemma 7.1(3) and Proposition
1.16, N has some P, with y € Qo as a direct summand. Then D?(rep™(Q)) has an
irreducible morphism ¢ : M — P,[1]; see [9, (3.2)]. By Theorem 7.4(3), D®(rep(Q))
has an almost split triangle

0,
I, —1,/S, ® (radP,) [1] ©.9) P,[1] —= I,[1].
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Since ¢ is not a retraction in D®(rep(Q)), we have ¢ = 0f+q¢, where f : M — I,,/S,
is a morphism in rep(Q) and ¢ : M — (radP,)[1] is a morphism in D’(rep(Q)).
The composition of § and f is given by a pull-back diagram

0f: 0—=Py—>1L M 0
.
Py—>U—>1,/S,—>0

in rep(Q), where L € rep™(Q). Let X be the successor-closed subquiver of Q
generated by the vertices in supp L. Restricting the preceding pull-back diagram to
X yields a pull-back diagram

of:  0—=P, L M 0
[
9}: : 0 Py UZ‘ (Iy/Sy)z —0

in rep(Q). That is, we have a factorization ¢ = (0., q) (f., £)T in D*(rep™(Q)).
Since (0, q) : (Iy/Sy), ®radPy[1] — P,[1] is clearly not a retraction, the morphism

<J;z) M = (I,/S,), © (radP)[1]

is a section. Then, f,, is a section, and hence M is a direct summand of (I,/S,),.. On
the other hand, since X' is top-finite by Lemma 1.6, (I,/Sy),, is finite dimensional,
and so is M. This establishes our claim. Then, by Proposition 1.16 and Lemma
7.1(3), we may assume that M = I, with z € Q*. By Theorem 7.5(3), D®(rep™(Q))
has an almost split triangle

I, —1,/S, ® (radPy) [1] — P,[1] — L,[1].
Since n : I, — N[1] is an irreducible morphism in D®(rep*(Q)), one has a retraction
(§,w) 1 1/Se @ (radPy) [1] — N[1]. Since Hom ps(rept(q)) (N[1], I/Sz) = 0, we

see that w : (radP;)[1] — NJ1] is a retraction. As a consequence, N is a direct
summand of rad P,.. The proof of the lemma is completed.

We are ready to describe the Auslander-quiver I'pp(yept(q)) Of Db (rept(Q)).
Since rep™(Q) is hereditary and abelian, the vertices in I Db (rept(Q)) €an be chosen to

be the complexes of the form MT[i|, and then the arrows are of the form M[i] — Ni]
or M[i] = N[i+ 1], where M, N € I';p+(q) and i € Z.

7.7. LEMMA. Let Q be a strongly locally finite quiver.
(1) Ifa: M — N is an arrow in I'iep+(q), then it is also an arrow in I pb(rept(0)) -
(2) If B : x — y is an arrow in Q, where x € Q7, then it induces an arrow
[ﬁ] : I;E — Py[l] mn FDb(rep+(Q))'
(3) Each arrow I'po(rep+(q)) 18 @ shift of an arrow stated in the above two state-
ments. In particular, I' po(rept(q)) has a symmetric valuation.
Proof. First of all, if X is a representation in I'ycp+(), then End,ep+(g)(X) and
Endpe (rept(q)) (X ) have the same residue algebra which we denote by & .
(1) Let M,N € I'\p+(g) such that the number of arrows from M to N in
Iiept(@) 18 dyyy > 0. Since Hom po (rept(0)) (X [1], V) = 0 for any representation X
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in rep™(Q), we have radfep+(Q) (M,N) = rad%b(rcp+(Q))(M, N), and consequently,
iI’rDb(GC+(Q)) (M, N) = iI’l”rep+(Q) (M, N) This yields

dimg,, IrTpb (rep+(Q)) (M,N) = dimg,, ITrep+(Q) (M,N)
= dimyg, irTpept(Q) (M,N)
= dimkN ierb(rcp+(Q)) (M, N),

from which we see that the valued arrow M — N in I' po(rept(@)) has a symmetric
valuation (d,,,d,, ), and it is replaced by the d,,, unvalued arrows in I';ep+(@)
from M to N.

(2) Let z € Q* and y € Qo be such that the number of arrows in Q from z to y
is dzy > 0. Then P, is a direct summand of rad P,. By Lemma 7.6(3), I" pt (rept())
has a valued arrow o, : I, — P,[1]. Since k;, = k = kp ;1) by Proposition 1.3,
we see that oy, has a symmetric valuation (d,d). On the other hand, d,, is the
maximal integer such that P; *¥ is a direct summand of rad P,. By Lemma 7.6(3),

dyy is the maximal integer such that D’(rep*(Q)) has an irreducible morphism

¢: I, — (P;”)[l]. Hence d = d,,. Therefore, the valued arrow oy, : I, — P,[1] is

replaced by dy, unvalued arrows from I, to Py[1], which are indexed by the arrows
in @ from z to y.

Finally, every arrow in I"porep+()) is a shift of an arrow v which is of the form
M — N or M — NJ1], where M, N € I'icp+(q)- By Lemma 7.6, v is as stated in
(1) or (2). The proof of the lemma is completed.

As an immediate consequence of Theorem 7.5, the following result describes the
Auslander-Reiten translation of I' po(yep+()) Which we write as 7.

7.8. LEMMA. If M is a representation lying in I'yep+(q), then

(1) 7, M is defined if and only if either M is defined with T, M =TM, or M = P,
for some x € QT with T, M = I,[-1];

(2) 7, M is defined if and only if either 7= M is defined with T, M = 7= M or
M = I, for some x € Q* with T M = P,[1].

If @ is connected, then I'..,+(g) has a unique preprojective component Pg. By
Lemmas 7.7 and 7.8, I" pb (rep+()) has a connected component Cq which is obtained
by gluing Pg together with the shifts by —1 of the preinjective components of
Iyept(q) in the following way: for each pair (z,y) with 2 € Q™ and y an immediate
successor of x in @, one draws dg, arrows from I;[—1] to P,, where d;, is the
number of arrows from x to y in Q. We call Cq the connecting component of
I"pv(rept(q)) and describe its shape in the following result.

7.9. PROPOSITION. Let ) be a connected strongly locally finite quiver. The con-

necting component Cq of I' pvrept+(q) €mbeds in ZQ °P. Furthermore,

(1) If Q has no infinite path, then Cq is of shape ZQ)°P.

(2) If Q has right infinite but no left infinite paths, then Cq is of shape N~A with
A the right-most section of the preprojective component of I'vept(Q)-

(3) If Q has left infinite but no right infinite paths, then Cq is isomorphic to a right
stable translation subquiver of Z.()°P.

Proof. By Theorem 4.6, the preprojective component Pg of I',ep+() has a left-most

section Py generated by the P, with x € @ and isomorphic to Q°P. If M is a
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preinjective representation in I'.p+(g), then it lies in the T-orbit of some injective
representation I, with y € QT. By Lemma 7.8(2), M[—1] lies in the 7,-orbit of
P,. This shows that Pg is a section of Cg, and consequently, Co embeds in ZQ°P.

(1) Suppose that @ has no infinite path. By Theorem 4.7, I'.o,+(g) has a unique
preinjective component 7 of shape N7 °P, while Pg is of shape NQ °® by Theorem
4.6(1). Therefore, Cq = ZQ °P.

(2) Suppose that @ has right infinite but no left infinite paths. By Theorem 4.7,
I'iep+(@) has a unique preinjective component Zg of shape N7Q°P, and Pg has a
right-most section A by Theorem 4.6(2). Hence Cg is of shape N~A.

(3) Suppose that @ has left infinite but no right infinite paths. By Theorem
4.6, the P, with x € Qo are right stable in I'\¢,+(g), and hence right stable in
I’ po(rept(@))- Containing a section of right stable vertices, Cq is right stable as a
translation quiver. Thus, Cg is isomorphic to a right stable translation subquiver
of ZQ°P. The proof of the theorem is completed.

By Lemmas 7.7 and 7.8, a regular component of I',¢,+p) remains to be a con-
nected component of I'ps(rep+(@))- This yields immediately the following result.

7.10. THEOREM. IfQ is a connected strongly locally finite quiver, then the connected
components of I' ps(rept(q) are the shifts of the reqular components of I'vept(q) and

those of the connecting component Cq.

REMARK. The shapes of the connected components of I'ps(rep+(g) are described
by Theorem 4.14 and Proposition 7.9.

ExaMPLE. Let @ be the quiver as follows:

|

—2 -1 2 3

Since the representations P, with = € @)y are all infinite dimensional, the prepro-
jective component of I, +(@) is of shape  °P. On the other hand, since Qt = {0},
we see that I'..p+(g) has a unique preinjective component {Io}. Therefore, the
connecting component of I" po(rep+(q)) 18 as follows:

[0[_1] e PO

Ps Py Py Py P_o

Moreover, by Theorem 6.6(4), I';ep+(g) has infinitely many regular components of
wing type, and so does I' ps(rept(@Q))-

In case @ is finite, Happel’s result says that D®(rep™(Q)) has almost split trian-
gles; see [21]. In the infinite case, we are able to find the precise conditions on Q
such that D®(rep*(Q)) has (left, right) almost split triangles.

7.11. THEOREM. If Q is a strongly locally finite quiver, then D®(rept(Q)) has (left,
right) almost split triangles if and only if @ has no (right, left) infinite path.
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Proof. First, we show that D®(rept(Q)) has left almost split triangles if and only
if @ has no right infinite path. Indeed, the necessity follows immediately from
Corollary 7.3(1) and Theorem 3.7(1). Suppose that @ has no right infinite path.
Then rept(Q) = rep®(Q). By Theorem 3.7(1), rep™(Q) is left Auslander-Reiten. If
I is an injective object in rep™(Q), by Proposition 1.16(2), I = I, for some x € Q.
Then the socle of I is S, which has a projective cover P, in rep™(Q). By Corollary
7.3(1), D®(rep™(Q)) has left almost split triangles.

Next, we claim that D?(rept(Q)) has right almost split triangles if and only if Q
has no left infinite path. Indeed, by Corollary 7.3(2), D®(rep*(Q)) has right almost
split triangles if and only if rep™(Q) is right Auslander-Reiten and every simple
representation S, with € Qg has an injective hull in rep™(Q), where the second
condition is equivalent to Q@ = Q* by Proposition 1.16(3), that is, @ has no left
infinite path. Now the claim follows from Theorem 3.7(2).

Finally, it follows from the above two statements that D®(rep®(Q)) has almost
split triangles if and only if @ has no infinite path. The proof of the theorem is
completed.
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